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Sets

Definition. A set is a collection of objects, specified in such
a way that we can tell whether any given object is or is not in
the collection.

Example 1.1. For example
A=1{1,2,3,4,5},
B = {apple, banana, cherry}
and
C={n,eil}
are sets.
Definition. The symbol € means “is in the set”.

Example 1.2.
banana € B

and
date ¢ B

Definition. Each object in a set is called an element of the
set.

Definition. A set without any elements is called the empty
set and is denoted by &.

Definition. The symbol | means “such that”.
Example 1.3.
{z | = is a weekend day} = {Saturday, Sunday}

{w|a® =4} ={-2,2}
{all the people who are > 5m tall} = @.

Definition. If every element of a set A is also in a set B, then
we say that A is a subset of B, and we write A C B.

Example 1.4.
{1,2,3} € {1,2,3,4},

{banana} C {apple, banana, cherry},
{Neil, Sezgin} C {Neil, Sezgin}.

Kume

Tanim. Kiime bir nesneler koleksiyonudur &yle ki herhangi
bir nesnenin bu iginde olup olmadigini anlayabildigimiz sekilde
belirlenmis bir koleksiyondur.

Ornek 1.1. Ornegin
A =1{1,2,3,4,5},
B = {elma, muz, kiraz}
ve
C={s,ez2g,i,n}
koleksiyonlar1 birer kiimedir.
Tanim. € sembolii “kiimenin elemanidir” anlamina gelir.

Ornek 1.2.
muz € B

ve
hurma ¢ B

Tanim. Bir kiimedeki her nesneye o kiimenin bir elemanas
denir.

Tanim. Hi¢ eleman1 olmayan kiimeye bos ktime denir ve &
ile gosterilir.

Tanim. | sembolii “Gyle ki” anlamindadur.
Ornek 1.3.
{z | = hafta sonu giinii} = {Cumartesi, Pazar}

{e]a® =4} = {-2,2)

{boyu > 5m olan insanlar} = @.

Tamim. Bir A kiimesinin her eleman:i bir B kiimesine de ait
ise, bu durumda A kiimesi B’nin bir altktiimesidir denir we
A C B olarak gosterilir.

Ornek 1.4.
{1,2,3} C{1,2,3,4},

{muz} C {elma, muz, kiraz},
{Neil, Sezgin} C {Neil, Sezgin}.



U
AUB ANB A°
Union and Intersection Birlesim Kiimesi ve Kesisim Kiimesi
Definition. The universal setis the set of all elements under Tanim. Evrensel kiime dikkate alinan tiim elemanlarin kiime-
consideration. We call this set U. sidir. Bunu U ile gbsterecegiz.
Definition. Suppose that A and B are subsets of U. Tanim. Suppose that A and B are subsets of U.
(i). The union of A and B is (i). The union of A and B is
AUB={ecU|ec Aorec B} AUB={ecU|ec Aorec B}
(ii). The intersection of A and B is (ii). The intersection of A and B is
ANB={ecU|ec Aandec B} ANB={ecU |ec Aandec B}
Example 1.5. Ornek 1.5.
{a,b,c} U{b,c,d} = {a,b,c,d} {a,b,c} U{b,c,d} = {a,b,c,d}
{a,b,c} N {b,c,d} = {b,c} {a,b,c} N{b,c,d} = {b,c}
Complements Complements
Definition. The complement of a subset A of U is Tanim. Unun bir A altkiimesinin timleyent
A={eeUled A} A={eeU|eg A}

Example 1.6. If U is the set {1,2,3,4,5,6,7,8,9,10} and olarak tamimhdur.
A=1{1,3,5,7,9}, then ..
Ornek 1.6. U kiimesi {1,2,3,4,5,6,7,8,9,10} ve A = {1,3,5,7,9]

A ={2,4,6,8,10}. oldugunda
o A ={2,4,6,8,10}

olur.



Symbolic Logic

Definition. A proposition is a statement which is either true

or false (but not both).

Example 2.1.

e “Grass is green” (true)

e “245=5" (false)

e “My name is Neil” (true)

are propositions, but

e “Close the door”

e “Is it cold today?”

° “177

are not propositions.

Notation. The symbol for or (veya) is V.

Example 2.2. If P is the proposition “It is snowing today”
and @ is the proposition “It is raining today”, then PV @ is the
proposition “It is snowing or raining today”.

(x € A) and N = (z € B), then

Example 2.3. If M
MVN=(xe€AUB)

Truth Table 2.1. (T

= true, F = false)

PVvVQ

CHCNEREIET

CRCECREI P

CESRERS

Notation. The symbol for and (ve) is A.

Example 2.4. If P = “I am hungry” and @ = “I am sleepy”,
then P A @ = “T am hungry and sleepy”.

Example 2.5. If M
MAN=(x€ ANB)

Truth Table 2.2.

(x € A) and N = (z € B), then

R Y

H e A0

oo g >

Sembolik Mantik

Tanim. Dogru yada yanlis bir hiikkiim bildiren ifadeye 6nerme
denir.

Ornek 2.1.

e “Cim yesildir” (dogru)

e “245=5" (yanhg)

e “Benim adim Asuman” (dogru)
hiikiimleri birer énermedir. Fakat

e “Kapiy1 kapat”

e “Bugiin soguk mu?”

° “1”

climleleri bir hiikiim belirtmediginden énerme olarak kabul edilme-
zler.

Tanim. Dogrulugu ispat edilemeyen veya dogrulugu ispatina
gerek duyulmayan ancak dogrulugu kabul edilen &nermelere
aksiyom denir.

Tanim. Dogrulugu ispatlanabilen 6nermelere teorem denir.

Tanim. Tki yada daha fazla 6nermeyi ve, veya(yada), ise,
ancak ve ancak gibi baglaclarla birlegtirerek veya bir 6ner-
menin sonuna degil ekleneren elde edilen Snermelere bilesik
onerme denir.

Notasyon. veya baglac1 V ile sembolize edilir.

Ornek 2.2. Eger “Bu giin hava karl?” 6nermesini P ile “Bu
giin hava yagmurlu” onermesini @ ile gdsterecek olursak, P V
@ bilegik 6nermesi “Bu giin hava karli yada(veya) yagmurlu”
olarak ifade edilir.

Ornek 2.3. Eger M = (r € A)ve N = (v € B)ise MV N =
(x € AU B) dir.

Dogruluk Tablosu 2.1. (D = dogru, Y = yanls)

rlQlPrPvQ
D|/D| D
D|/Y| D
Y|D| D
Y|Y| Y




Notation. The symbol for not (degil) is —.

Example 2.6. If P = “Sizin hocamz kahve seviyor”, then
—P = “Sizin hocaniz kahve sevmiyor”.

Example 2.7. If M = (2 > 7), then - M = (x < 7)

Truth Table 2.3.

P | -P
T| F
F| T

Notation. The symbol for i¢f and only if (iff /ancak ve ancak)
is <.

Truth Table 2.4.

MmN
SRS NI Ee)
H’ﬁ’ﬂﬂﬂ

Notation. The symbol for implies (ise) is = .

Example 2.8. Let P = “I am in London” and @ = “I am in
the UK.” Then P = Q.

Truth Table 2.5.

P|lQ|P=Q
T|T T
T|F F
F|T T
F|F T

Remark. We must only write “P — @Q” if both P and @
are propositions. I don’t want to see nonsense like

/01 322 dx = [aj?’};

. 1, . .
in your work. Yes, “fol 322 do = [x?’]o is a proposition. In
fact, it is a true proposition. But “1” is not a proposition.

If you mean “=", then write “=".

=1

b

Remark. If P and @ are propositions, then (PV Q), (PAQ),
(=P), (P = Q) and (P <= Q) are also propositions.

Definition. The converse (z1t) of (P = @) is (Q = P).

Definition. The contapositive (devrik) of (P = Q) is

Example 2.9.
P = “Tt is raining”
Q = “T get wet”

(P = Q) = “If it is raining, then I get wet”

converse: (Q = P) = “If I get wet, then it is raining”
contrapositive: (-Q = —P) = “If I do not get wet, then it
is not raining”

Notasyon. ve baglact A ile sembolize edilir.

Ornek 2.4. Eger “Ben acim” énermesini P ile “Uykum var”
Onermesini @ ile gosterecek olursak, P A Q) bilegik Gnermesi
“Ben acim ve uykum var” olarak ifade edilir.

Ornek 2.5. Eger M = (x € A)ve N = (2 € B)ise M AN =
(x € AN B) dir.

Dogruluk Tablosu 2.2.

PlQlPAQ
D|D| D
D|Y| Y
Y|D| Y
Y| Y| Y

Notasyon. Degil baglact ~ veya — ile sembolize edilir.

Ornek 2.6. If P = “Sizin hocaniz kahve seviyor”, then ~ P =
“Sizin hocaniz kahve sevmiyor”.

Ornek 2.7. f M = (x > 7), then ~ M = (z < 7)
Dogruluk Tablosu 2.3.

P|~P
D Y
Y D

Notasyon. Ancak ve ancak baglaci <= ile sembolize edilir.

Dogruluk Tablosu 2.4.

Pl Q| P <<= Q
D|D D
D|Y Y
Y | D Y
YI|Y D
Notasyon. Ise baglacc = ile sembolize edilir.

Ornek 2.8. P =“Londradayim.” @Q = “Birlesik Kralliktayim.”
P = Q.

Dogruluk Tablosu 2.5.

P|Q|P=Q
D|D D
D|Y Y
Y| D D
Y|Y D

Not. Eger P ve Q birer énerme ise “P =— (" de bir 6ner-
medir. L
/ 32° dx = [303](1) =1
0
gosterimi mantiksal olarak yanlistir. « fol 3z? do = [23] (1)” ifadesi
bir 6nermedir.Fakat “1” bir énerme degildir.

Ise baglacinin sol tarafinda “=" ile inga edilen bir 6nerme
var ise, sag tarafinda da bir énerme olmalidir.

Not. Eger P ve @ birer énerme ise, (P V @), (P AQ), (—P),
(P = Q) ve (P < Q) ifadeleri de birer énermedir.



The 22 Identities.

1. (PVP)=P

2. (PANP)=P

3. (PvQ)=(QVP)

4. (PANQ)=(QAP)

5. (PVQ)VR)=(PV(QVR))

6. (PAQ)AR)=(PA(QAR))

7. 2(PVQ)=(-PA-Q)

8. =(PAQ)=(=PV-Q)

9. (PAN(QVR)=(PANQ)V(PAR))

)
10. (PV(QAR)) = ((PVQ)A(PVR))

11. (P V true) = true

12. (P Afalse) = false

14. (P Atrue) =

15.

(
(
(
(
13. (P V false) = P
(
(PV —P) = true
(

16. (P A —P) = false
17. =(=P)=P
18.

P = Q)=(PVvQ)

19. (P = Q)=(P = Q)N (Q = P))
(P = (@ = R))
21. (P = Q)A (P = —Q))=-P

(
(
20. (PAQ) = R) =
(
(P = Q)=(Q = —P)

22.

Proof of Identity 18.

PIQ[P= Q[ -P]Q[-PVQ
T[T T F [T T
T|F F F | F F
F|T T T[T T
F|F T T | F T

Note that the 3rd and 6th columns are the same:

T,F,T,T.
Therefore (P = Q) = (-PV Q).
Proof of Identity 22.
T| T T F F T
T|F F T F F
F|T T F T T
F | F T T T T
Therefore (P = Q) = (-Q = —P).

0  Therefore (P = Q) =

Tanmim. (P = (@) 6nermesinin zitts (Q = P) dir.
Tanim. (P = Q) 6nermesinin devrigi (~ Q = ~ P) dir.

Ornek 2.9.

P = “Hava yagmirlu”

Q@ = “ben 1slandim.”

(P = Q) = “Eger hava yagmurlu ise ben 1slandium.”

aitt: (@ == P) = “Eger ben 1slanmis isem hava yag-
murludur. ”

devrigi: (~ @ = ~ P) = “Eger ben 1slanmamig isem hava
yagmurlu degildir.”

The 22 Identities.

1. (PVP)=

2. (PAP)=

3. (PVQ)=(QVP)

4. (PAQ)=(QAP)

5. (PVQ)VR)=(PV(QVR))

6. (PAQ)AR)=(PA(QAR))

7. 2(PVQ)=(—PA-Q)

8. ~(PAQ) = (-PV—Q)

9. (PA(QVR))=((PAQ)V(PAR))

10. (PV(QAR)=((PVQ)A(PVR))
11. (P V true) = true

12. (P Afalse) = false

13. (P V false) =

14. (P Atrue) = P

15. (P V =P) = true

16. (P A —P) = false

17. =(-P) =P

18. (P = Q)=(-PVQ)

19. (P <= Q)= (P = QA (@Q = P))

20. (PANQ) = R)=(P = (@ = R))
21. (P = Q)A (P = -Q))=-P
22. (P = Q)=(-Q = —P)

Proof of Identity 18.
PlolPp=0qf-P[qQ|-PvQ
D|D D Y | D D
D|Y Y Y |Y Y
Y |D D D D D
Y |Y D D |Y D

Note that the 3rd and 6th columns are the same:
T,FT,T.
(=P V Q). O



Notation. The symbol for for all (her) is V. Proof of Identity 22.

P P - -P | - -P
Notation. The symbol for there exists (vardir) is 3. @ — Q @ @ =

D|D D Y Y D

DY Y T Y Y

Y | D D Y D D

Y| Y D D D D

Therefore (P = Q) = (-Q = —P). O

Notasyon. The symbol for for all (her) is V.

Notasyon. The symbol for there exists (vardir) is 3.

Logic: another thing that
penguins aren’t very good at.

Problems Sorular

Problem 2.1 (Truth Tables). Use truth tables to prove the Soru 2.1 (Truth Tables).  Use truth tables to prove the

following following
(a). Identity 5: (PVQ)V R) = (PV(QV R)) (a). Identity 5 : (PVQ)V R) = (PV(QVR))

(b). Identity 6 : (PAQ)AR) = (PA(QAR)) (b). Identity 6 : (PAQ)AR) = (PA(QAR))

(c). Identity 7: =(PV Q) = (=P A Q) (c). Identity 7: =(PV Q) = (=P A -Q)

(d). Identity 8 : =(P A Q) = (=P V Q) (d). Identity 8 : =(P A Q) = (=P V —Q)

(e). Identity 9: (PA(QV R)) = ((PAQ)V (PAR)) (e). Identity 9: (PA(QV R)) = ((PAQ)V (PAR))
(f). Identity 10 : (PV (QAR)) = ((PVQ)A(PV R)) (f). Identity 10 : (PV (QAR)) = ((PVQ)A(PV R))
(g). Identity 15 : (P V —P) = true (g). Identity 15 : (P V —P) = true

(h). Identity 16 : (P A ~P) = false (h). Identity 16 : (P A —P) = false

(i). Identity 21 : (P = Q)A (P = —Q))=—P (). Identity 21: (P = Q)A (P = —Q)) =-P



Numbers

The Natural Numbers

The set
N=1{1,2,3,4,5,6,...}

is called the set of natural numbers. These are the first

numbers that children learn. For example

2 € N means “2 is a natural number”

7€ N means “7 is a natural number”

% ¢ N means “% is not a natural number”

0 ¢ N means “0 is not a natural number”
—5¢ N means “—5 is not a natural number”

In the natural numbers, we can do “+” and “x”

24+7=9¢N, 2x7=14€N.
However we can not do “—” because
2—-7¢N.

So we invent new numbers!

The Integers
The set
Z={..,—4,-3,-2,-1,0,1,2,34,...}

is called the set of integers. We use a Z for the German word

‘zahlen’ (numbers). In Z, we can do “+”, “—” and “x” but we

can not do “=”. For example 3 € Z, 4 € Z, —5 € Z and
3+4€7Z, 3—-4¢€Z, 3x4eZ, 3+-4¢7,

3+(=b)eZ, 3—-(-bH)eZ, 3x(=b)eZ, 3=+(-5H)¢&LZ.

So we invent new numbers!

Sayilar

Dogal sayilar

N ={1,2,3,4,5,6,...}

kiimesi dogal sayilar kiimesi olarak adlandiririhir. Bunlar

cocuklugumuzda, ilk 6grenilen sayilardir. Ornegin,

2 € N demek “2 bir dogal sayidir”

7€ N anlami “7 bir dogal sayidir”

% ¢ N anlami “% bir dogal say1 degildir”

0 ¢ N anlami “0 bir dogal say: degildir”
—5¢ N anlami “—5 bir dogal say1 degildir”

13 7

Dogal sayilarla “+” ve “x” iglemlerini yapariz.

247=9€N, 2x7=14€N.

Ne yazik ki “—” iglemini yapamay1, ¢iinkii, 6rnegin
2-T7T¢N.

dir.

Bu yiizden yeni sayilar kesfederiz.!

Tam sayilar

Z={. , —4,-3,-2,-1,0,1,2,3,4,..}

kiimesine tam sayilar denir. Bunu Almanca ‘zahlen’ (sayilar)

kelimesinden Z ile gosteririz. 7 igerisinde, “+”, “—" ve “x”

yapabiliriz ama “=<” yapamayiz. Ornegin 3 € Z,4 € Z, -5 € Z
ve

3+4¢€Z, 3—4¢€7Z, 3x4eZ, 3+-4¢7,

3+(-5)€Z, 3—(-H)e€Z 3x(-H€e€Z 3=+(-5)¢€Z.

Dolayisiyla yeni sayilar kesfederiz!
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a hole at v/2 a hole at w
----- O—OrO 0-0—0-00—T—0—O0——0—0:0——O0—/—0—0—T00-0—0r0 O—=0—O0—"=-+
4 -3 -2 -1 0 1 2 3 4

Figure 3.1: The Rational Numbers
Sekil 3.1: Rasyonel Sayilar

The Rational Numbers
The set
Q:{awmdmm}:{%’mbeZmdb#O}

is called the set of rational numbers. We use a Q for the
word ‘quotient’. For example

0 100
0= 1 €eQ 13 €Q
1
8
3 —4=-—¢c
10 20
12345
12345 = .
™ Q 012345 = {55000 < @
In Q we can do “+7, “=”, “x” and “+(by a number # 0)”.
Are we happy now?
No!
Why?

Because if we draw all the rational numbers in a line, then the
line has lots of holes in it — see figure 3.1. In fact, Q has co
many holes in it.

So we invent new numbers!

The Real Numbers
The set
R = {all numbers which can be written as a decimal}

is called the set of real numbers. For example

100
0=00€eR T§:7ﬁ%%T”€R
2

§g =0.232323...€R V2 =1.414213... € R
3 123 1123193, R

12345
T =23.141592... ¢ R = 0.12345 € R.

100000

The real numbers are complete — this means that if we draw
all the real numbers in a line, then there are no holes in the
line.See figure 3.2 on page 11.

Rasyonel Sayilar

Q = {tiim kesirler} = {% ’mbeZveb;&O}

kiimesine rasyonel sayilar denir. Bunu Q ile gosteririz. Ornegin

0 100
=- — €
0=7€Q 13 Q
1
8
3 —4=—¢c
10 20
12345
2Q 012345 = T € Q.
Q daki sayilarla “47, “—", “x” ve (# 0 sayilarla) “= yapa-

biliriz”.
Simdi oldu mu?

Hayur!

Neden?

Ciinkii rasyonel sayilar1 bir say1 dogrusu iizerinde gosterirsek,
o zaman — sekil 3.1 deki gibi bir siirii rasyonel olmayan sayinin
kargilik geldigi nokta buluruz . Aslinda, Q da oo sayida delik
bulmak miimkiindiir.

Hala yeni sayilara ihtiyacimiz var!

Reel Sayilar

R = {ondalik olarak yazilabilen sayilar}

kiimesine reel sayilar kiimesi denir. Ornegin

100
0=00eR I3 =17.692307... € R
23
®=0.232323...6R V2 =1.414213... € R
123
3 =22 —20.123123... € R
12345
7 =3.141592... € R =0.1234 R.
100000 0-12345 €

Reel sayilar tamdir — yani biitiin reel sayilari say1 eksninde
gosterecek olursak, eksen iizerinde reel say1 kargilik gelmeyen
nokta kalmadigini goriiriiz. Sayfa 11 gekil 3.2i inceleyiniz.
Simdi tamam m1?

Evet!
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Are we happy now?

Yes!

Figure 3.2: The Real Numbers
Sekil 3.2: Reel Sayilar



Intervals

Definition. A subset of R is called an interval if
(1). it contains atleast 2 numbers; and
(ii). it doesn’t have any holes in it.

Example 4.1. The set {x | « is a real number and =z > 6} is

an interval.
1\
A4

6

Because 6 is not in this set, we use O at 6.

Example 4.2. The set of all real numbers x such that —2 <
x < 5 is an interval.

®
-2

®
5

Because —2 and 5 are in this set, we use @ at —2 and 5.
Example 4.3. The set {z | € R and x # 0} is not an inter-

val.
a hole at 0

/

oY
~
0

A finite interval is

e closed if it contains both its endpoints;

e half-open if it contains one of its endpoints;
e open if it does not contain its endpoints;

as shown in table 4.1 on page 13.
An infinite interval is

e closed if it contains a finite endpoint;
e open if it is not closed.

There is one exception to this rule: The whole real line is
called both open and closed.

See table 4.2 on page 13.

We can combine two (or more) intervals with the notation
U. For example, [—8, —2]U[2, 8] is called the union of [-8, —2]
and [2, 8] and is shown below.

5520
-2 2

@
-8

© @
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Aralik

R nin su iki 6zelligini saglayan bir altkiimesine aralik denir
(). en az 2 say: iceriyorsa; ve
(ii). icerisinde hig bogluk yoksa.

Ornek 4.1. The set {z | z reel say1 ve z > 6} kiimesi bir

araliktir.
O

6

6 bu kiimede olmadigindan, 6 noktasinda O olarak gosteri-
riz.

Ornek 4.2. —2 < x < 5 olacak gekildeki tiim x reel sayilarinin
kiimesi bir araliktir.
@ @

-2 5

—2 ve 5 bu kiimede yer aldiklarindan, —2 ve 5 noktalarinda @
kullaniriz.

Ornek 4.3. {2 | € R ve z # 0} kiimesi bir aralik degildir.
delik 0 da

/

J
0

Bir sonlu aralik

e u¢ noktalarinin her ikisini de iceriyorsa kapalz;

e uc noktalarinin hicbirini icermiyorsa, a¢k olarak adlandirilir.
13 daki tablo 4.1 gosterilmektedir. Bir sonsuz aralik

e bir sonlu u¢ noktasini iceriyorsa kapal;

e kapali degilse de ag¢ik adin1 alir.

Bu kuralin bir istisnasi vardir: Tiim reel say1 dogrusu hem acik
hem kapalidir. Bakiniz sayfa 13 tablo 4.2.

Iki (veya daha fazla) araligi, U notasyonu ile birlestirebili-
riz. Ornegin [—8, —2] U [2,8] ’a [-8,—2] ve [2,8] in birlesimi
denir ve agagidaki gsekilde gdsterilmigtir.

54720
—8 2

-2
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Notation | Set Type Picture
Notasyon | Aciklama Tip Resim
(a,b) {z|a <z < b} open / agik ? ?
[a, D] {z|la <z < b} closed / kapali 2 :
[a, b) {z|la <z < b} half open / yari-agik 2 ?
(a,b] {z|a < z < b} half open / yari-acik ? :

Table 4.1: Types of Finite Interval

Tablo 4.1: Sonlu Aralik Cesitleri

Notation | Set Type Picture
Notasyon | Aciklama Tip Resim
(@, 00) {z|a < z} open / agik ?
[a, 00) {z]a <z} closed / kapal 2
(—00,b) {z|z < b} open / agik ?7
(—00, b] {z|x < b} closed / kapali :
(—oc0,00) | R both open and closed

hem acik hem kapali

Table 4.2: Types of Infinite Interval
Tablo 4.2: Sonsuz Aralik Cesitleri



Cartesian Coordinates Kartezyen Koordinatlar

Y
5 a
Q(-2,4)
I 41
| P(4,3)
I R T e °
- |! |
oo 2 !
= | [ Eap]
| | Q .
\ VP the z-axis
: right 4 : /
l l L
-6 -5 -4 -3 =2 1 2 3 4 ) 6
the origin, O(0,0)
\ the y-axis

Definition. The set Tanim.
{(z,y)|z,y € R}

z,y)|lr,y €R
{(z, )|,y } kiimesini R? ile gosteririz.

: 2
is denoted by R*. Tanim. O(0,0) noktas1 orijin olarak adlandirilir.

Definition. The point O(0,0) is called the origin. Ornek 5.2. A(1,2) ve B(4,—2), R? de noktalar olsun. OAB

Example 5.1. Let A(2, —1) and B(3,1) be points in R?. Draw  t¢genini ¢iziniz.
the triangle OAB.

cozium:
solution:
2 4 y
2 4 y
1 a
1 a
T
T T T T:I: 2 3 4
2 3 4 1
-1
—9 ]
—9 ]

14
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Example 5.3. Draw the region of points which satisfy 1 < Ornek 5.4. —1 <y <1 kosulunu saglayan bolgeyi ciziniz.
xz <3.

¢oziim:
solution:
2 4 y
2 4 y
1 .
?7
: 5 2 1 1 2
2 4
1
14
—9 ]
—92

Ornek 5.6. 1<z <3vel<y<2 egitsizliklerinin sagladig
Example 5.5. Draw the region of points which satisfy 1 < bglgeyi ciziniz.

r<2and 1<y<3.

¢oziim:
solution:
Yy
3 M
31 Yy
2 .
2 .
1 .
1 .
T
x T T T T
T T T T 1 2 3 4
1 2 3 4
Distance in R>. R? 'de Uzaklik

Definition. The distance between Pj(z1,y1) and Py(x2,y2) Tanmim. Pj(z1,y1) ve Pa(22,ys) arasindaki uzaklik
is

[P Pl = /(w2 — 21)% + (y2 — y1) 1PLPy|| = /(22 — 1) + (y2 — y1)*.

Example 5.7. The distance between A(1,3) and B(4,—~1)is  Ornek 5.7. A(1,3) ve B(4, —1) arasindaki uzakhk

IAB| = /(4 =12+ (-1-3)2 = /3 + (-4)2 = V25 =5.  |AB||=/(4d—1)2+ (—1-3)2 = /32 + (—4)2 = V25 = 5.
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P2(€L‘2-,’y2)
PR
T
Ve |
N |
\\Qf/’ Hy2 — v
ks | T
|
Pi(z1,91) -~ -l
|z2 — 21

Figure 5.1: The distance between P; and P; is easy to calculate
using Pythagoras.

Sekil 5.1: P, ve P, arasindaki uzaklik Pisagor bagintis1 kulla-
narak kolayca elde edilebilir.
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Problems Sorular
Problem 5.1. Draw the regions of points in R? which satisfy Soru 5.1. Draw the regions of points in R? which satisfy each
each of the following rules: of the following rules:

(a). -1 <x<2, (e). 1<z <3andy=1,

(b). —2<z<0and 0 <y <2 (f). z=4and y >0,

(¢). -1<y<land -1<z<1, (g). 2<z<1landy<O0,

(d). 3<y <3, (h). 0<z<land0<y<1.
Problem 5.2. Let A(1,1), B(4,2) and C(3,3) be points in  Soru 5.2. Let A(1,1), B(4,2) and C(3,3) be points in R2.
R?. Which of the following three numbers is largest? Which of the following three numbers is largest?

(i). [[AB], (i). [|ABI],

(i). BCY, (ii). [BCY,

(iii). ||CA]J. (iii). ||CA]|.

FIELDS asrancep By PORITY
=
MORE PURE

SOCIOLOGY 1S PSYCHDLOGY IS BIOLOGY 15 WHICH 1S TUsT OH, HEY, T DIDN'T

JUST APPUED Just APPLIED JUST APPLED  APPLED PHYSICS, SEE YOU GUYS ALL

PSYG-IGLDGY Baomr:av. r:umsrmr IT's NICE TO THE \AY OVER THERE.

BE ON TOR L

SaﬂIDLOGls‘rs P&vmmmsm B'ﬂmﬁ'm CHEH'Sﬁ PHYSlCJ‘éTS MATHEMATICIANS

Figure 5.2: A web comic from https://xkcd.com/435/.
Sekil 5.2: https://xkcd.com/435/ adresinden alinan bir web ¢izgi romani.


https://xkcd.com/435/
https://xkcd.com/435/

Functions

dependent variable
bagiml degisken

N
y:

“y is equal to f of z”

e

function

fonksiyo

Definition. A function from a set D to a set Y is a rule that
assigns a unique element of Y to each element of D.

Definition. The set D of all possible values of x is called the
domasin of f.

Definition. The set Y is called the target of f.

Definition. The set of all possible values of f(x) is called the
range of f.

If f is a function with domain D and target Y, we can write

D —=Y
f / \

domain target
Example 6.1. f:R = R, f(z) = 22.
Example 6.2. f:(—00,00) — [0,00), f(x) = 22

Fonksiyonlar

“y egittir f x”

x
N

independent variable

bagunsiz degisken
118

Tanim. D ve Y bog olmayan iki kiime olmak iizere D nin
her bir elemanini Y nin sadece bir elemanina egleyen kurala
fonksiyon denir.

Tanim. D kiimesine f nin tanwm kimest denir.
Tanmim. Y kiimesine f nin deger kiimest denir.

Tanim. Biitiin miimkiin f(x) degerlerinin kiimesine f nin
goriunti kimest denir.

Eger f tanmim kiimesi D ve deger kiimesi Y olan bir fonksiyon
ise, bunu soyle gosteririz

- D —Y
f / \

tanim kiimesi deger kiimesi

Ornek 6.1. f:R =R, f(z) = 22

Ornek 6.2. f: (—o0,00) — [0,00), f(z) = x2.

18



Figure 6.1: A function f: D — Y.
Sekil 6.1: f: D — Y Bir Fonksiyon.

input
€D ——m——

f

Figure 6.2: A function f: D — Y.
Sekil 6.2: f: D — Y Bir Fonksiyon.

function domain (x) range (y)
fonksiyon tanim kiimesi (z) | goriintii kiimesi (y)
y =’ (=00, 00) [0, 00)
y=5 |{eleeRa#0}| {y|lyecR,y+#0}
Y= [0, 00) [0, 00)
y=vi-z (=00, 4] [0, 00)
y=+v1-a? [—1,1] [0,1]
y = 22 [1,2] [1,4]
y =2’ [2, 00) [4,00)
y=a’ (=00, 2] [4,00)
y=1+2? [1,3) 2,10)
y=1-va [0, 00) (=00, 1]

Table 6.1: Domains and ranges of some fuctions.

Tablo 6.1: Baz1 fonksiyonlarin tanim ve goriintii kiimeleri.
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Graphs of Functions

Definition. The graph of f is the set containing all the points

(z,y) which satisty y = f(x).

Example 6.3. Graph the function y = 1422 over the interval

[~2,2].

solution:

STEP 1. Make a table of (x,y) points which satisfy y = 1+ 2.

T Y
-2 5
-1 2
0 1
1 2
3 | 13 1
2 | @ =31
2 5
STEP 2. Plot these points.
r=—2 Yy
.y —5 5+ °
4 i
- 3
xr = 51
31 y =35
° 2+
le
-2 -1 2
STEP 3. Draw a smooth curve through these points.
x

Fonksiyonlarin Grafikleri

Tanum. y = f(x) esitligini saglayan (z,y) noktalarinin kiime-

sine f nin grafig: denir.

Ornek 6.4. y = /1 + x fonksiyonunun [—1,8] araligmdaki

grafigini ¢iziniz.

cozim:

Apmv 1. y = /1 + z esitligini saglayan (z,y) noktalarinin bir

tablosunu yapin.

T Y
-1 0
-1 | =0.707
0 1

1 | ~1.414
3 2

8 3

ApiM 2. Bu noktalart koordinat sisteminde gosterin.

Y

25+

1.5 ¢

le

0.5+

-1 1 3

Apiv 3. Bu noktalardan gegen piiriizsiiz bir egri ¢iziniz.

Y
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Tr=a )
|
x
1 intersection
P~
T
2 intersections
Figure 6.3: The Vertical Line Test.
Sekil 6.3: Dikey Dogru Testi
The Vertical Line Test Diusey Dogru Testi
Not every curve that you draw is a graph of a function. Cizdiginiz her egri bir fonksiyonun grafigi degildir. Bir fonksiyon

A function can have only one value f(z) for each x € D. her x € D igin yalmzca bir tane f(z) degerine sahip olabilir.
This means that a vertical line can intersect the graph of a Bu, diigey her dogrunun, bir fonksiyonunun grafigini en fazla

function at most once. bir kez kesebilecegi anlamina gelir.
See figure 6.3. A circle can not be the graph of a function Bakiniz sekil 6.3. Bir ¢ember, bir fonksiyonun grafigi ola-
because some vertical lines intersect the circle at two points. maz; ¢iinki{i baz1 diisey dogrular cemberi iki noktada keser.
If a € D, then the vertical line x = a will intersect the a € D ise, x = a diisey dogrusu f : D — Y'nin grafigini
graph of f: D — Y only at the point (a, f(a)). (a, f(a)) noktasinda kesecektir.
Piecewise-Defined Functions Parcali Tanimli Fonksiyonlar
Example 6.5. Ornek 6.7.
2] = r x>0 % r< -1
TV 2<o g(x) =< 2? “l<z<1
3—x z>1
)
5 1Y
1 £
z 3 -2 -1

Example 6.6. -1

-z x<0 —9

flx)y=<2?> 0<z<1
1 z>1
)
1 A4
x
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Increasing and Decreasing Functions Artan ve Azalan Fonksiyonlar

Definition. Let I be an interval. Let f : I — R be a function. Tanim. [ bir aralik ve f : I — R bir fonksiyon olsun.

(i). f is called increasing on I if (i). her x1, 2 € I igin 1 < x5 iken
fla1) < f(x2) fla1) < f(x2)
for all z1,xo € I which satisfy x1 < xo; oluyorsa f ye I da artan denir;
(ii). f is called decreasing on I if (ii). her z1,22 € I icin x1 < x5 iken
f(x1) > f(x2) f(z1) > f(x2)
for all x1,xo € I which satisfy z; < 5. oluyorsa f ye I da azalan denir.
Y Y Y
an increasing a decreasing

function function /\/\/ /\/\/

/ T x T

bir artan fonksiyon \
. ) \ not increasing artmiyor
bir azalan fonksiyon not decreasing azalmiyor

Figure 6.4: A increasing function, a decreasing function and a function which is neither increasing nor decreasing.
Sekil 6.4:

Even Functions and Odd Functions Cift Fonksiyonlar ve Tek Fonsiyonlar
Recall that Hatirlayalim ki

e 2,4,6,8,10,... are even numbers; and e 2,4,6,8,10,... sayilan cift; ve

e 1,3,5,7,9,... are odd numbers. e 1,3,5,7,9,... sayilar1 da tek sayilardir.
Definition. Tanim.

(i). f: D — Ris an even function if f(—x) = f(z) for all ~ (i). Bir f : D — R fonksiyona her z € D i¢in f(—z) = f(x)
z € D; oluyorsa ¢ift fonksiyon denir ;

(ii). f: D — Ris an odd function if f(—x) = —f(z) for all ~ (ii). f : D — R fonksiyonu her = € D i¢in f(—z) = —f(x)

z e D. oluyorsa tek fonksiyon adini alir.
Example 6.8. f(x) = 22 is an even function because Ornek 6.8. f(x) = 22 bir ¢ift fonksiyondur ciinkii
f(=2) = (-2)* = 2® = f(a). f(=2) = (-2)* =2? = f(a)
See figure 6.5. Bakiniz gekil 6.5.
Example 6.9. f(z) = 23 is an odd function because Ornek 6.9. f(x) = 2° bir tek fonksiyondur ¢iinkii
fl=2) = (-2)’ = —2® = —f(2) f(=2) = (-2)’ = =2’ = — f()

See figure 6.6. Bakiniz gekil 6.6.
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2

Figure 6.5: 2 is an even number and f(z) = z* is an even

function.
Sekil 6.5: 2 bir ¢ift sayidir ve f(z) = 22 bir ¢ift fonksiyondur.

Example 6.10. Is f(x) = 22 + 1 even, odd or neither?

solution: Since

f is an even function.

Example 6.11. Is g(z) = 2 4+ 1 even, odd or neither?

solution: Since g(—2) = =2+ 1 = —1 and ¢(2) = 3, we have
g(—2) # ¢g(2) and g(—2) # —g(2). Hence g is neither even nor
odd.

Linear Functions

flr) =mx+b

3

Figure 6.6: 3 is an odd number and f(z) = z* is an odd func-

tion.
Sekil 6.6: 3 bir tek sayidir ve f(z) = 23 bir tek fonksiyon.

Ornek 6.10. f(x) = 22 + 1 fonksiyonu cift, tek yoksa hichiri
mi?

¢coziim:
fl=z) = (~2)* +1=2" +1= f(2),
f oldugundan bir ¢ift fonksiyondur.
Ornek 6.11. g(z) = = + 1 fonksiyonu ¢ift, tek veya hicbirisi

mi?

¢oziim: g(—2) = =2+ 1 = —1 ve g(2) = 3 oldugundan,
g(—2) # g(2) ve g(—2) # —g(2) olur. Boylece g fonksiyonu
ne ¢ift fonksiyondur ne de tek.

Lineer Fonksiyonlar

(m,b € R)

2779 y=1z4+1(m=1%b=1)
y=3r(m=35,0=0)
‘ x
9 1 1 2

11
Y 5(m=0,b E)

_2 1 \

y=-"2x+1(m=-2,b=1)
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Power Functions Kuvvet Fonksiyonlari
“z to the power of a” f (x) = fL‘a (a €R)
y
Yy=x
x
a=1 a=2 a=3 a=4
y
X
yz%zr‘l yzz%zx_z
a=—1 a=-—2
y y ‘ y
y =1}
==z - y=af
0=} o=} o=} o=}
Polynomials Polinomlar

p(T) = ana™ + ap_12" 1+ ..+ ax? + a1z + ag

(n e NU{0}, a; € R).

The domain of a polynomial is always (—oo,00). If n > 0 Bir polinomun tanim kiimesi (—o0o, 00) dur. n > 0 ve a,, # 0
and a, # 0, then n is called the degree of p(z). ise, n tamsayisina p(x) in derecesi denir.
Rational Functions Rasyonel Fonsiyonlar

J— M polynomial
rational function / 'CU - q ( ZE) polinom fonksiyon

rasyonel fonksiyon

Example 6.12. Ornek 6.13.
223 — 3 (x)_5x2+8x—3
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Exponential Functions

f(z) = a®
(aeR,a>0,a#1)

The domain of an exponential function is (—oo, 00).

Logarithmic Functions

y=log,r <= x=aY
(aeR,a>0,a#1)

“log base a of z”

Ustel Fonksiyonlar

2 15 -1 -05 05 1 15 2

Ustel fonksiyonun tanim kiimesi (—oo, c0) dur.

Logaritmik Fonksiyonlar
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Angles Acilar

There are two ways to measure angles. Using degrees or using Aci 6lgmede iki yol vardir. Derece kullanarak veya radyan kul-
radians. lanarak.

. 7 radians
0 radians B

180°

LN

Su bagintilar mevcuttur.

a circle of radius 1
7w radyan = 180 derece

1
1 radyan = 180 derece
™

We have that
€ have tha 1 derece = —— radyan.

7 radians = 180 degrees

180
1 radian = — degrees

180
™
™ .
1 degree = 180 radians. . .
45° =1 60° =T 07 =3

Remark. In Calculus, we use radians!!!! If you see an angle in
Part IV of this course, it will be in radians. Calculus doesn’t
work with degrees!!

Not. Kalkiiliiste radyan kullaniriz!!!! Bu dersin IV kisminda
bir ag1 goriirseniz, o radyan cinsinden olacaktir. Kalkiiliiste
derece kullanmayacagiz!!

Trigonometric Functions Trigonometrik Fonsiyonlar
sine sinf = ¥ siniis !
r
. x .
cosine cosf = — kosiniis o U Y
r 1
: 0
sin 6 . |
tangent tanf = v tanjant ' \
cos = m
1
secant secl = sekant
cos 6
1
cosecant cosecl = cscl = — kosekant
sin 6
1 .
cotangent cotf = kotanjant
tan @

Not. tan@ ve sec nin sadece cosf # 0 oldugunda; ve cosecf
ve cotf nmin da tam olarak sinf # 0 ise tamimli olduklarina
dikkat edin.

Remark. Note that tan 6 and secf are only defined if cos 6 #
0; and cosec 6 and cot 6 are only defined if sin @ # 0.
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1
sind5° = sin ~ = — .1 3
4 2 sin60° = sin — = —
- ) 3 2
o _ r_ - 1
cos 45 —cos4 =5 cosGO“:cosz:f
i 3 2
tan45° = tanZ =1 tan 60° = tang = \/§
T
sec45° = sec 1= V2 sec 60° = Secg =2
T
o _ A 2
cosec 45° = cosec 1= V2 cosec 60° = cosec &~ — 2
T 3B
cot45° =cot — =1 T 1
4 cot 60° = cot — = —
3 V3
Yy
Y = CoST
3 5 9 5 4 5
~1
Please see

https://tinyurl.com/ocd35mf

Liitfen bkz.


https://tinyurl.com/ocd35mf
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Problems

Problem 6.1 (Even and Odd Functions).
following functions are even, odd or neither.

State whether the

(a) f(z)=3 (&) f(2) = p
(b) f(z)=a™ (h) f(z) = 24y
() fx) =2"+1 ) f(z)= L
(d) flz) =2+ () f(z)=sinz
(e) f(z)= a3+ a2 (k) f(z)=2z+1
(f) flz) =a*+1 (1) f(x)=cosz

Problem 6.2 (Pointwise-Defined Functions).
function g : R — R defined by

Graph the

Problem 6.3 (Rational Functions).
three functions on the same axes:

(a). f:(0,00) = R, f(z) = ;
(b). g:(0,00) = R, g(z) = 33

x

Graph the following

(c). h:(0,00) = R, h(x)

x +

8=

Problem 6.4 (Angles).  Convert the following angles into

radians:

(a). —90°, (d). 180°,
(b). 135°, (e). 36°,
(c). 120°, (f). 20°.

Convert the following angles into degrees:

g). 37 radians, j). 2 radians,
2 6
h). I radians, k). == radians,
10 5
i). I radians, 1). 3x radians.
6

Problem 6.5 (Domains). Give the largest possible set of real
numbers on which each of the following functions is defined:

(d). d(z) = Va2 — 3x,

Sorular

Soru 6.1 (Tek ve Cift Fonksiyonlar). Agagidaki fonksiyon-
larin ¢ift, tek veya hicbirisi olup olmadigini bulunuz.

(a). f(z)=3 (&) f(@) ==
(b). f(x)=2"" (h). f(z) = 255
(c). flz)=a?+1 Q). f(z)= L
(d). flz)=2*+= (). f(z) =sina
(e). f(z)=a®+a? (k). f(z)=2z+1
(f). flz)=a3+1 (). f(z) =cosz

x <0
x> 0.

ile tamimli g : R — R fonksiyonunun grafigini ¢iziniz.

Soru 6.3 (Rayonel Fonksiyonlar). Agagidaki ii¢ fonksiyonun
grafigini ayni koordinat diizleminde ¢iziniz:

(a). f:(0,00) =R, f(z) =z

(b). g:(0,00) = R, g(z) = ;

(). h:(0,00) > R, h(z) =z +

8=

Soru 6.4 (Aglar). Convert the following angles into radians:

(a). —90°, (d). 180°,
(b). 135°, (e). 36°,
(c). 120°, (f). 20°.

Convert the following angles into degrees:

(). 2% radians, (j). 2% radians,
(h). {5 radians, (k). =" radians,
(i). § radians, (1). 37 radians.

Soru 6.5 (Tanim Kiimeleri).  Give the largest possible set

of real numbers on which each of the following functions is
defined:



Sigma Notation

Sigma Notasyonu

n
Zak:a1—|—a2+a3+a4—|—a5+a6+a7+ag+...+an_1—|—an

k=1

the Greek letter Sigma

Example 7.1.

11
1P 4+2° 432442452+ 62+ T2+ 8 +9° +10° + 117 = > &’
k=1

n

100

FA) + F2)+ FB3) + ...+ £(99) + £(100) = D f(k)

5
Zk:1+2+3+4+5:15

k=1

Example 7.2. Please see

Example 7.3. I want to find a formula for 1+2+34...+n.

Note that

Ornek 7.2.

2(14+243+4+5+...+(n—1)+n)

1 +

+ n +

(n+1)+
n(n+1).

2
(n—1)
(n+1)

k=1

+

+
+

3
(n—2)
(n+1)
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indis k, k = n’de son

the sum finishes at k =n

bulur

the sum starts at £k =1

k 1 indis k, k = 1’de baslar

Ornek 7.1. Bkz. Example 7.1.
Ornek 7.2.

3
DDk = DM+ ()P + (1)) =

k=1

22: Eo_ 12 102
k:1k+1_1+1 241 2 3

5

Z k2 42 N 52 _16+25
k:4k—1_4—1 5—-1 3 4

—142-3=-2

7

6

139
12

Ornek 7.3. 14+2+3+...+n icin bir formiil bulmak istiyoruz.

Dikkat edilirse

+
+ 2
+ (1+n)

+ 1
+ (1+n)
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Therefore

Similarly (but more difficult) we can find that

and

ik:M_

", nn+1)2n+1)
E I{j =
k=1

Dolayisiyla

k=1

nn+1)

2

Benzer olarak (ama daha zor) sunu buluruz

ve

Zn o nn+1)(2n+1)
k =
k=1

£
Il 3
—
=l
w
Il
7N
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Polar Coordinates Kutupsal Koordinatlar

Y
P(r,0) : . .
————————————————————————————— anticlockwise = positive angle
| saat yOniiniin tersi = pozitif ag
|
|
|
|
|
9\ |
\y 1
z |
< |
l clockwise = negative angle
} saat yoniinde = negatif ac1
|
|
|
0 |
l x
(G50,
y Yy
3 (4,450) . 3
v SEp ‘(5,30)
(3,450 ¥ K _20°)
. 0°) w £ . . 5 L A 5
4 . 20°
(2450) //: o : &) _30°)
& ) _30°)
PR > 2 By (2 1
,400)( 4 ///, : (J‘/)’Q )
> oY o Coz 4 5
((),4501 x < . //,O \ (0’/30 ) p
<, | ‘N I I I
1 \\\2 5 3 5 //,)‘ 0 (\7/3032 3
4 ~ =309,
\\\ 0 -1 — 4 -(2’( 0
> P N » _30°)
% —30%)
. o
o 4
3 | I
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Example 8.1.

P(2,30°) = P(2,—330°)

Example 8.3. Find all the polar coordinates of P(2,30°).
solution: We can have either »r = 2 or r = —2. For r = 2, we
can have
6 = 30°,30° £+ 360°,30° £+ 720°,30° £ 1080°, ...
For r = —2, we can have
6 = 210°,210° + 360°,210° &+ 720°,210° £+ 1080°, . ..

Therefore

P(2,30°) = P(2,(30 +360n)°) = P( — 2, (210 + 360m)°)

for all m,n € Z.

Example 8.4.
Y
r=a
\O\
x
Example 8.6.
(a). =1 and r = —1 are both equations for a circle of radius

1 centred at the origin.

(b). 6 =30°, 8 =210° and # = —150° are all equations for the
same line.

Ornek 8.2.

P(2,210°) = P(—2,30°)

Ornek 8.3. P(2,30°) noktasinin tiim kutupsal koordinatlarini
bulunuz.

coziim: Ya r = 2 ya da r = —2 olmalidir. r = 2 ise,
# = 30°,30° £+ 360°,30° £+ 720°,30° £ 1080°, ...
olmalidir. r = —2 oldugunda ise,
6 = 210°,210° 4+ 360°,210° £+ 720°,210° £ 1080°, ...
olmalidir. Boylece her m,n € Z igin,

P(2,30°) = P(2, (30 4+ 360n)°) = P( — 2, (210 + 360m)°).

Ornek 8.5.
Y
b
\ x
0="5
Ornek 8.6.
(a). r = 1 ve r = —1 her ikisi merkezi orijin yaricapr 1 olan

¢emberin denklemleridir.

(b). 8 = 30°, 8 = 210° ve § = —150° herbiri aym1 dogruya ait
denklemlerdir.
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Example 8.7. Draw the sets of points whose polar coordinates Ornek 8.7. Polar koordinatlar asagidakileri saglayan nokta-

satisfy the following: lar1 ¢iziniz:
(a). 1<r<2and0<6<90°. (a). 1<r<2ve0<6<90°
(b). =3 <r <2and f = 45°. (b). =3 <r <2vef=45°.
(c). » <0 and 6 = 60°. (c). » <0 ve 6 =60°.
(d). 120° < 6 < 150°. (d). 120° < 6 < 150°.
solution: ¢oziim:
)
(w). ’ (b) ! (©
2 2 2
11 1 1
\ x x z
-2 -1 i é -2 —'1 1 2 -2 -1 1 2
-1 11 1
-2 -2 -2
Relating Polar and Cartesian Kutupsal ve Kartezyen Koordinatlar
Coordinates Arasindaki lliski
Y
\ P(z,y)=P(r,0)
x =rcosd Ay = i ) )
' 0 '
. y '\ x /
y =rsinf tanf = < \ ;

Example 8.8. Convert the polar coordinates (r,0) = (—3,90°) Ornek 8.8. (r,0) = (—3,90°) kutupsal koordinatlarimi kartezyen
into Cartesian coordinates. koordinatlarina doniigtiiriiniiz.

solution: cziim:

(z,y) = (rcosf,rsinf) = (=3 cos90°, —3sin90°) = (0,=3). (3 ) = (r cos 6, rsin ) = (—3c0s90°, —3sin 90°) = (0, —3).
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Example 8.9. Find polar coordinates for the Cartesian coor-
dinates (z,y) = (5, —12).

solution: Choosing r > 0, we calculate that

r=+/2%+y? =25+ 144 = V169 = 13.
To find 6 we use the equation y = rsin @ to calculate that

. 1Y -1 —-12 o
f=sin"'> =5 — ~ —67.38°.
sin " sin 13
Therefore

(r,0) = (13, —67.38°).

—124----- P

Figure 8.1: The point P has Cartesian coordinates (x,y) =
(5, —12) and polar coordinates (r,0) = (13, —67.38°)
Sekil 8.1:

Problems

Problem 8.1. Convert the following polar coordinates to
Cartesian coordinates.

(a). (3,0)
(b). (=3,0)
(). (2,120°)

(d). (2,420°)
(e). (2,60°)
(f). (—3,360°)

Problem 8.2. Find polar coordinates for each of the following
sets of Cartesian coordinates.

(). (V3,-1)
(d). (=3,4)

(a). (1,1)
(b). (=3,0)

Problem 8.3. Draw the sets of points whose polar coordinates
satisfy the following:

(a). r=2
(b). 0<r<2

(c). r>2

(d). 0<6<30° &r>0 (g).
(e). 0 =120° & r < —2 (h).
(). 0<0<90° &1<|r]<2 (i).

Ornek 8.9. (z,y) = (5, —12) noktasimn kutupsal koordinat-
larin1 bulunuz.

¢oztim: r > 0 alarak,

r=+/224+y?=+v25+144 = V169 = 13

buluruz. Simdi ’y1 bulmak icin y = rsin # denklemi kullanilir
ve

1Y so—1 —12 o
0=s 17:‘ — &~ —067.38
Sin , Sin 13
elde edilir. Dolayisiyla

(r,0) = (13, —67.38°).

z = tan@

//360 /(180

0
/1’80 /3/60
12

y=-%

Figure 8.2: The graph of z = tanf. Note that

tan —67.38° = — 2 = tan 112.62°.

Sekil 8.2: z = tan 6 gragigi gosterilmektedir. Dikkat edilirse,
tan —67.38° = —42 = tan 112.62°.

Sorular

Soru 8.1. Agagidaki kutupsal koordinatlar1 Kartezyen koor-
dinatlara doniistiiriiniiz.

(8). (=2,-60°)
(h). (1,180°)
(i). (2v/2,45°).

Soru 8.2. Agagidaki Kartezyen koordinatlarin herbiri igin bir
kutupsal koordinat bulunuz.

(e). (=2,-2)
(f). (—v/3,1).

Soru 8.3. Kutupsal koordinatlar1 agagidakilari saglayan nok-
talarin kiimesini ciziniz:

45° <9 <315° & 1<r<2

45 <H<45° & 1<r<2
—45° < h<45° & —2<r<1



Conic Sections Konik Kesitler

a circle
cember

an ellipse
elips

(@ = h)* + (y — k)* = a?

a parabola

parabol a hyperbola

hiperbol
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Parabolas

Paraboller

Figure 9.1: Clifton suspension bridge, Bristol, UK. The cables
of a suspension bridges hang in a shape which is almost (but
not exactly) a parabola.

Sekil 9.1: Clifton siispansiyon kopriisii, Bristol, Birlegik Krallik.
Asma kopriilerin halatlari, neredeyse (ama tam olarak degil)
bir parabol bi¢iminde asili durmakta.

To describe a parabola, we need a point called a focus and
a line called a directriz. See figure 9.2.

Definition. A point P(x,y) lies on the parabola if and only

if
IPF|| = [PQ]-
Now
|PF| = distance between P(z,y) and F(O p)
= V@ —=02+(y—p?= Va2 +(y - p)?

and

|IPQ|| = distance between P(x,y) and Q(z, —p)

=V(@-22+y+p?=Vy+p?=y+p

Therefore

|PF|| = [IPQ|
Va2 +(y—p)=y+p
2+ (y—p?=@y+p)?

z® +y? — 2py + p* = y* + 2py + p*
z® — 2py = 2py

Figure 9.3: The motion of a tennis ball.
Sekil 9.3: Bir tenis topunun hareketi.

Figure 9.4: Satellite dishes.
Sekil 9.4: Uydu antenleri.

Bir parabolii tanimlamak i¢in, odak adi verilen bir noktaya
ve dogrultman adi verilen bir dogruya ihtiyac var. Bkz sekil
9.2.

Tanim. Bir P(z,y) noktast bir parabol tizerindedir ancak ve
ancak

IPE| = [IPQ-
Simdi
|IPF|| = P(z,y) ile F(O p) arasindaki uzaklik
= V(@ =02+ (y—p? =22+ (y—p)?
ve
IPQ| = P(z,y) ile Q(x, —p) arasindaki uzaklik

=(z—x)2+

+p)2=Vy+p2=y+p
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Yy Bu nedenle
IPF| = [lPQ]
| | IPE| = [IPQ
2 — e
fo;‘ui‘. F(U.,])) VT + (y p) y+p
oda N 2 2 _ 2
. 4+ (y—p)°=W+p)
.,
%, 2 +y° = 2py +p* =y + 2py +p°
x? — 2py = 2py
directrix y = —p
dogrultman
Figure 9.2: A parabola with focus at F(0,p) and directrix y =
—p.
Sekil 9.2: Odak noktas1 F(0,p) ve dogrultmam y = —p olan
parabol.
Y Yy Y Y

graph xT T . x . T

graf

equation x? = 4py x? = —4py y? = 4dpx y? = —4px

denklem

focus F(0,p) F(0,—p) F(p,0) F(—p,0)

odak

directrix y=-p y=np T=—p T=7p

dogrultman

Example 9.1. Find the focus and directrix of the parabola
2
y° = 10x.

solution: Our equation y?> = 10z looks like y? = 4pz with

p=12=25.

Therefore the focus is at the point F'(2.5,0) and the directrix
is the line x = —2.5.

Example 9.2. Find the equation for the parabola which has
focus F(0,—10) and directrix y = 10.

solution: Clearly p = 10 and 22 = —4py. Therefore the answer
is 22 = —40y.

Ornek 9.1. y? = 10 paraboliiniin odak noktasmni ve dogrult-
manini bulunuz.

coziim: y?> = 10x denklemimiz olmak iizere y? = 4pz bigi-
mindedir. Yani odak noktasi F(2.5,0) ve dogrultmam da = =
—2.5 olur.

Ornek 9.2. Odag F(0,—10) noktasi ve dogrultmanm y = 10
dogrusu olan paraboliin denklemini yaziniz.

coziim: Surast agk ki p = 10 ve 22 = —4py dir. Bu nedenle
yanit 22 = —40y olur.
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Ellipses Elipsler

Figure 9.5: Our solar system. Figure 9.6: Tycho Brahe Planetarium, Copenhagen, Denmark.
Sekil 9.5: Giineg sistemimiz. Sekil 9.6: Tycho Brahe Planetaryumu, Kopenhag, Danimarka.

|IPE + [[PF|| = 2a |

1
1 focus

| odak x
Py
L 4

Fz((, 0)

Figure 9.8: Drawing an ellipse with a pencil, two pins and a
piece of string.
Sekil 9.8: Iki toplu igne, bir kalem ve biraz ip kullanarak elips

cizmek.
Figure 9.7: An ellipse with foci at Fi(—c,0) and F»(c,0).
Sekil 9.7: Odaklar1 Fy(—c¢,0) ve Fy(c,0) olan elips.
To describe an ellipse, we need two foci. See figure 9.7. Elipsi tanimlamak i¢in, we need two foci. Bkz. gekil 9.7.
Definition. A point P(z,y) is on the ellipse if and only if Tanum. Bir P(x,y) noktas: ellips tizerindedir ancak ve ancak
|PFy|| + || PF| = 2a. [PFL[| 4 [[PF2|| = 2a.

Buradan hareketle
So

V(z+e)?+y2 4+ (z—0)? +y? =2 VE+e)2+y2+(x—c)? +92 = 2a.

This rearranges to Bunu da diizenlersek

a a
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If we set b = Va2 — 2, then we have

2 2

buluruz. b = va? — ¢? dersek, o zaman

€ Y Y
¥+b—2:1 (0<b<a). a—2+b—2:1 (0<b<a).
) Y
focus¢
graph < graf
focus
focus¢
2 2 2 2
equation % + ‘7;—2 =1 (0<b<a) gg—z + % =1 0<b<a) denklem
centre- merkez-
to-focus c=+va2— b2 c=+va2—bh? odak
distance uzakligi
foci Fi(—c,0) & Fs(c,0) F1(0,—c) & F5(0,c) odaklar
vertices (—=a,0) & (a,0) (0,—a) & (0,a) tepe nok-
talari
z2 P . x2 P
Example 9.3. The ellipse — + =— =1 has Ornek 9.3. — + = =1 elipsinin
16 9 16 9
e a=4andb=23; e a=4veb=3;

centre at (0,0);

foci at (—v/7,0) and (v/7,0); and

e vertices at (—4,0) and (4,0).
‘ 22 42
Example 9.4. The ellipse 6 + %= 1 has
e a=>5and b=4;

centre-to-focus distance
c=+va2 -2 =25-16=+/9=3;

centre at (0,0);

foci at (0, —3) and (0, 3); and

e vertices at (0,—5) and (0, 5).

centre-to-focus distance ¢ = Va2 — b2 = /16 — 9 = VT,

o merkez-odak uzakligi ¢ = Va2 — b2 = /16 — 9 = /T,

e merkezi (0,0);
e odaklar1 (—/7,0) ve (v/7,0); and
e tepe noktalar: (—4,0) ve (4,0).

5[32 2

k94, —+==—=1el
Ornek 9 16 + o5 elipsi

e a=>5veb=4

e merkez-odak uzakligi
c=+va? - =+/25-16 = V9 = 3;

merkezi (0,0);

odaklar1 (0,—3) ve (0,3); ve

tepe noktalari da (0, —5) ve (0, 5).
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Hyperbolas

Figure 9.9: Cooling towers.
Sekil 9.9:

- 1 focus
l
. odak x

FQ(C, 0)

|PEL| — |PEy| | = 2a

Figure 9.11: A hyperbola with foci at Fy(—c,0) and Fs(c,0).
Sekil 9.11:

To describe a hyperbola, we again need two foci. See figure
9.11.

Definition. A point P(z,y) is on the hyperbola if and only
if

IRy~ PR | = 2.
So

V(E+0?+12 = V(x—c)? +y? = +2a.
This rearranges to
2 2

T Y
a—2+

7 1
a2 — 2

where ¢ > a > 0. If we set b = /¢ — a?, then

Hiperboller

=T
|

- i

Figure 9.10: Twin Arch 138, Ichinomiya City, Japan.
Sekil 9.10:

Hiperbolii tanimlamak igin, yine iki odak noktasina ihtiyag
var. Bkz. gekil 9.11.

Tanmim. Bir P(z,y) noktas: bir hiperbol izerindedir ancak ve
ancak
PR = PRl | = 2a.

Bundan hareketle,
Vi +e)?+y? = /(x—0)? +y? = £2a.

Diizenlersek,

x2+ y? .
2 a2 =2

buluruz ki burada ¢ > a > 0. Simdi b = /¢ — a? dersek, o

zamarn
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focus¢
graph focus : focus graf
&
AQ‘&K)
focus®
_ 22y ¥ a?
equation primi i 1 poi T 1 denklem
centre- merkez-
to-focus c=+va%+b? c=+va?+b? odak
distance uzakligi
foci Fi(=c,0) & F5(c,0) F1(0,—c) & F5(0,c¢) odaklar
vertices (—a,0) & (a,0) (0,—a) & (0,a) tepe
noktalar:
22 42 . 22 2
Example 9.5. The hyperbola T 5 1 has Ornek 9.5. Hiperbol olarak T 5 1 alirsak,

oa:2andb:\/5; oa:2veb=\/5;

e centre at (0,0); e merkezi (0,0);

e centre-to-focus distance ¢ = Va2 + 02 =4 +5 = 3; e merkez-odak uzakhgl ¢ = Va2 + b2 = /4 +5 = 3;

e foci at (—3,0) and (3,0); and e odaklari (—3,0) ve (3,0); ve

e vertices at (—2,0) and (2,0). e tepe noktalar: da (—2,0) ve (2,0).

2 a? . v a?
Example 9.6. The hyperbola T 1 has Ornek 9.6. T 1 hiperbolii igin

e a =3 and b=4; e a=3veb=4;

e centre at (0,0); e merkez (0,0);

e centre-to-focus distance ¢ = Va2 + b2 = /9 + 16 = 5; e merkez-odak uzakhigi ¢ = Va2 + b2 = /9 + 16 = 5;

foci at (0, —5) and (0,5); and

odaklar (0, —5) ve (0,5); ve

e vertices at (0, —3) and (0, 3). tepe noktalar1 (0, —3) ve (0, 3).



44

Reflective Properties Yansima Ozellikleri

Parabolas, ellipses and hyperbolas are useful in architecture
and engineering because of their reflective properties.

Paraboller, elipsler ve hiperboller, yansima 6zellikleri nedeniyle
mimaride ve miihendislikte kullanighdirlar.

[ | —| \ A\ i :
i \\ focus // 7 W= —
<< >7 Figure 9.13: One of a pair of whispering dishes in San Fran-

cisco, USA.

Sekil 9.13: A.B.D. San Fransisko’daki bir ¢ift akustik canak.
Figure 9.12: Rays originating at the focus of a parabola are
reflected out of the parabola as parallel lines.

Sekil 9.12: Paraboliin odagindan g¢kan iginlar paraboliin
diginda paralel dogrular olarak yoluna devam ederler

Figure 9.14: A car headlight
Sekil 9.14: Bir araba far.

Figure 9.15: A car headlight
Sekil 9.15: Bir araba far:.
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Figure 9.16: A satellite dish. Figure 9.17: A satellite dish.
Sekil 9.16: Bir canak anten Sekil 9.17: Bir ¢anak anten

Figure 9.18: Rays originating from one focus of an ellipse are

reflected toward the other focus. Figure 9.19: A whispering gallery.
Sekil 9.18: Elipsin bir odagindan ¢ikan iginlar diger odaga yan- Sekil 9.19:
siyorlar.

Figure 9.21: A whispering gallery.
Sekil 9.20: Sekil 9.21:

Figure 9.20: A whispering gallery.
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Figure 9.22: One half of a hyperbola. Rays aimed at one focus are reflected to the second focus.
Sekil 9.22: Hiperboliin bir yarisi. Odaklardan birine gelen 1ginlar ikinci odaga yansiyorlar.

-7 Hyperbolic -
P secondary R
- mirror -

Parabolic
primary
mirror

-
-

Figure 9.23: A telescope using a parabola and a hyperbola.
Sekil 9.23: Bir parabol ve bir hiperbol kullanilan teleskop
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Problems

Problem 9.1 (Identifying Graphs).

Match the the following

equations with the conic sections shown in figure 9.24.

Problem 9.2 (Parabolas).

M
M

(). 242 =1
d). = +% =1

(a). Find the focus of the parabola y? = 12z.

(b). Find the focus of the parabola 22 = —8y.

(c). Find the focus of the parabola y = 4x2.

Problem 9.3 (Ellipses).
a

(
(b
(c

).
).
).
(d).

equation for the ellipse.

Problem 9.4 (Hyperbol

as).

Find the foci of the ellipse 722 + 16y? = 112.

Find the foci of the ellipse 1622 + 25y = 400.

Find the foci of the ellipse 222 + 3% = 2.

An ellipse has foci (£v/2,0) and vertices (£2,0). Find an

(a). Find the foci of the hyperbola z? — % = 1.
(b). Find the foci of the hyperbola y? — z? = 8.
(¢). Find the foci of the hyperbola 8z2 — 2y? = 16.
(d).

y

N

A hyperbola has foci (£10,0) and vertices (£6,0). Find
an equation for the hyperbola.

Sorular

Soru 9.1 (Grafikleri Belirlemek). Match the the following
equations with the conic sections shown in figure 9.24.

Soru 9.2 (Paraboller).
(a). y? = 12z paraboliiniin odagmi bulunuz.
(b). 22 = —8y paraboliiniin odagimi bulunuz.

(c). y = 422 paraboliiniin odagim bulunuz.

Soru 9.3 (Elipsler).

(a). 722 + 16y* = 112 elipsinin odaklarim bulunuz.

(b). 1622 4 25y% = 400 elipsinin odaklarin1 bulunuz.

(c). 222 4+ y? = 2 elipsinin odaklarimi bulunuz.

(d). An ellipse has foci (++/2,0) and vertices (+2,0). Find an

equation for the ellipse.

Soru 9.4 (Hiperboller).

(a). 22 —y? = 1 hyperboliiniin odaklarin1 bulunuz.

(b). y? — 22 = 8 hyperboliiniin odaklarini bulunuz.

(c). 822 — 2y? = 16 hyperboliiniin odaklarin1 bulunuz.

(d). A hyperbola has foci (£10,0) and vertices (+6,0). Find

an equation for the hyperbola.

(ii).

J/

N

(vii).

(viii).

™

—

A/
N

Figure 9.24: Eight conic sections.
Sekil 9.24:



Three Dimensional Uc Boyutlu Kartezyen
Cartesian Coordinates Koordinatlar

0(0,0,0)
the origin
orijin

Figure 10.1: The Left-Handed Coordinate System

eKl Al
Sekil 10.1
y=20
the xz-plane
P xz-diizlemi z
5
x5
z=0
\ the xy-plane
zy-diizlemi
Y
D 3 y
z=0 //‘b
the yz-plane )
yz-diizlemi
. The o] d Figure 10.3: The planes y = 3 and z = 5, and the line y = 3,
igure 10.2: e planes x =0, y =0 and z = 0. 2 =5.
Sekil 10.2: z =0, y = 0 ve z = 0 diizlemleri. Sekil 10.3:

48
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Example 10.1. Which points P(x,y, z) satisfy 22 + y? = 4
and z = 37

solution: We know that z = 3 is a horizontal plane and we
recognise that z2 + 32 = 4 is the equation of a circle of radius
2. Putting these together, we obtain figure 10.4.

z

)

T

Figure 10.4: The circle 22 + y? = 4 in the plane z = 3.
Sekil 10.4: z = 3 diizlemindeki z2 + y? = 4 ¢emberi.

Distance in R3
Definition. The set
{(z,y,2) | z,y,2 € R}

is denoted by R3.

Definition. The
PQ(.’EQ, Y2, ZQ) is

distance between and

Py(z1,y1,21)

1P P = /(20 — 21)% 4 (2 — 91)2 + (22 — 21)2.

Ornek 10.1. Hangi P(z,y, z) noktalar 2% 44 = 4 ve z = 3’ii
saglar?

coziim: Biliyoruz ki z = 3 yatay bir diizlem ve z? + y? = 4
denklemi 2 yaricapl bir gemberdir. Bunlar: bir araya getirirsek,
sekil 10.4%yi elde ederiz.

Po(z0, Yo, 20)

PPl =a

/D(xy ’
x

Figure 10.5: The sphere of radius a centred at Py(zo, yo, 20)-
Sekil 10.5: Yarigap1 a ver merkez1 Py(zo, yo,20) noktast olan
kiire.

R? de Uzaklik

Tanim.
{(z,y,2) | 7,9, 2 € R}
kiimesini R? ile gdsteririz.

Tanim. Pj(z1,y1,21) ve Pa(xa,y2,22) noktalari arasindaki
uzaklik

PP = /(z2 — 21)2 4+ (y2 — y1)2 + (22 — 21)2.

Ornek 10.3. C(1,2,3) ve D(3,2,1) noktalar arasindaki uza-

Example 10.2. The distance between A(2,1,5) and B(—2,3,0) klik agagidala gibidir;

18

IAB|| = /((=2) —2)2+ (3—1)2 4 (0 — 5)?
=V16+4+25 =145
=3vV5~6.7.

[AB|l = /(3—1)24 (2—2)2+ (1 —3)?
=Vi+0+4=18
=2v2~28.
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Spheres

See figure 10.5.

Definition. The standard equation for a sphere of radius
a centred at Py(xo, Yo, 20) is

(x = 20)? + (y —90)* + (2 — 20)* = a”.
Example 10.4. Find the centre and radius of the sphere
22492+ 224+ 3x—424+1=0.

solution: We need to put this equation into the standard form.
Since (z — b)? = 22 — 2b + b? we have that

24?422 432 -4241=0
(22 +3z) +y? + (2% —42) = —1

9 9
<x2+3x+4)—4—|—y2—|—(22—4z+4)—4:—1

9 9
(x2+3x+4)+y2+(z2—4z—|—4):—1+4+4
.2

(z+;’)2+y2+(z—2)

The centre is at Py(xo,Yo,20) = Po(—3,0,2) and the radius is

a= \/% = @

Problems

Problem 10.1. Find the distance between the following pairs
of points.

a). Pi(—1,1,5) and P»(2,5,0).
A(1,0,0) and B(0,0,1).

(c

(
(b
(d

).
)-
). C(10,5,—8) and D(10, 25, 32).
). B(8,9,7) and F(2,2,3).

)- G(

(e). G(—4,2,—4) and 0(0,0,0).

Problem 10.2. Find the centre and the radius of the sphere

2?2+ 2+ 22 —6y+82=0.

Problem 10.3. Find the centre and the radius of the sphere

2 +y? + 22— 2v22 — 22y +2v22 + 4 = 0.

Spheres
Bkz. sekil 10.5.

Tanumn. Yaricap: a ve merkezi Py(xo, Yo, z0) olan Bir kiirenin
standart denklema

(x —x0)> + (y — 0)* + (2 — 20)* = a*.

Ornek 10.5. Verilen kiirenin merkez ve yaricapim bulunuz:
22 4+ 9% + 2% + 62 — 6y + 62 = 22.

¢oziim: Bu denklemi standart forma getirmemiz gerek. Simdi
(x — b)? = 22 — 2b + b? oldugundan

2+ + 2%+ 62 — 6y + 62 = 22

(2% + 62) + (y* — 6y) + (2% + 62) = 22

(2462 +9) -9+ (2 —6y+9) —9+ (22 +62+9)—9=22

(22 +6x+9)+ (y* — 6y +9) + (22 +62+9) =49

(z+3)2+(y—3)>+(2+3)>=149

Merkezi Py(xo, Yo, 20) = Po(—3, 3, —3) olup yaricapi a = /49 = 7.

Sorular
Soru 10.1. Asagisaki nokta c¢iftleri arasindaki uzakligi bu-
lunuz.

a). Pi(—1,1,5) ve P»(2,5,0).

A(1,0,0) ve B(0,0,1).

(c

(
(b
(d

).
)-
). C(10,5,—8) ve D(10,—25,32).
). E(8,9,7) ve F(2,2,3).

). G(

(e). G(—4,2,—4) ve 0(0,0,0).

Soru 10.2. Verilen denklemdeki kiirenin merkezini ve yarigapin
bulunuz
2?2+ y? + 2% —6y+82=0.

Soru 10.3. Verilen denklemdeki kiirenin merkezini ve yarigapim
bulunuz

x2—|—y2+22—2\/§x—2\/§y+2\/§z+420.



Vectors

) we only need
) we need a

For some quantities (mass, time, distance, ...
a number. For some quantities (velocity, force, ...
number and a direction.

direction of vector

A wector is an object which has a size (length) and a di-
rection.

terminal point
bitis noktasi

B
A

initial point
baglangi¢ noktasi

Figure 11.1: The initial point and terminal point of a vector.
Sekil 11.1:

Definition. The vector /@ has initial point A and terminal
point B.

The length of 1@ is written Hz@”

Two vectors are equal if they have the same length and the
same direction. In figure 11.2, we can say that

AB=CD = EF = OP.

Note that E =+ C?I? because the lengths are different, and
AB # IJ because the directions are different.

Vektorler

Baz biiyiikliikler (kiitle, zaman, mesafe, ldots) sadece bir say1
yeterli oluyor. Ancak baz biiyiikliikler i¢in (hiz, kuvvet, ldots)
bir sayiyla bir de yone ihtiyacimiz var.

vektor yoni

Vektdr bir biiyiikligi (uzunlugu) ve bir yonii olan nesnedir.

Tanim. ﬁ vektoriiniin baslangic noktasr A ve bitis nok-
tasr B dir.

E’nin uzunlugu Hﬁ“ ile gosterilir.

Iki vektoriin esit olmalar: icin gerek ve yeter sart uzunluk-
lar1 ve boylarmin aynmi olmasidir. Sekil 11.2 de, sunu sOylemek

mimkin ﬁ _ C‘Vf) _ ﬁ _ O?

Unutmayimiz ki E #* Cﬁi) ¢linkii uzunluklar farkl ve 1@ #* 17
¢linkii yonleri farkli.

J

Figure 11.2: Six vectors.
Sekil 11.2: Alt1 vektor.
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Notation

When we use a computer, we use bold letters for vectors: u,
v, W, .... When we use a pen, we use underlined letters for
vectors: u, v, w, ....

If we type au + bv or write au + bv, then

e ¢ and b are numbers; and
e u, v, u and v are vectors.

Definition. In R?: If v has initial point (0,0) and terminal
point (vy,vq), then the component form of v is v = (vy,vs).

In R3: If v has initial point (0,0,0) and terminal point
(v1, v2,v3), then the component form of v is v = (vy, vg, v3).

Notasyon

Bilgisayar kullanirken, vektor i¢in kalin harfler kullaniriz: u,
v, W, .... Kalemle yazarken, vektor icin alt1 ¢izili harfler kul-
laninz: u, v, w, .. ..

au + bv olarak yazarsak veya au + bv yazarsak,

e a ve b sayilar; ve
e u, v, u ve v vektorler.

Tanim. R? de: v'nin baglangig noktas: (0,0) ve son noktasi
(v1,v2) ise bu durumda v igin bilesen formu v = (vy,vs3)
olur.

R? de: v’nin baglangic noktas1 (0,0,0) ve bitis noktast
(v1,va,v3) ise, 0 zaman v i¢in bilesen formu v = (v1,va,v3)
olur.

v = @ Q(E);.?JQ,ZQ)
@
/ P(xhylazl)
xT
Yy

Figure 11.3: The vector (vy,vs,v3) =V = (X2 — T1,Y2 — Y1, 22 — 21)-
Sekil 11.3:

Definition. In R?: The norm (or length) of v = (vy,vs) is

VIl = y/vf + 3

In R3: The norm of v = @ is

vl = y/vi +v3 +v3
=(v2 —21)2+ (y2 — y1)2 + (22 — 21)2.

The vectors 0 = (0,0) and 0 = (0,0,0) have norm ||0] = 0.
If v # 0, then ||v]| > 0.

Example 11.1. Find (a) the component form; and (b) the
norm of the vector with initial point P(—3,4,1) and terminal
point Q(—5,2,2).

solution:
(a). v=(v1,v2,v3) =Q — P=(-5,2,2) — (—3,4,1)
=(~2,-2,1).

(b). v = VoI T3+ 3 = V(=22 T (22 + 12 = V5 =3,

Tanim. R?: The norm (ya da uzunluk) v = (v, vs) ise
[vil = y/vi +v3

olarak verilir.
R3: norm tamm v = P(Q icin

VIl = /v +v3 + 03

=/(z2 —21)2+ (y2 — y1)2 + (22 — 21)%

olaur.

0 =(0,0) ve 0 = (0,0,0) vektorlerinin normu ||0]] = 0 dur.
v # 0 ise, bu durumda ||v|| > 0 olur.

Ornek 11.1. (a) bilegen formu ve (b) normu baglangic noktasi
P(—3,4,1) ve bitig noktas1 Q(—5, 2, 2) olan vektdr igin bulunuz.

¢coziim:
(a‘)' V= (U13U27U3) = Q —-P= (_57272) - (_3a4a 1)
=(-2,-2,1).

(). vl = VoT T+ = 2P+ (2P + E=vo=3.
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Vector Algebra

u+v

2u

Figure 11.4: u+v considered in two ways.

Sekil 11.4: Sekil 11.5:

Let u = (u1,u2,u3) and v = (v1,v2,v3) be vectors. Let k
be a number. Then

u+v=(uy +v,u + v, u3 + v3)

and
ku= (kul, k'UQ, k’u?,)

Note that

Ikull = [|(kus, kus, kus) | = v/ (kur)? + (kuz)? + (kus)?

= \/k2u% + k2u3 + k2ui = \/lcQ(uf +u3 +u?)

= VE\Jui +u3 +ui = [k ul].

The vector —u = (—1)u has the same length as u, but
points in the opposite direction.

Example 11.2. Let u= (—1,3,1) and v = (4,7,0). Find (a)
2u+3v, (b) u—v, and (c) ||3ul.

solution:

(a) 2u+3v=2(-1,3,1)+3(4,7,0) = (—2,6,2) 4+ (12,21,0) =
(10,27,2);

(b) u—v= (71737 1) - (47 73 0) = (757 74, 1)3

(©) |iul| =3 ul =3 /(-1)2+32+ 12 = JVIL.

Properties of Vector Operations
Let u, v and w be vectors. Let a and b be numbers. Then
(i). u+v=v—+u

(ii).

(u+v)+w=u+(v+w);

(ili). u+0=u;
(iv). u+ (—u) =0;
(v). Ou=0;

Figure 11.5: Constant multiples of u.

Vektor Cebri

2u

1.5u

Figure 11.6: u—v considered in two ways.
Sekil 11.6:

Varsayalim ki u = (u1,uz2,us) ve v = (v1,v2,v3) vektorler
olsun. Varsayalim ki k bir say1 olsun. O zaman

u+v = (u +v,u2 + v2,u3z + v3)

ve
ku = (kul, k’UQ, k‘U3)

Sunu not ediniz

lkul| = [[(kur, kus, kus)|| = v/ (ku1)? + (kuz)? + (kus)?

= \/k'Qu% + k2u3 + k2u3 = \/k:Q(u% + u3 +u?)

= VA2 Ju? + g+ ud = [k] [l

—u = (—1)u vektoriiniin u ile uzunlugu aym ama zt yon-
liidiir.

Ornek 11.2. u= (-1,3,1) ve v = (4, 7,0) olsun. Hesaplayiniz
ki (a) 2u+3v, (b) u—v ve (c) ||3u].

cozum:

(a) 2u+3v =2(—1,3,1)+3(4,7,0) = (—2,6,2) + (12,21,0) =
(10,27,2);

(b) u—-v= (_17 3, 1) - (47 7, O) = (_5a —4, 1);

(c) ||%u|| = % [ul| = % (12 +324+12= %\/ﬁ

Vektorlerle islem Ozellikleri
u, v ve w vektorler olsun. a ve b sayilar olsun. O zaman
(i). u+v=v—+u

(ii).

(u+v)+w=u+(v+w)

(ili). u+0=u;
(iv). u+ (—u) =0;
(v). Ou=0;
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(vi). lu = u;
(vii). a(bu) = (ab)u;
(vili). a(u+v) = au+ av;
(ix). (a+b)u = au + bu.

Remark. We can not multiply vectors. Never never never
never write “uv”.

Unit Vectors

Definition. u is called a unit vector < |u| = 1.

Example 11.3. u= (272,

= J(LY (Y (Y o At
VW2 2 2) V2 4 4 7
In R%: The standard unit vectors are i = (1,0) and

j=1(0,1).
In R3: The standard unit vectors are i = (1,0,0), j =
(0,1,0) and k = (0,0,1). Any vector v € R? can be written

,—%) is a unit vector because

N[

V= (1)1,1)2,’03) = ('Ul,0,0) + (070270) + (0,0,’03)
= U1i+’l}2j +’U3k.

If ||v|| # 0, then ™

Clearly ﬁ and v point in the same direction.

is a unit vector because

1 1
=l el = e v =1
v

A%
vl vl

Example 11.4. Find a unit vector u which points in the same
direction as P, Py, where P;(1,0,1) and P»(3,2,0).

solution:
We calculate that P1P, = P, — P, = (3,2,0) — (1,0,1) =

(2,2,—1) = 2i+2j—k and that leng =R IR (2=

3. The required unit vector is

—

PP 2i42%i-k _2 2 1
u= = = —1 -1 — —

HP—>1P2H 3 37373

v
vl

Figure 11.7:
direction as v.
Sekil 11.7:

is a unit vector which points in the same

(vii

(vi). lu = u;

).
(vii). a(bu) = (ab)u;
).

a(u+v) =au+ av;

(ix).

Not. Vektorlerle garpma yapamayiz. Asla asla ve asla “uv”
yazmayiz.

(a+b)u=au+ bu.

Birim Vektor
Tanim. u vektorii birim vektdrdir ancak ve ancak ||ul| = 1.

Ornek 11.3. u= (22, 1,—1) birim vektdrdiir ¢iinkii

= J(AY () (Y o At i,
N V2 2 2) V24 4 7
R2: The standart birim vektérleri= (1,0) ve j = (0,1)
olarak ifade edilir.
R3’te: The standart birim vektérler i = (1,0,0), j =

(0,1,0) ve k = (0,0,1) vektdrleridir. Herhangi bir v € R?
vektorii goyle yazilabilir

V= (Ul,UQ,’Ug;) = (’Ul,0,0) + (OaUQaO) + (0,0,U3)
= v1i 4+ voj + vsk.

[l # 0 ise, 0 zaman 7 bir birim vektdr olur ¢iinkii

Asikar olarak ”X—H ve v ayni yonii gosterirler.

1 1
= Il ==
vl

vl

v
vl

.o %
Ornek 11.4. P;(1,0,1) ve P»(3,2,0) olmak iizere P; P ile ayni
yonde bir u birim vektér bulunuz.

g:é'ziim: N

Ik olarak PP, = P, — P, = (3,2,0) — (1,0,1) = (2,2,-1) =
21 +2j — k ve HP1P2H = /22 + 221 (-1)2 = 3. stenen birim
vektor

—
PP 2i42i-k 2 20 1
HP?P?H_ 3 —3'T3l T 3E

u=
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Problems

Sorular

Problem 11.1. Let u = (3,—2) and v = (—2,5). Find the Soru 11.1. Let u= (3,—2) and v = (—2,5). Find the follow-

following:

(a). [ull (d). 3u (8). [|=3ul
(b). v (€). [[3ull (h). u+v
(c). 3|lull (f). —3u (1) [u+v]

Problem 11.2.

(a)-
(b).

Find (5a — 3b) if a = i + 2j + 3k and b = 2i + 5k.

Find AB + CD, where A(1,—1,1), B(2,0,0), C(~1,3,0)
and D(—2,2,1).

Problem 11.3 (Unit Vectors).

. Find a unit vector which points in the same direction as

v = 6i + 2j — 3k.

. Find a unit vector which points in the same direction as

v=2i+j— 2k

. Find a vector w which points in the same direction as

v = 12i — bk and which satisfies ||w| = 7.

ing:
@) Ml + vl (m). 2u+gv
(k). 2u—3v (m). ||2u+2v||
). [|l2u— 3v|| (©0). |-&u+ 2v|
Soru 11.2.
(a). Find (5a —3b) if a =i+ 2j + 3k and b = 2i + 5k.
(b). Find AB + CD, where A(1,~1,1), B(2,0,0), C(-1,3,0)

and D(—2,2,1).

Soru 11.3 (Unit Vectors).

. Find a unit vector which points in the same direction as

v = 6i + 2j — 3k.

. Find a unit vector which points in the same direction as

v =2i+j— 2k

. Find a vector w which points in the same direction as

v = 12i — 5k and which satisfies ||w| = 7.

He'S IRRATIONAL AND HE GoES ol AHD oN.

Figure 11.8: A web comic.
Sekil 11.8: Bir web ¢izgi romani.



The Dot Product

Definition. In R?, the dot product of u = (uy, us) = uyi+usj
and v = (v1,v2) = v1i+ 9] is

U*v = u1v1 + ugva.

Definition. In R3, the dot product of u = (uy,us,u3) =
w1l + ugj + usk and v = (vy,v9,v3) = v1i + voj + vk is

U*V = UjV1 + U2V2 + U3V3.

A%

Theorem 12.1. The angle between u and v is

0=cost ().

(1,-2,-1)+(=6,2,-3) = (1 x —=6) + (=2 x 2) + (=1 x —3)
6-4+43=-T.

u-v
[l f[v]]

Example 12.1.

Example 12.2.

(i43j+k)-(4i—j+2k)=(3x4)+Bx—-1)+(1x2)
=2-3+2=1.

Example 12.3. Find the angle between u = i — 2j — 2k and
v =6i+ 3j + 2k.

solution: Since u+v = (1,-2,-2)+(6,3,2) = (1 x 6) + (-2 x
7 _

3)+(—2%x2)=6—-6—-4=—4, |u]| =/12+ (-2)2 + (-2)2 =
V9 =3 and ||v| = V62 + 32 + 22 = /49 = 7, we have that

6 = cos™* (

Example 12.4. If A(0,0), B(3,5) and C(5,2), find § = LACB.

u-v

[l [[v]]

> = cos ! (—241) ~ 1.76 radians ~ 98.5°.

96

Nokta Carpim

Tanim. R?’de, the nokta carpim u = (u1,uz) = uii+usj ve
v = (v1,v2) = v1i+ vaj is

U-vV = uiv] + ugvy
ise olarak tamimlanir.

Tanim. R¥de, the nokta carpim u = (ui,us,uz) = uii +
usj + usk ve v = (vy,vg,v3) = v1i + vaoj + vsk ise

U*V = UjV1 + U2V2 + U3V3

olarak tanimlanir.

Teorem 12.1. u ve v arasindaki ag¢t

6 = cos™! <¥> .
[[all Iv]l
Ornek 12.1.
(1,-2,-1)+(-6,2,-3) = (1 x —=6) + (-2 x 2) + (-1 x —=3)
=—6—-4+3=-T7.
Ornek 12.2.
(i43j+k)+(4i—j+2k)=(2x4)+(3x—-1)+(1x2)

—2-3+2=1.

Ornek 12.3. u =i — 2j — 2k ve v = 6i + 3j + 2k arasindaki
aciy1 bulunuz.

¢oziim: u-v = (1,-2,-2)+(6,3,2) = (1 x6)+(—2x3)+(—2x
2) = 6—6—4 =4, ull = /P + (27 + (-2 = VO = 3
ve |[v|| = V62 + 32 + 22 = /49 = 7, buradan

4
6 = cos™* ( ) =cos™! (—21) ~ 1.76 radians = 98.5°.

Ornek 12.4. A(0,0), B(3,5) ve C(5,2) ise, § = £ ACB nedir?

u-v
[ul[fIv]

B

Do
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solution: 0 is the angle between Cﬁl and C@ We calcu-

late that CA = A — C = (0,0) — (5,2) = (~5,-2), CB =
B-C = (3,5) - (52):( )E’xc—é (=5,-2) -
(—2,3) = 4, ’—> J 2% = /29 and HC@H

V13. Therefore

VSRS

L ( ch-cs
o]

HCA
~ 78.1° ~ 1.36 radians.

6 = cos

o ()

Definition. u and v are orthogonal <— u-v =0.

Remark. Note that

u-v = |jull||v]cos@
by Theorem 12.1. Therefore
u=20
or
u and v are orthogonal <—= | v=0
or
6 =90°.

Example 12.5. u = (3,—2) and v = (4,6) are orthogonal
because u-v = (3,—-2)+(4,6) = (3x4)+(-2x6) =12—-12=0.

Example 12.6. u = 3i—2j+k and v = 2j+4k are orthogonal
because usv=3x0)+(-2x2)+(1x4)=0—-44+4=0.

Example 12.7. 0 is orthogonal to every vector u because
O0-u= (07070) ° (u17u27u3) = Ouy + O’U,Q + OU3 =0.

Properties of the Dot Product

Let u, v and w be vectors. Let k£ be a number. Then
(i). usv=v-u;

(ii). (ku)-v=u-(kv) = k(u-v);

(iii). u-(v+w)=(u-v)+ (u-w);

iv). u-u = ||ul*; and
(iv) [ull™s

(v). 0cu=0.

cozim: 0 agst CA ve OB arasmdadir. Buradan CA — A —
C = (0,0) - (52) = (-5 —2>,c? B-C = (35 -
(5,2) = (-2,3), CA-CB = (=5,-2) - (-2,3) = 4,
(—=5)2 + (—2)2 = V29 ve HC@H = V(22 +3 = Vi3
Yani
6 = cos* @ — cos—! (4>
wlen) " (w

~ 78.1° ~ 1.36 radians.

Tamim. u ve v ortogonaldir ancak ve ancak u-v = 0.

Not. Not ediniz ki
w-v = [[ull [vl| cos 6
Teorem 12.1 geregince dogrudur. Buradan

u=20
va da
u ve v ortogonalancakveancak | v =0
ya da
6 =90°.

Ornek 12.5. u = (3,-2) ve v = (4,6) ortogonaldir ciinkii
uev=(3,-2)-(4,6)=(3x4)+(—2x6)=12—12=0.

Ornek 12.6. u = 3i — 2j + k ve v = 2j + 4k ortogonal ¢iinkii
u-v=3x0)+(-2x2)+(1x4)=0—-4+4=0.

Ornek 12.7. 0 ortogonaldir her u vektdriine ciinkiim
0-u=(0,0,0)+ (uy,uz,us) = Ous + Oug + Oug = 0.

Nokta Carpim Ozellikleri

u, v ve w vektorler olsun. & bir say1 olsun. O zaman
(). uev=v-u

(i), (ku) - v =u- (kv) = k(u-v);

(iii).

(iv). u-u = ||ul|?; ve

us(v+w)=(u+v)+ (u-w);

(v). 0cu=0.
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Figure 12.1: Vector Projections
Sekil 12.1: Vektor Izdiigiimleri

Vector Projections Vector Projections
See figure 12.1. See figure 12.1.
Definition. The vector projection of u onto v is the vector Tanim. u'nun v iizerine vektdér izdigimii
proj, u = P‘é proj, u = ﬁ
Now Simdi

a unit vector in the
same direction as v

Iored, ul (% ) Ioroiy al (%)

~ul eos0) (% ) ~ul (eos) ()

CNMme>V (Il vl eost
v BT

Since this is an important formula, we write it as a theorem. Bu 6nemli bir formiil Oldugundan7 bir teorem olarak yaza-
Lim.

proj, u = (length of proj, u) (

proj, u = (uzunluk proj, u) ( V ile ayni yone )

birim vektordiir.

Theorem 12.2. The vector projection of u onto v is
Teorem 12.2. u’nun v dzerine vektor i1zdisimi

proj, u = <u_\;) V. uev
v meu:< >v

2
vl

Example 12.8. Find the vector projection of u = 6i+ 3j+ 2k

onto v =1i-—2j — 2k. Ornek 12.8. u = 6i+3j+ 2k’nin v = i — 2j — 2k iizerine olan
vektor izdiigiimiinii bulunuz.

solution:
664 ¢oziim:
. u-v — 0= . .
proj, u = 3 v:<)(1—2j—2k) . _6—4
<||V| > 1+4+4 proj, u = u—‘; V:(M)(i—2j—2k)
_ 4., 8.8 [v]] 1+4+4
Example 12.9. Find the vector projection of F = 5i+ 2j onto 9 9 9"
v=i-3j. Ornek 12.9. F = 5i+2j vektoriiniin v = i—3j vektorii {izerine
solution: olan vektor izdiiglimiinii bulunuz.
cozium:
- (Fv) <5—6>(. )
proj, B =\{—5 | V= 1—9)] F. 5-6
vl 1+9 proj, F = Y v= (222 (i-3j)
v 2 1+9
1. 3. v
=i+ j 1. 3
10 10 =——i+ —j.

10 10
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Problems

Problem 12.1. For each pair of vectors below, find
(i
(i

(iii

[[ul| and [Jv]];
cosf (where 6 is the angle between u and v); and

) u
)-
)-
)-

(iv). proj, u

(a). u = —2i+4j— 5k
v = 2i —4j + 5k

(b). u=3j+4k

Problem 12.2. A triangle has vertices at A(—1,0), B(2,1)
and C(1,—-2). Find the internal angles of the triangle.

v = 10i + 11j — 2k

Sorular

Soru 12.1. For each pair of vectors below, find
(i
(il

(iii

[[uf| and ||v];
cos 0 (where 0 is the angle between u and v); and

). u
)-
)-
)-

(iv). proj,u

(). u=2i+2j+k
v =2i+10j — 11k

Soru 12.2. A triangle has vertices at A(—1,0), B(2,1) and
C(1,-2). Find the internal angles of the triangle.

Problem 12.3. Let A(1,1,1), B(2,3,2), C(1,4,4) and D(0,2,3) Soru 12.3. Let A(1,1,1), B(2,3,2), C(1,4,4) and D(0,2,3)

be four points in R3. Are the vectors AC and BD orthogonal?

Problem 12.4. Let u and v be vectors. Let 6 denote the
angle between u and u+v; and let ¢ denote the angle between
u+ v and v. See figure 12.2.

(a). Show that if ||u|| = [|v]|, then us (u+v)=(u+v)-.v

(b). Show that if |ju]| = ||v||, then 6 = ¢.

Problem 12.5. A water pipe runs due north then due east.
The northwards part slopes upwards with a slope of 20%. The
eastwards part slopes upwards with a slope of 10%. See figure

2.3. Find the angle 6 required at the turn from north to east.

u+v

Figure 12.2: The vectors considered in Exercise 12.4.
Sekil 12.2:

be four points in R3. Are the vectors AC and BD orthogonal?

Soru 12.4. Let u and v be vectors. Let 6 denote the angle
between u and u+ v; and let ¢ denote the angle between u+v
and v. See figure 12.2.

(a). Show that if ||ul| = ||v]|, then us (u+v)=(u+v)-.v

(b). Show that if ||u|| = ||v||, then 6 = ¢.

Soru 12.5. A water pipe runs due north then due east. The
northwards part slopes upwards with a slope of 20%. The
eastwards part slopes upwards with a slope of 10%. See figure

2.3. Find the angle 6 required at the turn from north to east.

slope=(.]

Figure 12.3: A water pipe.
Sekil 12.3:



The Cross Product Vektorel Carpim

uxv

Let n be a unit vector which satisfies n birim vektor oyle ki

n n
(). n is orthogonal to u (L_,u>; (i). n dik u (E_,u);
n n
(ii). n is orthogonal to v (L_, v); and (ii). n dik v (L_, v); ve

(iii). the direction of n is chosen using the left-hand rule. (iii). n’nin yonii is sol-el kural ile belirlenir.
Definition. The cross product of u and v is Tamim. u ile v’nin vektdr carpima
u x v = [[uf| ||v]| (sin6)n. ux v =|ul|v|l (sinf)n.

Remark. Not.

e u-vV is a number. e u - v bir sayidir.

e u X v is a vector. e u X v bir vektordiir.
Remark. Not.

(arl(: igfaﬁel) < 0=0"or 180° ( paraleldis ) — 6=0°yada 180°
= sinf =0 = uxv=0. = sinf=0 = uxv=0.
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Properties of the Cross Product

Let u, v and w be vectors. Let r and s be numbers. Then
(i
(ii

(ru) x (sv) = (rs)(u x v);

ux (v+w)=(uxv)+(uxw),
(iil). vxu=—uxv;
(v

(vi

).
).
).
(iv). (v+w)xu=(vxu)+(wxu);
). 0 xu=0; and

).

ux (vxw)=(u-w)v—(u-v)w.

Property (iii)

Area of a Parallelogram

h = vl siné

L - - - - <

Area of a Triangle

Vektér Carpim Ozellikleri

u, v ve w vektorler olsun. r ve s sayilar olsun. Bu durumda

(i), (ru) x (sv) = (rs)(u x V);

(). ux (v4+w)=(uxv)+(uxw);
(iii). vxu=—uxv;

(iv). (v+w)xu=(vxu)+(wxu)
(v). 0 xu=0; ve

(vi). ux (vxw)=(u-w)v—(u-v)w.

Ozellik (iii)

v Xu n

Paralelkenarin Alani

area = (base) (height) = ||lu|| [|v||siné = ||lu x v|| .

alan = (taban) (yiikseklik) = [Ju]| [|v]| sinf = [ju x v]|| .

Ucgenin Alani

area of triangle = 1 (area of parallelogram)

=%|\u><v||.

iiggenin alam = % (paralelkenarin alani)

:%||u><v||.
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A Formula for u x v

i=(1,0,0)

T

Figure 13.1: The standard unit vectors in R3.
Sekil 13.1:

Note first that
ixi=Ji]||i]lsin0°n = 0.

Similarly j x j = 0 and k x k = 0 also.
Next note that i x j must point in the same direction at k
by the left-hand rule. Thus

ixj =il sin90°k = k.
We then immediately also have
jxi=—-(ixj) =-k
It is left for you to check that
ixk=-j and kxi=]j.

jxk=1i, kxj=-i,

Now suppose that u = ujitusj+usk and v = vyi+wvsj+uvsk.
Then we can calculate that

u X v = (u1l+ ugj + usk) x (v1i+ vaj + v3k)

Oncelikle

i x i=[|il|||i] sin0°n =0

dir. Benzer gekilde j xj = 0 ve k x k = 0 oldugu elde edilebilir.
Daha sonra, sol el kurali yardimiyla i x j 'nin k ile ayni
yonde olduguna dikkat edin. Boylece

ixj=|illjll sin90°k = k.
Hemen ardindan
jxi=—-(ixj)=-k
esitligini elde ederiz.
ixk=-j ve kxi=]j

jxk=1i, kxj=-i,

egitsizliklerini benzer sekilde bizzat elde ediniz.
Simdi, varsaymniz ki u = u1i+ usj + usk ve v =v1i+voj +
vsk. O halde aiagidaki esitligi elde ederiz;

= U1’U1i X i+ ulvgi X j + u11}3i x k + ugvlj X i+ Ugl}gj X j + UQ’Ugj x k + U,31}1k X i+ U,31}2k X j + ug’l}gk x k

= 0 + uyvok — ugv3j — usv1k + 0 + ugvsi + ugvij — ugvei + 0

= (UQ’Ug — U3’02)i — (u1v3 — Ug'l)l)j —+ (Ul’UQ — UQUl)k.

Theorem 13.1. If u = uii + usj + usk and v = vii +
vaj + vsk, then

Teorem 13.1. If u = uji+usj+usk and v = vii+wvoj+
vsk, then

‘ u X v = (ugv3 — uzve)i — (ujvz — ugvy)j + (urve — ugvl)k‘

‘ u X v = (ugv3 — uzve)i — (ujv3 — ugvy)j + (urve — uQvl)k‘

If you studied matrices and determinants at high school,

then you may prefer to use the following symbolic determinant

formula instead.

uXV:ul U Uzl -

U1 V2 V3

If you studied matrices and determinants at high school,
then you may prefer to use the following symbolic determinant
formula instead.

uXV:ul Uo  U3Z| -

U1 V2 V3
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Example 13.1. Find u x v and v x u if u = 2i 4+ j + k and
v=—-4i+3j+ k.

solution:

uxv=_(1-3i-(2—-4)j+ (6 — —4)k =—2i — 6j + 10k
and

vxu=-—-uxv=246j— 10k.

Example 13.2. Find a vector perpendicular to the plane con-

-1,0),Q(2,

taining the three points P(1, —1)and R(-1,1,2).

solution: The vector ]@ X P4l)2 is perpendicular to the plane

PG x PR PO x PR
becauseL_I? and L_?H . We calculate that

PG=Q-P=(2.1,-1)—(1,-1,0)
=(2-1,141,-1-0)=i+2j—k

PE=R-P=(-1,1,2)— (1,-1,0)
=(-1-1,141,2-0)=-2i+2j+2k

PO x Pl =

Example 13.3. Find the area of triangle PQR.

(4+2)i— (2—2)j+ (2+ 4)k = 6i + 6k.

solution: The area of the triangle is

1 1
area = o HI@ X ]3—}>%H =3 |61 + 6k]||
1
= 5 V67 +07+6% = 3v2.

Example 13.4. Find a unit vector perpendicular to the plane
containing P, @) and R.

solution: We know that ]@ X ﬁ is perpendicular to the

plane. We just need to normalise this vector to find a unit
vector.

]@ X P—fl _bi+6k 1 ; 1

H@ x p—péH o2 VE e

Example 13.5. A triangle is inscribed inside a cube of side 2
as shown in figure 13.2. Use the cross product to find the area
of the triangle.

solution: First we draw coordinate axes and assign coordinates
to the vertices of the triangle. See figure 13.3.
Then we can calculate

AB =B —A=(2,2,0) - (2,0,0) = (0,2,0) = 2j

Ornek 13.1. Find u x v and v x u if u = 2i + j + k and

v=—-4i+3j+k.

¢ozim:
uxv=(1-3i-(2—-—-4)j+(6—-—-4k=-2i—6j+ 10k

and
vxu=-—-uxv=2i+6j— 10k.

Ornek 13.2. Find a vector perpendicular to the plane contain-
ing the three points P( , Q(2,1,-1) and R(-1,1,2).

¢oziim: The vector P is perpendicular to the plane

becauseL_, and L_, We calculate that

PG=Q-P= ~(1,-1,0)
—(2—171+17—1—0)—1+2_]—k

PE=R-P=(-1,1,2)—(1,-1,0)
—(-1-1,141,2-0)= —2i +2j +2k
PG x PL =

(4+2)i—(2-2)j+ (24+4)k = 6i + 6k.
Ornek 13.3. Find the area of triangle PQR.

R

Q

¢Oziim: The area of the triangle is

1 1
area = o HP(qj X PﬁH =3 |61 + 6k||
1
=5 V6 +0°+6 = 3V2.

Ornek 13.4. Find a unit vector perpendicular to the plane
containing P, @ and R.

¢oztim: We know that I@ X ﬁ is perpendicular to the plane.
We just need to normalise this vector to find a unit vector.

PO 7T
BEEE D

Ornek 13.5. A triangle is inscribed inside a cube of side 2 as
shown in figure 13.2. Use the cross product to find the area of
the triangle.

61+6k 1 ;
6vV2 V2 f

¢oztim: First we draw coordinate axes and assign coordinates

2}

to the vertices of the triangle. See figure 13.3.
Then we can calculate

AB =B —A=(22,0) - (2,0,0) = (0,2,0) = 2j

and

AC =C — A=(0,0,2) — (2,0,0) = (—2,0,2) = —2i + 2k.
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€(0,0,2)
2
A(2,0,0 T y
V4 e
2 * B(2,2,0)
Figure 13.2: A triangle inscribed inside a cube of side 2. Figure 13.3: A triangle inscribed inside a cube of side 2.
Sekil 13.2: Sekil 13.3:
and It follows that
AC =C — A=(0,0,2) — (2,0,0) = (~2,0,2) = —2i + 2k. Dk
It follows that ﬁ > ﬁ =(2))x(=2Ix2k)=|0 2 0
i j k -2 0 2
ABx AC = (2j) x (=2 x2k)= |0 2 o0 —i(4—0) —j(0— 0) + k(0 — —4) = 4i + 4k.
—2 0 2 Therefore
=i(4-0)—j(0—-0) + k(0 — —4) = 4i + 4k. area of triangle = % H/@ X EH = %\/m
Therefore - %\/37 — %\/41\@ =8 = 2v/2.

1 1
area of triangle = 3 HA§ X A(ZH = 5\/42 +02+42
1 1
=5V = VavE=V8=2V2.
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The Triple Scalar Product
Definition. The triple scalar product of u, v and w is

(uxv)-w.

The Volume of a Parallelepiped

The Triple Scalar Product
Tanim. The triple scalar product of u, v and w is

(uxv).w.

Paralelyiuzliiniin Hacmi

uxv A
W,
>
w0
Q
)
p— V
3
I 0 <\
N3
= =\
&0 o pas®
g a.'{ea
u

One Final Comment

We can do the dot product in both R? and R3. But we can
only do the cross product in R3. There is no cross product in

R2.

volume = (area of base) (height)

w|| cos 0

= [luxv]|

= |(uxv)-wl

hacim = (taban alam) (yiikseklik)
w|| cos 0

= [lux vl

= (uxv)-wl

One Final Comment

We can do the dot product in both R? and R3. But we can
only do the cross product in R3. There is no cross product in

R2.

PaY Wim $5,

ruwnbered Problera,

penes loadnot gom

First, 3 looked T Then 9 osked my Fiaaily, 3 found 1t MY MATH AH.
e back of e book, fitthe brothec bul o the Jnternet TEACHER |
but T wssn T anocad - e wanted me to Wit C:)O'::g]e. WANTS US To

SHoW How WE

1-lg

GET CUR

Figure 13.4: A web comic taken from https://www.gocomics.com/foxtrot/2006/02/10 .
Sekil 13.4: https://wuw.gocomics.com/foxtrot/2006/02/10 adresinden alinan bir web ¢izgi roman.


https://www.gocomics.com/foxtrot/2006/02/10
https://www.gocomics.com/foxtrot/2006/02/10
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Problems

Problem 13.1. For each pair of vectors below, find u x v.

(a). u=2i—2j—k

v=i—-k v=2i+2j+k
(b). u=2i — 2j+ 4k (e). u=i—k
v=—-i+j—2k v=j+k
(). u=2i (f). u=i+j
v = —3j v=i-]j
Problem 13.2.
(a). Find the area of the triangle with vertices at A(0,0,0),
B(~1,1,—1) and C(3,0,3).
(b). Find a unit vector which is perpendicular to the plane

containing A, B and C.

Problem 13.3. Let u, v and w be vectors. Which of the
following make sense? Give reasons for your answers. b

(uxv)ew
c). ux (vew)
ux (vxw)
u-(vew)

Problem 13.4. Use the cross product to calculate the area of
the triangles shown in figures 13.5 and 13.6.

“\\7?\\\N

Figure 13.5: Another triangle inscribed inside a cube.
Sekil 13.5:

Problem 13.5. Calculate the triple scalar product of u =
2i+j,v=2i—j+kand w=1i+ 2k.

(d). u=—8i—2j— 4k

Sorular

Soru 13.1. For each pair of vectors below, find u x v.

(). u=i+j—k

v=0
(h). u=i+j—k
v=i

(). u=3i—Lj+k

Soru 13.2.

(a).

Find the area of the triangle with vertices at A(0,0,0),
B(-1,1,—-1) and C(3,0,3).

Find a unit vector which is perpendicular to the plane
containing A, B and C.

(b).

Soru 13.3. Let u, v and w be vectors. Which of the following
make sense? Give reasons for your answers.

(a). 1-u.
(b). (uxv)-w
(€). ux (vew)
(). ux (vxw)
(). us(vew)

Soru 13.4. Use the cross product to calculate the area of the
triangles shown in figures 13.5 and 13.6.

Figure 13.6: Yet another triangle inscribed inside a cube.
Sekil 13.6:

Soru 13.5. Calculate the triple scalar product of u = 2i + j,
v=2i—j+kand w=1i+ 2k.



Lines Dogrular

Dogrular
p R3’te bir dogruyu tanimlamak icin, ihtiya¢ duyulan

e dogrunun gectigi Py(zo, Yo, 20) noktas: ve

e dogru yoniinde bir v vektorii.
Py(z0,Y0, 20) &

Letro:O—Pgandr:Oﬁ.

Tamim. L dogrusu Py(xo,yo,20) noktasindan gecen v =
(v1, v2, v3) vektoriine paralel olan ve vektoér denklemi

0(0,0,0)

L r=rg+1v, —oo <t < oo.
Bu denklem goyle ifade edilebilir:

(l‘,y,Z) = (anyOaZO) + t(’Ul,’Ug,U:;)

r va da su ii¢ denklem elde edilir:

. . . . 3 . .
Figure 14.1: A line in R* passing through the point P, parallel © = 20 + tvg, Y= o + tua, 2= 20 + tvs.

to v.

Sekil 14.1: Tanim. Py(zo,yo,20) noktasindan gecen ve v = (vy,v9,v3)
vektoriine paralel olan L dogrusunun parametrik denklem-
leri:

LlneS T = x9+ tv, Yy = yo + tva, z = 2o + tus.

. . . 3 .o
To describe a line in R?, we need Ornek 14.1. Py(—2,0,4) noktasindan gecen ve v = 2i+4j—2k
e a point Py(zo, Yo, 20) which the line passes through; and Ilektorune paralel olan dogrunun parametrik denklemlerini bu-
unuz.
e a vector v which gives the direction of the line.
Let ro = OP) and r = oOP. coziim: Sdyle yazabiliriz
Definition. The line L passing through Py(xo,yo, 20) par- T =—2+2t, y = 4t, z=4-—2t.

allel to v = (v1,v9,v3) has the vector equation
Sekide gorebilirsiniz 14.3.
r=rg+1tv, —o0 <t < o0. .
Ornek 14.2. P(-3,2,-3) ve Q(1,—1,4) noktalarindan gegen

This equation is equivalent to dogrunun parametrik denklemlerini bulunuz.

($,y,2’) = (anyOaZ0)+t(U1aU2av3) e
¢oztim: Py =P vev = 1@ = (4,-3,7) = 4i — 3j + 7k alalm.
or to the set of three equations O zaman gunu buluruz:

T = x9 + tuy, Yy = Yo + tvg, z = zp + tus. r = -3+ 4t, y=2—3t, z=-34Tt.
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Definition. The parametric equations for the line L passing
through Py(zo, yo, 20) parallel to v = (v1,vs,v3) are

T = xo + tvy, Y = Yo + tvg, z = 2o+ tvs.

Example 14.1. Find parametric equations for the line passing
through Py(—2,0,4) parallel to v = 2i + 4j — 2k.

solution: We can write

= -2+ 2t, y = 4t, z=4—2t.

See figure 14.3.
Example 14.2. Find parametric equations for the line passing

through P(—3,2,—3) and Q(1,—1,4).

solution: Choose Py = P and v = I@ =(4,-3,7)=4i—-3j+
7k. Then we can write

r=—-3+4t, y=2-3t, z=—-3+T7t.
Definition. The vector equation
r =rg+ tv, a<t<b
denotes a line segment.
Example 14.3. Parametrise the line segment joining

P(—3,2,-3) and Q(1,—1,4).

solution: We know that x = —3+4¢t, y = 2—3t and z = —3+T7t.
The line passes through P then ¢ = 0 and passed through @
when ¢ = 1. Therefore

r = —3 4 4t, y=2-—3t,

z=-34T7, 0<t<1

denotes the line segment from P to (). See figure 14.2.

v=2i+4j—-2k

Figure 14.3: A line in R? passing through the point P, parallel
to v.

Sekil 14.3: R? te Py noktasindan gecen v vektdriine paralel
olan dogru.

Tanim. Vektor denklemi

r =rgy+tv, a<t<b

bir dogru parcasidr.

Ornek 14.3.
P(-3,2,—-3) ve Q(1, —1,4) noktalaru birlestiren dogru pargasin
parametrize ediniz.

¢oztim: x = —3+4t, y = 2 — 3t ve z = —3 + 7t oldugunu
biliyoruz. ¢t = 0 iken bu dogru P noktasindan ve ¢t = 1 iken de
@ noktasindan ge¢cmektedir. Dolayisiyla

r = —3 4 4t, y =2 —3t, z=-34+Tt, 0<t<1
denklemleriP den () ya dogru parcasini belirtir .
14.2.

See figure



69

z Bir Noktadan Bir Dogruya Uzaklik

S noktasindan Ldogrusuna sekildeki gibi en kisa uzaklik d ol-
sun. 14.4. Goriilebilir ki this figure sunu verir

o= |7

sin 6.

Fakat ﬁ X V= Hﬁ” ||v||sind n. Yani

t =
) .
P(-3,2,-3) Ornek 14.4. S(1,1,5) noktas: ile

x
r=1+4t, y=3—t, z = 2t.

Figure 14.2: The line segment R?® joining P(—3,2,—3) and 5 i 5
Q(1,—1,4). dogrusu arasindaki uzakligy bulunuz.

Sekil 14.2: R3 te P(—3,2,—3) ve Q(1,—1,4) noktalarmni bir-

¢ozim: bu dogru P(1,3,0) noktasindan gecip v =1i—j + 2k
lestiren dogru parcasi.

vektorii yoniindedir. Yani

PS=5-P=(1,1,5 - (1,3,0) = (0,-2,5) = —2j + 5k
The Distance from a Point to a Line ve

Let d be the shortest distance from the point S to the line Las ﬁ X v =(—445)i—(0—5)j+ (0+2)k =i+ 5j + 2k.
shown in figure 14.4. We can see from this figure that

Buradan
d= Hﬁ‘ sin 6. ?
HP X VH 12+ 52 +22 /30
. d: = = = Jg.
But remember that P9 x v = Hﬁ” ||v||sin® n. Therefore vl VIZH124+22 V6
|P$xv| S
d —
vl

Example 14.4. Find the distance from the point S(1,1,5) to
the line
r=1+t%, y=3—t, z = 2t.

solution: The line passes through the point P(1,3,0) in the
direction v =1 — j + 2k. Thus

What is d?
PS=5-P=(1,1,5) — (1,3,0) = (0,-2,5) = —2j + 5k

and
ﬁ xv=(—44+5)i—(0-5)j+ (0+2)k =1i+5j+ 2k. Figure 14.4: The distance from a point S to a line L.
Sekil 14.4: S noktasindan L dogrusuna uzaklik.
Therefore

g HﬁXVH V12452422 V30 B
[Vl VIZ+12+22 V6 '
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Points of Intersection

Definition. Two lines intersect at a point P if and only if P
lies on both lines.

Example 14.5. Do the following two lines intersect? Is yes,
where?

Linel: x=7—t,y=343t, z =2t
Line 2: x = —-1+42s,y=3s, z=1+s.

solution: The two lines intersect if and only if there exist s, ¢ €
R such that

= t=8—-2s
= s=1t+1

T—t=x=-1+4+2s
3+3t=y=3s
2W=2z=1+s
The first equation tells us that ¢ = 8 — 2s. Putting this into
the second equation gives s =t +1=(8—-2s)+1 =9 —2s
which implies that s = 3 and ¢t = 2. We must check the third
equation: 2t =2x2=4=1+3 =1+ s. Because the third

equation is also true, we know that they two lines intersect at
P(5,9,4).

Example 14.6. Do the following two lines intersect? If yes,
where?

Line 1: x =1+t,y=3t, z =3+ 3t
Line 2: x = —-1+42s,y=3s, z=1+s.
solution: Can we find s,t € R such that

l+t=2=-1+2s
Ft=y=3s
34+3t=2z=1+s

= s=1

are all true?

The second equation gives s =¢. Thus 1+t = —-14+2t —
24+t=2t = t=2. However 3+ 3t =14+t — 2+ 2t =
0 = t = —2 # 2. Therefore it is not possible to find an s
and a t. Hence the lines do not intersect.

The Distance Between Two Lines

There are three cases to consider:
e the lines intersect;

e the lines do not intersect and are parallel (vq; = kv, for
some k € R); or

e the lines do not intersect and are skew (vy # kvy for all
k e R).

intersecting lines

/Ll
d=0 Ly d=7

Kesisim Noktalari

Tamim. Iki dogru bir P noktasmnda kesigirler ancak ve ancak
P her iki dogrunun {izerindedir.

Ornek 14.5. Asagidaki dogrular kesigir mi? Oyleyse, nerede
kesigirler?

Dogrul: x =7—t,y=3+3t, z = 2t.
Dogru 2: x = —-1+2s,y=3s, z=1+s.

¢oztim: The two lines intersect if and only if there exist s,t € R
such that

— t=8—-2s
= s=t+1

T—t=x=-1+42s
3+3t=y=3s
2W=2=1+s
The first equation tells us that ¢ = 8 — 2s. Putting this into
the second equation gives s =t+1=(8—2s)+1 =9 —2s
which implies that s = 3 and ¢t = 2. We must check the third
equation: 2t =2x2 =4 =143 =1+ s. Because the third

equation is also true, we know that they two lines intersect at
P(5,9,4).

Ornek 14.6. Do the following two lines intersect? If yes,
where?

Dogru l: x =1+t y=3t, z =3+ 3t.
Dogru 2: x = —-1+2s,y=3s, z=1+s.
¢oztim: Can we find s,¢ € R such that

l+t=2=-1+4+2s
Ht=y=3s
3+3t=2=1+s

s=t

are all true?

The second equation gives s =¢. Thus 1+t = —-14+2t —
24t=2t = t=2. However 34+ 3t=1+t — 242t =
0 = t = —2 # 2. Therefore it is not possible to find an s
and a t. Hence the lines do not intersect.

The Distance Between Two Lines
There are three cases to consider:
e the lines intersect;

e the lines do not intersect and are parallel (v = kvy for
some k € R); or

e the lines do not intersect and are skew (v # kvs for all

k € R).
skew lines/ Lo

Ly
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x LQ

Figure 14.5: The distance between parallel lines.
Sekil 14.5:

Intersecting Lines

Clearly the distance between intersecting lines is zero. Hence

d=0.

Parallel Lines (v; x vy = 0)

Next we consider parallel lines. We can see from figure 14.5
that the distance between the two parallel lines is the same as
the distance between P, and the line L. Hence

—_—
HP1P2 X VlH
I A—)

[va

Skew Lines (v; X vy # 0)

Finally we consider skew lines. See figure 14.6. Let n = vy X va.
Then n is orthogonal to both v and va. So

—
Plpg'l’l‘
— JE
d= HQlQQH - ’prOJ“P1P2H = ]

Thus

—

’P1P2 < (v1 x Vz)’

d =
[vi x va|

Figure 14.6: The distance between skew lines.
Sekil 14.6:

Intersecting Lines

Clearly the distance between intersecting lines is zero. Hence

d=0.

Parallel Lines (v; x vy = 0)

Next we consider parallel lines. We can see from figure 14.5
that the distance between the two parallel lines is the same as
the distance between P, and the line L. Hence

—_—
HP1P2 X VlH
T ——)

[val

Skew Lines (v; X vy # 0)

Finally we consider skew lines. See figure 14.6. Let n = vy X va.
Then n is orthogonal to both vy and vs. So

—
PiPyen
RN . ’ 142 ’
d= HQlQQH - ‘p“”n PlPQH Y
Thus
JE—
‘Plpg . (Vl X Vg)‘
d pr—
[vi X va|
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Example 14.7. Find the distance between the following two
lines.

linel: x =0,y=—t, z =1t,

line2: x=1+2s,y=s, 2= —3s.

solution: We have that P;(0,0,0), vi = —j+k, P»(1,0,0) and
vy = 2i+ j — 3k. Since
vi1 X vo =2i+42j+ 2k # 0,

the lines are skew. (Recall that we have v; X vo = 0 for parallel
vectors.) Moreover note that P, P, = i. Then we calculate that

—
PrPa (Vi X va)l (1) (21 + 2j + 2K))|

d= = P
[[vi X vall 121 + 2j + 2k ||
24040 1
VZt2+2 B
Problems

Problem 14.1. Find parametric equations for the line through
P(3,—4,—1) which is parallel to the vector v=1i+j — k.

Problem 14.2. Find parametric equations for the line through
the points P(1,2,—1) and Q(—1,0,1).

Problem 14.3. Find parametric equations for the line through
the point P(2,3,0) which is perpendicular to the vectors u =
i+ 2j+ 3k and v = 3i + 4j + 5k.

Problem 14.4. Find the distance from the point S(—1,4,3)
to the line x = 10 + 4¢, y = —3, z = 4t.

Problem 14.5. Find the distance from the point S(2,1,3) to
the line x =2+ 2t, y =1+ 6t, z = 3.

Problem 14.6. Consider the following two lines:
linel: =7+t y=8+1t z=9—1,
line2: x=15—-3s,y=16—3s, z =T.

(a). Do these lines intersect? If yes, where?

(b). Find the distance between these two lines.

Problem 14.7. The following two lines do not intersect. Find
the distance between them.

line 1: x =1044¢t, y = -3, z = 4t,

line 2: x =10—4s,y =0, z = 2 — 4s.

Problem 14.8. The following two lines do not intersect. Find
the distance between them.

line 1: x =10+4¢t, y = —t, z = 4¢t,

line2: x=10—4s,y=1, z =2 — 4s.

Ornek 14.7. Find the distance between the following two
lines.

dogru 1l: x =0,y = —t, z =1t,

dogru 2: x =1+2s,y =35, 2= —3s.

¢oziim: We have that P;(0,0,0), vi = —j + k, P»(1,0,0) and
vy = 2i 4 j — 3k. Since
v X vo = 2i+42j+ 2k # 0,

the lines are skew. (Recall that we have v; X vo = 0 for parallel
vectors.) Moreover note that Py P, = i. Then we calculate that

—
PrPoe (Vi X va)| (1)« (21 4 2j + 2K))|

d= = s
[vi x vafl 121 + 2j + 2k||
_ 24040 1
V22122122 /3
Sorular

Soru 14.1. Find parametric equations for the line through
P(3,—4,—1) which is parallel to the vector v=1i+j— k.

Soru 14.2. Find parametric equations for the line through the
points P(1,2,—1) and Q(—1,0,1).

Soru 14.3. Find parametric equations for the line through
the point P(2,3,0) which is perpendicular to the vectors u =
i+ 2j+ 3k and v = 3i + 4j + 5k.

Soru 14.4. Find the distance from the point S(—1,4, 3) to the
line x =10 + 4¢t, y = —3, z = 4t.

Soru 14.5. Find the distance from the point S(2,1,3) to the
linex =2+4+2t,y=1+46t, z = 3.

Soru 14.6. Consider the following two lines:
dogrul: x=7T+t,y=8+1t,z2=9—1,
dogru 2: t =15—-3s,y=16—3s, z =7T7.

(a). Do these lines intersect? If yes, where?

(b). Find the distance between these two lines.

Soru 14.7. The following two lines do not intersect. Find the
distance between them.

dogru 1: x =10+ 4t, y = —3, z = 4t,

dogru 2: x =10 —4s,y =0, z = 2 — 4s.

Soru 14.8. The following two lines do not intersect. Find the
distance between them.

dogru 1: x =10+ 4t, y = —t, z = 4t,

dogru 2: x =10—4s,y =1, 2z =2 — 4s.



Planes

To describe a plane, we need
e a point Py(xg, Yo, z0) which the plane passes through; and

e a vector n = Ai+ Bj+ Ck which is perpendicular to the
plane.

The vector n is said to be normal to the plane.

PO(x07y0a ZO)
[ )

Figure 15.1: A plane passing through the point Py(xo,yo, 20)
with normal vector n = Ai+ Bj + Ck.
Sekil 15.1:

Definition. The plane passing through the point Py(zo, yo, 20)
with normal vector n = Ai + Bj + Ck has the vector equation

n- Polt‘: =0.
Writing this equation in coordinates, we have
Az —z0) + By —yo) + C(z — 20) =0

or

‘Am—kBy—i—Cz:D‘

where D = Axg + Byg + Czp is a constant.

Example 15.1. Find an equation for the plane passing through
Py(—3,0,7) normal to n = 5i 4+ 2j — k.

solution:
Az — o) + By —yo) + C(z — 20) =0
5(x—(=3)+2(y—0)+(-1)(z—=7)=0
5 — 1542y —24+7=0
S5 + 2y — 2z = —22.
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Duzlemler

To describe a plane, we need
e a point Py(xg, Yo, z0) which the plane passes through; and

e a vector n = Ai+ Bj+ Ck which is perpendicular to the
plane.

The vector n is said to be normal to the plane.

Tanim. The plane passing through the point Py(zo, Yo, 20)
with normal vector n = Ai 4+ Bj + Ck has the vector equa-

tion
n- Polt'; =0.
Writing this equation in coordinates, we have
A(z —x0) + B(y — yo) + C(z — 29) =0

or

‘Ax+By+Cz:D‘
where D = Azxg + Byg + Czg is a constant.

Ornek 15.1. Find an equation for the plane passing through
Py(—3,0,7) normal to n = 5i + 2j — k.

¢ozim:
A(x — o) + By —yo) + C(z — 20) =0
5x—(=3)+2(y—0)+(-1)(z—7) =0
S5t — 1542y —24+7=0
or + 2y — z = —22.

Not. The vector n = Ai 4+ Bj + Ck is normal to the plane
Ax+ By+Cz=D.

Ornek 15.2. Find a vector normal to the plane z+2y+3z = 4.

¢6ztim: We can immediately write down n = i + 2j + 3k.

Ornek 15.3. Find an equation for the plane containing the
points F(0,0,1), F(2,0,0) and G(0,3,0).

¢oztim: First we need to find a vector normal to the plane.
Since E7' =2i—k and ﬁ = 3j — k, we have that

n=FEFxEC=(0—-3)i—(-2-0)j+(6—0k
=3i+2j+6k
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Remark. The vector n = Ai+ Bj+ Ck is normal to the plane is normal to the plane. See figure ??. Using Py, = E(0,0,1),

Az + By+Cz = D. the equation for the plane is
Example 15.2. Find a vector normal to the plane x+2y+3z = 3(x—0)+2(y—0)+6(z—1)=0
4. 3z + 2y + 62 = 6.

solution: We can immediately write down n = i+ 2j + 3k.

Example 15.3. Find an equation for the plane containing the
points E£(0,0,1), F(2,0,0) and G(0, 3,0).

solution: First we need to find a vector normal to the plane.
Since ﬁ =2i—k and E4(5 = 3j — k, we have that

n=EF x BG=(0——3)i— (—2—0)j+ (6 — 0)k
— 3i+92j+ 6k

is normal to the plane. See figure ??. Using Py = F(0,0,1),
the equation for the plane is

(z—0)+2(y—0)+6(2—1)=0
3z 4 2y + 62 = 6.

_ ] Kesisim Dogrulari
Lines of Intersection

np

line of intersection

Inl
rl THQ
Figure 15.2: Two planes are parallel <= n; = kny for some /
ke R.
Sekil 15.2: n; X ng
Figure 15.3: Two planes intersect in a line <= nj # kny for
all k e R.
Sekil 15.3:

Example 15.4. Find a vector parallel to the line of intersec-
tion of the planes 3x — 6y — 2z =15 and 2z +y — 22 = 5.

Ornek 15.4. Find a vector parallel to the line of intersection

solution: We can immediately write down n; = 3i — 6j — 2k of the planes 3z — 6y — 2z = 15 and 2z +y — 2z = 5.

and ny = 2i+j—2k. A vector parallel to the line of intersection
is ¢6ztim: We can immediately write down n; = 3i—6j— 2k and
ny, = 2i+ j— 2k. A vector parallel to the line of intersection is

ny % np = (124 2)i — (=6 +4)j + (3 + 12)k = 14i + 2j + 15k.
1y = (124 2)1 = N+ E+12) ! ny x ny = (12 +2)i — (=6 + 4)j + (3 + 12)k = 14i + 2j + 15k.

Example 15.5. Find the point where the line z = % + 2t, Ornek 15.5. Find the point where the line z = %—I—Qt, y = —2t,
y = —2t, z = 1+t intersects the plane 3z + 2y + 6z = 6. z = 1+t intersects the plane 3x + 2y + 6z = 6.
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solution: We calculate that
3z +2y+ 62 =06
3(8+2t) +2(—2t)+6(1+t)=6
8+6t—4t+6+6t=6
8t = -8
t=—1.

2
_p (,2,0) .
t=—1 3

The Distance from a Point to a Plane

The point of intersection is

8
P(z,y,2)[= =P (3 12t 21+ t)

¢oziim: We calculate that
3z 42y + 62 =06
3(8+2t) +2(—2t)+6(1+t)=6
8+6t—4t+6+6t=6
8t = -8
t=—1.

2
—r(3.2.0).
t=—1 3

Bir Noktadan Bir Duzleme Olan Uzaklik

The point of intersection is

8
P(z,y,2)[i=_y =P (3 +2t,—2t, 1+ t)

Figure 15.4: The distance from a Point to a Place.
Sekil 15.4: Bir Noktadan Bir Diizleme Olan Uzaklik.

We can see from figure 15.4 that d = Hprojn ﬁ” Therefore

the distance from a point S to a plane containing the point P

18
P n|

[[m]]

Example 15.6. Find the distance from the point S(1,2,3) to
the plane x + 2y + 3z = 4.

solution: First we need a point in the plane. Setting y = 0 and
z = 0 we must have x = 4 — 2y — 3z = 4. Therefore P(4,0,0)
is in the plane. Clearly n =i+ 2j + 3k.

Therefore the required distance is

g ‘P—g‘n’ _ (=81 +2j +3k) - (i + 2 + 3k)|
[l 11+ 2j + 3K||

_|-3444+9 10

V122213 V14

We can see from figure 15.4 that d = Hproj,ﬂ ﬁH Therefore

the distance from a point S to a plane containing the point P

18 ) ‘ﬁ.n)

d=-——7".
[l

Ornek 15.6. Find the distance from the point S(1,2,3) to the
plane x + 2y 4+ 3z = 4.

¢oOziim: First we need a point in the plane. Setting y = 0 and
z = 0 we must have x = 4 — 2y — 3z = 4. Therefore P(4,0,0)
is in the plane. Clearly n =i+ 2j + 3k.

Therefore the required distance is

d:‘ﬁ'n‘:|(—3i+2j+3k)-(i+2j+3k)|
[[n]] 11+ 2j + 3K||

=3 4+449 10

V122213 V14
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Angles Between Planes

There are two possible angles that can be measured between
planes. We are interested in the smaller angle. See figure 15.5.

Definition. The angle between two planes is defined to be
equal to whichever of the following angles is smaller

e the angle between n; and no;
e 180° minus the angle between n; and ns.

The angle between two planes will always be between 0° and
90°.

Example 15.7. Find the angle between the planes 3z — 6y —
2z =15 and -2z —y + 2z = 5.

solution: We have normal vectors n; = 3i — 6j — 2k and ny =
—2i — j + 2k. The angle between n; and ns is

. —4
6 = cos™! (nan> = cos™! <> ~ 101°.
[ ]| ||z 21

Because 101° > 90°, the angle between the two planes is ap-
proximately 180° — 101° = 79°.

Dulzlemler Arasindaki Acli

There are two possible angles that can be measured between
planes. We are interested in the smaller angle. See figure 15.5.

Tanim. The angle between two planes is defined to be equal
to whichever of the following angles is smaller

e the angle between n; and ny;
¢ 180° minus the angle between n; and ns.

The angle between two planes will always be between 0° and
90°.

Ornek 15.7. Find the angle between the planes 3z —6y—2z =
15 and —2x — y + 2z = 5.

¢oztim: We have normal vectors n; = 3i — 6j — 2k and ny =
—2i — j + 2k. The angle between n; and ns is

: 4
0 = cos™? (nlm) =cos™! <> ~ 101°.
([ ]] [zl 21

Because 101° > 90°, the angle between the two planes is ap-
proximately 180° — 101° = 79°.

ng

180° — 6

Figure 15.5: The angle between two planes is either 6 or
(180° — 0), whichever is smaller.
Sekil 15.5:
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Problems

Problem 15.1. Find an equation for the plane passing through
the points F(2,4,5), F(1,5,7) and G(—1,6,8).

Problem 15.2. Let O(0,0,0) be the origin. Find an equation

for the plane through the point A(1, —2,1) which is perpendic-
=

ular to the vector OA.

Problem 15.3. Find the point where the line intersects the
plane.
(a). Line: x =1—t,y=3t, z2=1+1,

Plane: 2z —y + 32 = 6.

(b). Line: . =2,y =3+2t, 2 = —2 — 2t
Plane: 6z + 3y — 4z = —12.

Problem 15.4. Find parametric equations for the lines in
which the following pairs of planes intersect.
(a). Plane 1: z +y+ 2z =1,

Plane 2: z +y = 2.

(b). Plane 1: 3z — 6y — 2z = 3,
Plane 2: 22 +y — 2z = 2.

Problem 15.5.
(a). Find the distance from the point S(2,—3,4) to the plane
42y +22=13.

(b). Find the distance from the point S(1,0,—1) to the plane
—Adr4+y+2=4.

Problem 15.6. Find the angle between the plane z +y =1

and the plane 2x +y — 22 = 2.

Problem 15.7. Find a formula for the distance between two
planes.

Sorular

Soru 15.1. Find an equation for the plane passing through
the points E(2,4,5), F(1,5,7) and G(-1,6,8).

Soru 15.2. Let 0(0,0,0) be the origin. Find an equation for
the plane through the point A(1,—2,1) which is perpendicular

—
to the vector OA.

Soru 15.3. Find the point where the line intersects the plane.

(a). Line: x =1—t,y=3t, 2=1+1,
Plane: 2z —y + 3z = 6.

(b). Line: x =2,y =3+2t, 2= —2 — 2t
Plane: 6z + 3y — 4z = —12.

Soru 15.4. Find parametric equations for the lines in which
the following pairs of planes intersect.
(a). Plane 1: x +y + 2z =1,

Plane 2: x +y = 2.

(b). Plane 1: 3z — 6y — 2z = 3,
Plane 2: 2z +y — 2z = 2.

Soru 15.5.
(a). Find the distance from the point S(2, —3,4) to the plane
x4+ 2y 4+ 2z =13.

(b). Find the distance from the point S(1,0,—1) to the plane
—dx+y+2z=4.

Soru 15.6. Find the angle between the plane z + y = 1 and

the plane 2 +y — 22 = 2.

Soru 15.7. Find a formula for the distance between two
planes.



Projections

Recall that in chapter 12 we defined the projection of a vector
u onto a vector v to be
) v

proj, u = <

Projection of a Vector onto a Line

u-v
|2

vl

Definition. Let L be the line passing through the point P in
the direction v. The projection of a vector u onto the line L is

projr u = proj, u.

Example 16.1. Find the projection of the vector u = 2i—j+
3k onto thelinex =1+2t,y=2—t, 2 =4 — 4¢.

solution: Clearly v = 2i — j — 4k is parallel to the line. Thus

441-12
2+ (17 + (4

2;) (2i —j — 4k)

u-v
|2

proj, u = proj, u = (

g
<

1
—5(2i—j k)

v

>(2i—j—4k)

2, 1., 4,
=—-i+-j+ -k
3' 373

Izdiisiimler

Recall that in chapter 12 we defined the projection of a vector
u onto a vector v to be
) v

proj, u = (

Vektoriin Dogru Uzerine izdiisiimii

u-v
‘2

vl

Tanim. L dogrusu P noktasindan gegip v ile ayn1 yonde olsun.
u vektoriiniin L dogrusu iizerine izdiigimi

proj; u = proj, u.
Ornek 16.1. u = 2i — j+ 3k vektoriiniin = 1+2t, y = 2 —t,

z = 4 — 4t dogrusu {lizerine izdiigiimiini bulunuz.

¢oziim: Agikar olarak v = 2i — j — 4k vektori dogruya par-
aleldir. Yani
) ;

2)(21—j—4k)

u-v
‘2

projy, u = proj, u = (

g
g

1
—5(2i—j k)

v
44+1-12
22+ (-1)2+(—4)

7) (2i —j — 4k)

21

2, 1, 4
—fglJrf_]Jrfk. \

3 3 \

Figure 16.1: The projection of_a vector onto a line.
Sekil 16.1: Vektoriin Dogruya Izd{isiimii.

78
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Projection of a Vector onto a Plane Projection of a Vector onto a Plane
Definition. The projection of a vector u onto a plane with Tanim. The projection of a vector u onto a plane with normal
normal vector n is vector n is
u-n . . u-n
Pijp1ane u=u-proj,u=u-— W n. Projgiizlem 4 = U — Proj, u = u — 7||n||2 n
n

See figure 16.2 See figure 16.2.
Ornek 16.2. Find the projection of the vector u = i+ 2j + 3k

Example 16.2. Find the projection of the vector u =i+ 2j+ onto the plane 3z — y + 2z — 7.

3k onto the plane 3z —y + 2z =17.

6ztim: Clearly n = 3i — j + 2k and
solution: Clearly n = 3i — j + 2k and gozum: Lieary i 14 skan

. 3—246

. u-n 3—24+6 .. proj, u = u—r; n:(t2>(3i—j+2k)
1 3 1

1 1 =-Bi—-j+2k)==-i—-j+ k.

:§(Sifj+2k):gif§j+k. 5 Bi=j+2k) =5i-oi+

Theref
Therefore eretore

PrOJdiizlem U = U — PIOJ,, U

3, 1,
= (i+2j+3k) — <21—23+k>

prOJplane u=u—proj,u

.o 3. 1,
(1+23+3k)<2123+k>
1, 5
=——i+-j+2k.

:—%i+§j+2k. TR

v

proj, 17)

1
pI‘Oj plane P

projplane Q

Figure 16.3: The projection of a point onto a plane.
Sekil 16.3:

Figure 16.2: The projection of a vector onto a plane.
Sekil 16.2:
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Projection of a Point onto a Plane

Definition. Let P be a point and let Ax + By+Cz = D be a
plane. Let @ be a point on the plane and let n = Ai+ Bj+ Ck
denote a vector normal to the plane.

The projection of the point P onto this plane is

projplane P = P + proj, ]@

as shown in figure 16.3.

Example 16.3. Find the projection of the point P(1,2,—4)
on the plane 2z +y + 4z = 2.

solution: Note first that n = 2i + j + 4k and that the point
Q(1,0,0) lies on the plane. Since

PO=0Q—P=(1,0,0)— (1,2, —4) = (0, ~2,4) = —2j + 4k,

we have

1

2 8
=-i+-j+ -k
31+ 3,]+ 3

Therefore

Projpiane £ = P + proj, PG

428
= (1,2, -4 - ==
(7? )+(37373)
_(78 4
T \3'3 3)°

We should double check that the point (g, %, f%) is on the
plane 2z +y + 4z = 2.

7\ (8 4\ 14 8 16 6
2u4y+4z =2 <3>+<3)+4 (—3) =gty g =3=2 v

Projection of a Point onto a Plane

Tanim. Let P be a point and let Ax + By + Cz = D be a
plane. Let @ be a point on the plane and let n = Ai+ Bj+ Ck
denote a vector normal to the plane.

The projection of the point P onto this plane is

Projgitem P = P + proj, PG
as shown in figure 16.3.

Ornek 16.3. Find the projection of the point P(1,2,—4) on
the plane 2z +y + 4z = 2.

¢oztim: Note first that n = 2i + j + 4k and that the point
Q(1,0,0) lies on the plane. Since

PO=0Q—P=(1,0,0)— (1,2, —4) = (0, ~2,4) = —2j + 4k,

we have

@.n>
2 n
[[n]]

0—2+16

I +42) (2i +j + 4k)

4
1) (2i + j + 4k)

(21 + j + 4k)

2 8
=—-i+-j+ =-k.
31—1— 3J+ 3

I
i I e N N R
—

Therefore

prOjdﬁzlemP:P-FpI‘Ojn]%
4 28
=(1,2,—4 - -2
20+ (5.5.5)
_ (78 4
T \3'3 3)°

We should double check that the point (%, %, —%) is on the
plane 2z + y + 4z = 2.

7\ (8 4\ 14 8 16 6
a+y+4z <3)+<3)+ < 3> =T33 =3 v
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Projection of a Line onto a Plane

Let L be a line passing through the point P in the direction
v. Let Az + By + Cz = D be a plane with normal vector
n = Ai+ Bj+ Ck.

There are three cases to consider:

(i). The line is orthogonal to the plane (v x n = 0);
(ii). The line is parallel to the plane (v+n = 0); and

(iii). The line is not parallel to the plane and is not orthogonal
to the plane (ven # 0 and v X n # 0).

i) = (ii)

n n
? M
: pro.jplax\e L

10yt L

Figure 16.4: The projection of a line onto
an orthogonal plane.
Sekil 16.4:

a parallel plane.
Sekil 16.5:

A Line Orthogonal to a Plane (v x n = 0)

This is the easiest case: The projection of the line onto the
plane is just the point where they intersect. See figure 16.4.
Therefore

projplane L= projplane P.

A Line Parallel to a Plane (v+.n = 0)

From figure 16.5, we can see that

the line passing through the point )

PrOjptane L = < Projpjane P in the direction v.

A Line which is Neither Parallel to nor Or-
thogonal to the Plane

See figure 16.6. Since v +n # 0, then the line must intersect
the plane at some point B. Assuming B # P, we have

the line passing through the )

PIOJplane L= ( points B and projplane p.

prOj plane P

Figure 16.5: The projection of a line onto

Dogrunun diizlem lzerine izdisimu

L dogrusu P noktasindan gecip v ile ayn1 yonde olsun. Ax +
By + Cz = D diizleminin normal vektorii n = Ai + Bj + Ck.
Ug¢ durum soz konusu:

(i). Dogrunun diizleme dik olmas1 (v x n = 0);
(ii). Dogrunun diizleme paralel olmasi (v +n = 0); ve

Dogrunun diizleme ne dik ne de paralel olmas1 (v+n # 0
ve v X n # 0).

pro.iplane L

|
‘ Drojplane I

Figure 16.6: The projection of a line onto
a plane which is neither orthogonal to,
nor parallel to, the line.

Sekil 16.6:

Diizleme Dik Dogru (v x n = 0)

Bu en kolay durum: Dogrunun diizleme izdiigiimii sadece ke-
sigtikleri noktaysa. See figure 16.4. Bu durumda

PTO)diizlem L= PrO)diizlem P.

Dogru Diizleme Paralelse (v +n = 0)
From figure 16.5, we goriilen

. the line passing through the point
PTOJgiizlem L= 3 3 3 3
PIOjgiizlem £ in the direction v.

Dogru diizleme ne Paralel ne de dik ise

See figure 16.6. If v+n # 0, then the line must intersect the
plane at some point B. Assuming B # P, we have

the line passing through the >

PTOJdiiztem [ = ( points B and projg;iem -
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Ornek 16.4. © =74 6t, y = —3 + 15t, z = 10 — 12t dogrusu-
nun 2z + 5y — 4z = 13 diizlemi iizerine izdiigiimiinii bulunuz.

Example 16.4. Find the projection of the line x = 7 + 6t,
y = —3 + 15¢t, z = 10 — 12t onto the plane 2z 4 5y — 4z = 13.

solution: ¢cozim:
Step 1. Find v and n. Adim 1. v ve n’yi bulunuz.
v =6i+ 15j — 12k v =6i+ 15j — 12k
n=2i+5j—4k n = 2i+5j— 4k
Step 2. Does the line intersect the plane? Adim 2. Dogru diizlemi keser mi?
Since
ven =124 75448 = 135 # 0, ven =12+ 75+ 48 = 135 # 0,
the answer is yes, the line does intersect the plane. oldugundan yanitimiz evet, dogru diizlemle kesisir.
Step 3. Find the point of intersection. Adim 3. Kesim noktasini bulunuz.
We calculate that Sunu hesaplarsak
13 =2x+ by — 4z 13 =2z + 5y — 4z
= 2(7 + 6t) + 5(*3 + 15t) — 4(10 — 12t) _ 2(7 + 6t) + 5(73 + 15t) _ 4(10 _ 12t)
=14+ 126 — 15+ 75t — 40 + 48¢ =14+ 12t — 15 + 75¢ — 40 + 48t
= —41 + 135¢ = —41 + 135¢
54 = 135¢ 54 = 135t
2 =5t 2 =5t
2
S =t 2
Hence the point of intersection is Kesisim noktas:
=B t,—3 + 15t,10 — 12t
B(I,y72)|t:§ (7T +6t,—3 4 15¢, 10 )|t:§ B(x,y,2)|,_2 = B(T+6t,~3+ 15,10 — 12¢)|,_»
= B(9.4,3,5.2) _ B(9.4,3,5.2)
Step 4. Is the line orthogonal to the plane? olarak bulunur.
Since . o
Adim 4. Dogru diizleme dik midir?
i k Burada
vxn=|6 15 —12| =0i+0j+0k=0, i k
2 5 —4 vxn=|g 15 —12| =0i+0j+ 0k =0,
2 5 -4
oldugundan sorunun yamiti olumlu olup, dogru dii-
zleme dik olur.
Adim 5. Bulunuz ki projggtem L-

'projplane L

Dorunun diizleme izdiigiimii bir nokta olup ve
PrOjgiigtem L = B(9.4,3,5.2).

noktas: olarak karsimiza cikar.
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Step 5. Find projpjane L-

The projection of the line on the plane is the point

PrOjpiane L = B(9.4,3,5.2).

Example 16.5. Find the projection of the line x = 1 + 4t,
y =2+ 4t, z = 3 + 4t onto the plane 3z + 4y — 7z = 27.

solution:

Step 1. Find v and n.

v =4i+4j+4k
n=3i+4j—-7k

Step 2. Does the line intersect the plane?

Since
ven=12+16 —-28 =0,

the line does not intersect the plane. Therefore the line
is parallel to the plane.

Ornek 16.5. © = 1+ 4t, y = 2+ 4t, z = 3 + 4t dogrusunun
3z + 4y — 7z = 27 diizlemine izdiigiimiinii bulunuz.

¢oziim:

Adim 1.

Adim 2.

Adim 3.

n
________1___,,,_ﬁ————————*“”"'
: projplane L

Projplane P

Step 3. Find a point on proj,jane L-

P(1,2,3) lies on the original line and Q(9, 0, 0) lies on
the plane. So

PO=Q—P=(9,0,0)—(1,2,3) = (82 -3)
—8i 92— 3k

and

et () 1)

n[® 9+ 16 +49

(sl
S \74 2

PrOjprane ' = P + proj, P(§
3 7
=(1,2,3 —,2,——
( 3 ) )+ <27 ) 2>

NEAY
2 2

Therefore

Adim 4.

v ve n’yi bulunuz.

v=4i+4j+4k
n=3i+4j—-7k

Dogru diizlemle kesigir mi?
Simdi
ven=12+416-28 =0,
yani dogru diizlemle kesigmiyor. Yani dogru diizleme
paraleldir.
Bir nokta bulunuz ki projqi,tem L 0lsun.
P(1,2,3) noktas1 dogru iizerindedir ve (9, 0,0) nok-
tas1 da diizlem iizerindedir. Yani
PG=Q—P=(9,00)—(1,23) = (8-2-3)
=8i—2j—3k

ve

9+16 449

proi, PO = (fﬁn) e (Boi2,

Dolayisiyla

prOjdﬁzlem P = P + projll %

3.7
= (1,2 2,2, —=
( Y 73)+<27 ) 2)

NEIY
2 2

Hizli bir sekilde iki kez kontrol etmeliyiz projgiziem £
gercekten de diizlem iizerindedir:

3x+4y—72:3<g)+4(4>_7<_;)

15 7
5 +16+ 5 v

Bulunuz ki projgsiziem L-

Verilen dogrunun verilen diizleme izdiigiimiiniin gectigi
nokta projgisrem £ = (g, 4, f%) ve paralel oldugu y6n
v = 4i + 4j + 4k, su denklemlerle parametrize edilir

5
T = - +4t,

=444t
5 y +4t,

1
= —— +4¢.
z 2-1—
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We should quickly double check that our proj,,,e P really is Ornek 16.6. z = 15+ 15t, y = —12 — 15t, z = 17 + 11t

on the plane: dogrusunun 13z — 9y + 16z = 69 diizlemine izdiiglimiinii bu-
lunuz.
5 1
15 . cozium:
Y +16 + 5= 27. V' Adim 1. v ve n bulunur.

Step 4. Find . I v =15i — 15j + 11k
ep 4. Find pro .
p PIOJplane n = 13i — 9j + 16k
The projection of the original line on the plane is the

line passing through the point proj ... P = (5.4, —3) Adim 2. Dogru diizlemle kesigir mi?

in the direction v = 4i+4j+4k, which has parametrised Ay sekilde

equations ven =506 # 0,
oldugundan dogru diizlemle kesigir.

5 1
r=—-+4t, y=4+4t, z=——-+4t.
2 2 Adim 3. Kesigim noktalarini bulalim.

Example 16.6. Find the projection of the line x = 15 + 15¢, Oncelikle

y = —12—15t, z = 17+ 11¢ onto the plane 13z —9y+ 16z = 69. 69 = 13z — 9y + 162
= 13(15 4 15¢) — 9(—12 — 15) + 16(17 + 11¢)
=195+ 195¢ 4 108 + 135t + 272 4 176¢

solution:
= 575 + 506t

Step 1. Find v and n. —506 = 506t

v = 15i — 15j + 11k 1=t

n=13i — 9j + 16k Boylece dogrunun iizlemle kesigtigi nokta

B(z,y,2)|,—_; = B(15 4 15t,—12 — 15,17 + 11¢)[,__,
Step 2. Does the line intersect the plane? = B(0,3,6).
Since

o .. o
ven =506 £ 0, Adim 4. Dogru diizleme dik midir?

the line intersects the plane.
i j k
Step 3. Find the point of intersection.

vxn=|15 —15 11|= —141i—97j+ 60k # 0,
We calculate that 7

69 = 13z — 9y + 162 13 -9 16
=13(15 4 15¢) — 9(—12 — 15) + 16(17 + 11¢) oldugundan verilen dogru diizleme dik degildir.
= 195+ 195¢ + 108 + 135¢ + 272 + 176t Adim 5. Bir bagka nokta bulunuz ki projqi,jem L-
= 575 + 506t P(15,—12,17) noktasi verilen dogru iizerinde olur. PB =
—506 = 506t (—15,15,—11) ve
—-1=t.
53 (PBen (—506)
. proj, PB=|( —=|n =(——|n=-n
Thus the line intersects the plane at [In]| 506
B(x,y,2)|,_, = B(15+ 15, —12 — 15¢,17 + 118)|,__, oldugu i¢in
= B(Ov 37 6) projdﬁzlem pP=PrP+ pI‘Ojn ﬁ

= (15, —12,17) + (—13,9, —16) = (2,-3,1).

Step 4. Is the line orthogonal to the plane? )
S Adim 6. projyiiem L bulunuz.
ince

Burada
i j k vy = B den projqizem F bir vektor = 2i — 6j — 5k.
vxn=|15 15 11| = —141i— 97j + 60k # 0, O zaman pfOJ:.dﬁzlem L dogn{su B'(O, 3,6) noktasindan
gecer ve yonii de vo = 2i — 6j — 5k paralel olup
13 -9 16 parametrik denklemleri de sunlardir:

r = 2t, y =3 — 6t, z =06 —bt.
the line is not orthogonal to the plane.
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Step 5.

Step 6.

Find another point on proj,j,ne L-

The point P(15, —12,17) lies on the original line. Since
PB = (~15,15,11) and

oroi. PB — <&> o (—506) N

n* 506
we have that

projplane P=P+ pI‘Ojn ﬁ

= (15,—-12,17) + (=13,9,—16) = (2, -3, 1).

Find proj,jane L-

Let

v = the vector from B t0 projyjane P = 2i — 6j — 5k.
Then proj, ., L is the line passing through B(0, 3,6)
in the direction vo = 2i—6j—5k which has parametrised

equations

T = 21, y =3 — 6t, z =6 — bt.



86

Problems

Problem 16.1.

(a).

(b).

(c)-

Find the projection of the vector u = —2i + 5j — 3k onto
thelinex =24t¢, y=1—2t, 2 =3+ 2t

Find the projection of the vector u = i+ 2j 4 3k onto the
line x =20+ 3t, y =1+ 4t, z = —10 + 5¢.

Find the projection of the vector u = i — k onto the line
r=1—-t,y=1+t, 2=1+1t.

Problem 16.2.

(a).

(b).

(c).

Find the projection of the vector u =i+ 7j 4 5k onto the
plane 6x + 4z = 100.

Find the projection of the vector u = i+ 2j + 3k onto the
plane 3z 4+ 2y + z = —7.

Find the projection of the vector u = i onto the plane
Ty +4z = 13.

Problem 16.3.

(a).

(b).

OF

Find the projection of the point P(38,—59,4) onto the
plane 10z — 20y + z = 61.

Find the projection of the point P(13,13,13) onto the
plane 2z — 3y + 5z = 5.

Find the projection of the point P(65,70,—4) onto the
plane 9z 4+ 10y — z = 15.

Problem 16.4.

(a).

(b).

(c)-

Find the projection of the line x = —48 —t, y = 6 + ¢,
z = —13 + 4t onto the plane 7z — y + 2z = 10.

Find the projection of the line x = 2 + 30¢, y = 29 — 130¢,

z = 1% — 114t onto the plane 7y 4+ 5z = 11.
Find the projection of the line x = —t, y = 14+ t, z =

f% — t onto the plane 8x — 8y + 8z = 10.

Problem 16.5. Find a formula for the projection of a point
P onto a line L.

Sorular

Soru 16.1.

(a).

Find the projection of the vector u = —2i + 5j — 3k onto
thelinex =2+t y=1-2t, z =34 2t.

(b). Find the projection of the vector u =i+ 2j + 3k onto the
linex =20+ 3t, y =1+44t, 2 = —10 + 5¢.

(c). Find the projection of the vector u = i — k onto the line
r=1—-t,y=1+1t,2z=1+t.

Soru 16.2.

(a). Find the projection of the vector u = i+ 7j + 5k onto the
plane 6z + 4z = 100.

(b). Find the projection of the vector u = i+ 2j + 3k onto the
plane 3z 4+ 2y + z = —T7.

(c). Find the projection of the vector u = i onto the plane
Ty + 4z = 13.

Soru 16.3.

(a). Find the projection of the point P(38,—59,4) onto the
plane 10z — 20y + z = 61.

(b). Find the projection of the point P(13,13,13) onto the
plane 2z — 3y + 5z = 5.

(c). Find the projection of the point P(65,70,—4) onto the
plane 9z + 10y — z = 15.

Soru 16.4.

(a). Find the projection of the line x = —48 — ¢, y = 6 + ¢,
z = —13 + 4t onto the plane 7z — y + 2z = 10.

(b). Find the projection of the line x = 2+ 30¢, y = 29 — 130¢,

()

z =19 —114¢ onto the plane Ty + 5z = 11.

Find the projection of the line x = —t, y = 14+ t, z =
—23 —t onto the plane 8z — 8y + 8z = 10.

Soru 16.5. Find a formula for the projection of a point P
onto a line L.
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Combinatorics :
Basic Counting
Principles

The Addition Principle

Theorem 17.1. For any two sets A and B,
n(AUB) =n(A) +n(B) —n(AN B)
where n(A) denotes the number of elements in set A.

Example 17.1.

A={1,2,3} n(A)=3
B =1{2,3,4} n(B) =3
ANB={2,3} n(ANB) =2

AUB ={1,2,3,4}
n(AUB)=n(A)+n(B) —n(ANB)=3+3—-2=4.

Example 17.2. Ali has three yellow shirts and two blue shirts.
How many shirts does Ali have?

solution: Ali has 3 + 2 = 5 shirts. If we let S denote the set
of Ali’s yellow shirts, and M denote the set of Ali’s blue shirts,
then we have

n(SUM)=n(S)+n(M)—n(SNM)=3+2-0=5,

since S and M are discrete sets.

Figure 17.1: Ali’s yellow and blue shirts.
Sekil 17.1: Ali’nin sar1 ve mavi gdmlekleri.

Kombinatorik :
Temel Sayma
Prensipleri

Toplam Prensibi

Teorem 17.1. A ve B herhagi iki kiime olsun. n(A) A
elemanine sayisini belirtmek tzere

n(AUB) =n(A)+n(B) —n(AN B)
dir.

Ornek 17.1. Ali'nin 3 sar, iki de mavi gomlegi vardir. Ali
gémleklerini kag farkli sekilde giyinir?

¢oztiim: Ali, gébmleklerini 3 + 2 = 5 farkli gekilde giyinir. Sari
gomlekleri S, mavi gomlekleri M kiimesi ile gosterirsek;

n(SUM)=n(S)+n(M)=3+2=5

elde edilir.
Burada S ve M kiimelerinin ayrik olduguna dikkatinizi cek-
mek isterim.

Figure 17.2: Mathematics and Physics students.
Sekil 17.2: Matematik ve Fizik egitimi alan 0grenciler.

Ornek 17.2. Bir okulda matematik dersine kayith 8, fizik der-
sine kayitli 12, kimya ve her iki derse de kayitli 5 6grenci bu-
lunmaktadir. Bu okulda matematik veya fizik dersine kayith
ogrenci sayisi kagtir?
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Example 17.3. In a college, there are 8 students studying
Mathematics, 12 students studying Physics, and 5 students
enrolled in a joint Chemistry-Physics-Mathematics program.
How many students are studying either Mathematics or Physics?

solution: Let M and F denote the sets of students studying
Mathematics and Physics respectively. Then M N F will be
the set of students who are studying both Mathematics and
Physics. The answer is

n(MUF)=n(M)+n(F)—n(MNF)=8+12—-5=15.

¢oziim: Matematik dersini alan 6grencilerin kiimesini M, fizik
dersini alanlar ise I ile gosterirsek hem matematik hem fizik
dersini alan 6grenciler M N F' ile gosterilir. Sorunun yanitt ise;

n(MUF)=n(M)+n(F)—n(MNF)=8+12—-5=15

dir.

Figure 17.3: Roads linking four cities.
Sekil 17.3:

The Multiplication Principle

Theorem 17.2. If operation Oy can be done n ways, and
operation Oy can be done m ways, then there are

n-m

possible ways to do O1 followed by Os.

Example 17.4. A man has five different shirts, three different
ties and two different pairs of trousers. How many different
ways can this person wear a shirt, a tie and a pair of trousers
combination?

solution: Once the person has chosen a pair of trousers, he
has a choice of 5 different shirts. For each shirt there are 3
different ties. Therefore he has 2 -5 -3 = 30 choices of outfit.

Example 17.5. Four cities, called Aberdeen (A), Birmingham
(B), Coventry (C) and Derby (D), are joined by roads as shown
in figure 17.3. By how many different routes can a vehicle travel
from A to D, without going back on itself.

solution: A vehicle that wants to travel from A to D must
pass through either B or C.

If it passes through B, it can travel from A to B in 4 different
ways, then from B to D in only one way — thus it can arrive at
D along 4 - 1 = 4 different routes.

Carpma Prensibi

Teorem 17.2. O; iglemi n yoldan, Os islemi m yoldan
yapilabiliyorsa, O104 islemlerinin ardisik olarak yapilmas:
ile n - m sonu¢ ortaya c¢ikar.

Ornek 17.3. Bir adammn 5 farkh gémlegi, 3 farkli kravati, 2
farkli pantolonu olsun. Bu kigi gémlek-kravat-pantolon kom-
binini kag¢ farkli gekilde giyinebilir?

¢6zum: Kiginin bir pantolon sectikten sonra o pantolon icin 5
farkli gobmlek secimi vardir. Her gémlek igin ise 3 farkl kravat
secimi olur. Bunu matematiksek olarak ifade edecek olursak,
2.5 -3 = 30 farkh gekilde giyinir.

Ornek 17.4. Antalya (A), Bursa (B), Ceyhan (C) ve Denizli
(D) kentlerini baaglayan yollar yukaridaki gekildeki gibi olsun:
A noktasindan ¢ikip D noktasina gitmek isteyen bir arag gittigi
yolu geri dénmemek iizere kag farkli yoldan gidebilir?

¢oztim: A dan D ye gitmek isteyen biri B yada C den ge¢gmek
zorundadir.

B iizerinden giderse A dan B ye 4 farkh sekilde B den D ye 1
tek yoldan gidebilecegilden en nihayetinde A dan D ye 4-1 =4
farkli yoldan gidebilir.

C iizer,nden giderse A dan C ye 2, C den D ye 3 farkh yol
oldugundan A dan D ye 2 -3 = 6 farklh yoldan gidebilir.

Sonug olarak A dan D ye 4 + 6 = 10 farkl yoldan gidebilir.
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If the vehicle passes through C, it can travel from A to C
in 2 different ways, then from C to D in 3 different ways — thus
it can arrive at D along 2 - 3 = 6 different routes.

Hence the total number of different routes from A to D is
446 =10.

Example 17.6. How many divisors does 2800 have?

solution: Note first that
2800 =2%.52.7=1-2.2-2-2.5-5-T7.

To create a divisor of 2800, we can use between zero and four
of the 2s (so there are 4+1 choices of how many 2s to use). We
can also use zero, one or both of the 5s (2+1 choices) and we
can either use or not use the 7 (141 choices). So there are

(4+1)(2+1)(1+1)=30

divisors of 2800. In fact, the divisors of 2800 are: 1, 2,4, 5, 7,
8, 10, 14, 16, 20, 25, 28, 35, 40, 50, 56, 70, 80, 100, 112, 140,
175, 200, 280, 350, 400, 560, 700, 1400 and 2800.

In general, suppose that pi,ps,...,p, are prime numbers
and suppose that z = p¥ph2 .. pkr. Then z has

(k1+1)(k2+1)...(kn+1)

divisors.

Problems

Problem 17.1 (A coin and a die). A coin is tossed with
possible outcomes of heads (H) or tails (T). Then a die is rolled
with possible outcomes of 1, 2, 3, 4, 5 or 6. How many different
outcomes in total are there?

Problem 17.2 (Code words).

(a). How many 3-letter code words can be formed from the
letters A,B,C,D,E if no letter is repeated?

(b). How many many 3-letter code words can be formed from
the letters A,B,C,D,E if letters can be repeated?

(c). How many 3-letter code words can be formed from the
letters A,B,C,D,E if adjacent letters must be different?

Problem 17.3 (Postcodes). The postcode for Okan Univer-
sity is 34959. Suppose that the first two digits of a postcode
are between 01 (Adana) and 81 (Diizce), and the final three
digits can be any number. How many different postcodes are
possible? How many have no repeated digits?

Ornek 17.5. 2800 sayisinn kag béleni vardir?

coziim: 2800 = 2% - 52 . 7 oldugundan 2,2,2,2,5,5,7 carpan-
larindan en az bir tane olmak iizere carpanlar secilip bunlarin
carpilmasi ile 2800 in bir boleni elde edilir. 1 sayist her sayiy:
bolebileceginden 1 digindaki farkli bolenlerin sayisi:
A+H2+11+1)-1=29

dur.

Genel olarak bir pips ... p, asal sayilar olmak iizere bir sayinin
carpanlara ayriligi p’fl , plgg, ..., pkn ise bu sayinin “1” dahil bélen-
lerinin sayisi:

(k1 + 1) (ka +1) ... (kn +1)

ile bulunur.

Sorular

Soru 17.1 (A coin and a die). A coin is tossed with possible
outcomes of heads (H) or tails (T). Then a die is rolled with
possible outcomes of 1, 2, 3, 4, 5 or 6. How many different
outcomes in total are there?

Soru 17.2 (Code words).

(a). How many 3-letter code words can be formed from the
letters A,B,C,D,E if no letter is repeated?

(b). How many many 3-letter code words can be formed from
the letters A,B,C,D,E if letters can be repeated?

(c). How many 3-letter code words can be formed from the
letters A,B,C,D,E if adjacent letters must be different?

Soru 17.3 (Postcodes). The postcode for Okan University is
34959. Suppose that the first two digits of a postcode are be-
tween 01 (Adana) and 81 (Diizce), and the final three digits can
be any number. How many different postcodes are possible?
How many have no repeated digits?



Combinatorics : Kombinatorik :
Permutations and Permutasyon ve
Combinations Kombinasyonlar

Factorials Faktoriyel
Definition. The product of the first » natural numbers is Tanim. n bir dogal say1 olmak tizere 1 den n e kadar olan
called n factorial and denoted by n!. dogal sayilarin ¢arpimi n! ile gosterilir.
We also define the zero factorial, 0! to be equal to 1. Sifir faktoriyel 1 kabul edilir.
Tanimdan agagidaki esitlikler kolaylikla elde edilebilir:
nl=nn—1)Mn-2)-...-2-1
ol=1 nl=nn-1)n-2)-...-2-1

ol=1

nl=n-(n—1)!

nl=n-(n-1)!

Example 18.1.

(a) 41 =4-3.2.1=24 Ornek 18.1.

(a) 41=4-3-2-1=24
7 7-6-5-4-3-2-1  7-6-5

b) — 42
()5! 5! 5 7 7-6-5-4-3-2-1 7-6-57
(b)gz 5 — o = 49
521 52-51-50-49 -48 - 471 ' ' )
(c) = M:2598960
5147! 5-4-3-2-1-477 © 52! _52-51-50~49-48-M_2598960
51471 5-4-3.2-1-471

Remark. Note that n! grows very rapidly:
Not. n!’nin ne kadar hizli biiyiidiigiine dikkat ediniz:

5 =120
10! = 3628 800 5 =120
15! = 1307674 368 000 10! = 3628 800
15! = 1307674 368 000
Permutations

Permitasyon

Example 18.2. Imagine that you have four pictures to arrange

on a wall. See figure 1.1 on page 93. How many different ways Ornek 18.2. Imagine that you have four pictures to arrange
on a wall. See figure 18.1 on page 93. How many different ways

are there to arrange them?
are there to arrange them?

solution: There are four ways to select the first picture. After ¢dziim: There are four ways to select the first picture. After
we choose the first picture, we are left with three pictures to we choose the first picture, we are left with three pictures to
choose from. Then after we choose the second picture, we are choose from. Then after we choose the second picture, we are

92
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pictures on a wall?

)

distinct

(

Figure 18.1: How many ways are there to arrange four

Sekil 18.1:
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Figure 18.2: How many ways are there to select and arrange two pictures taken from a total of four pictures?

Sekil 18.2:
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left with two pictures. And so on. So there are
4-3-2-1=41=24
different ways to hang our pictures.

Definition. A permutation of a set of distinct objects is an
arrangement of the objects in a specific order without repeti-
tion.

The number of permuations of n distinct objects (without
repetition) is denoted by ,, P, or by P(n,n).

Theorem 18.1.
=n!

Example 18.3. Now suppose that from your four pictures,
you decide to only hang two on your wall. How many ways are
there to hang two out of four pictures?

solution: There are four choices for the first picture, then three
for the second picture. Please see figure 18.3 on page 96. So
there are

4-3=12

ways to hang two out of the four pictures.

How can we write this in terms of n!? Note that

4-3.2-1 4l

12=4-3 = = —.
3 2.1 2!

Definition. A permutation of a set of n distinct objects taken
r at a time (without repetition) is an arrangement of r of the n
objects in a specific order. The numbers of such permutations
is denoted by ,, P. or by P(n,r).

T
For example, suppose that we have three objects (labeled
a, b and c¢) and suppose that we take r of the objects. The
possible permuations are shown below:

left with two pictures. And so on. So there are
4-3-2-1=41=24
different ways to hang our pictures.

Tamim. A permutation of a set of distinct objects is an ar-
rangement of the objects in a specific order without repetition.

The number of permuations of n distinct objects (without
repetition) is denoted by ,, P, or by P(n,n).

Teorem 18.1.
P(n,n) =n!

Ornek 18.3. Now suppose that from your four pictures, you
decide to only hang two on your wall. How many ways are
there to hang two out of four pictures?
¢oztim: There are four choices for the first picture, then three
for the second picture. Please see figure 18.3 on page 96. So
there are

4-3=12

ways to hang two out of the four pictures.

How can we write this in terms of n!? Note that

4-3-2.1 4l

12=4-3= =_.
2.1 2!

Tanmim. n tane farkli nesnenin r tanesinin tiim diziliglerinin
sayisina n nin r li permiitasyonu denir ve P(n,r) ile gosterilir.

Ornegin; n = 3 alirsak ve nesneler a, b, ¢ olursa dizilimler r
ye bagh olarak asagidaki gibidir:

n=3

r=1 r=2 r=3
a ab abc

b ac acb

c ba bac

be bca

ca cab

cb cba

3P =P(3,1)=3 | 3P, =P(3,2)=6 | 3P; =P(3,3) =6
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Theorem 18.2. The number of permuations of n distinct
objects taken r at a time (without repetition) is

(1<r<n)

Example 18.4. Find the number of permutations of 16 objects
taken 3 at a time.

solution: Using the formula, we calculate that:

16!
(16 —3)!

_16-15-14-131
137

6Ps = =16 15 - 14 = 3360.

Combinations

Example 18.5. To enter the Turkish national lottery (Sayisal
Loto 6/49) you must select six numbers from a choice of 49
numbers.

How many different ways are there of choosing 6 objects
from 49 objects?

Figure 18.3: Entering the Turkish national lottery, Sayisal Loto
6/49.
Sekil 18.3:

The answer is not 44 P because the order of the numbers
does not matter: For example

. AE0O®®
@lololololo)

Definition. A combination of a set of n distinct objects
taken r at a time (without repetition) is an r-element subset
of the set of n objects. The arrangement of the elements in the
subset does not matter. We denote the number of combinations
by

r

2C. or (n) or C(n,r).

Teorem 18.2. n elemanly bir kiimenin r elemanl permai-
tasyonlary

formiili ile bulunwr.

Ornek 18.4. Liitfen Example 18.4’ye bakimiz.

Ornek 18.5. 17 elemanh bir kiimenin 15 elemanli alt kiimelerinin
sayis1 kactir?

¢Oziim: Formiilii kullanirsak:

! |
17 17 = 177843714 048 000.

PAT15) = o551 = o1

Kombinasyon

Ornek 18.6. Sayisal loto oynamak icin 49 say: icinden alt1
say1 se¢cmelisiniz.

Bu 49 sayidan 6 farkli sayiy: secerek kag farkl loto oynan-
abilir?

16 28 35 47
Ay SAY | S/
Figure 18.4: A draw of the Turkish national lottery, Sayisal

Loto 6/49.
Sekil 18.4:

Cevap P(49,6) degildir. ¢iinkii bu oyund diziligin sirasinin
bir 6nemi yoktur: Ornegin;

®OOO®®
QIOIOIDIOIC)

secimi ile aynidir.

secimi

Tanim. n adet farkli nesnenin r tanesinin se¢iminin sayisina
n nin r li kombinasyonu denir ve C(n,r) ile gosterilir. Kom-
binasyon hesabinda siralamanin bir 6nemi yoktur.

Onceki a, b, ¢ 6rneginde siralamadan bagimsiz olarak bu kii-
menin alt kiimelerinin kag farkh gekilde segilecegi sorulursa ce-
vap agagidaki gibi olur:



For example, suppose again that we have three objects la-
beled a, b and ¢ and suppose that we take r of these objects.
The possible combinations are shown below:

n=3
r=1 r=2 r=3
a ab abc
b ac
C be
3 3 3
3C) = 1 =C(3,1)=3| 350, = 5 =C(3,2) =3 | 305 = 3 =C(3,3)=1

Theorem 18.3. The number of combinations of n dis-

Teorem 18.3. n elemanly bir kimenin r elemanly kombi-

tinct objects taken r at a time (without repetition) is

n!

C

=

nCr = T (1<r<n)

Example 18.6. A collector has 20 different coins. How many
different ways can 6 coins be selected?

solution:

20! 20-19-18-17-16- 15 - 147
(20—6)1-6!  14T-6-5-4-3-2
_20-19-38-17-16-15 _ 19-17-16-15
o BpAB2 2

2006 =

= 38760.
Example 18.7. We can now answer Example 18.5.
There are
49! 49!
1006 = = 13983816

(49— 6)!-6!  43!-6!

different ways to choose 6 numbers from a choice of 49 numbers.

Example 18.8. From a group of 9 people,

(i).

(ii).

In how many ways can a chairperson, a vice-chairperson
and a secretary be elected, assuming that one person can
not hold more than one position?

In how many ways can we choose a committee of three
people?

solution:

(i).

The order of election is important in the election of a
chairperson, a vice-chairperson and a secretary. There
is a meaning to who is the chairperson and who is the
secretary. If we start with the election of the chairper-
son, there are 9 different candidates for him. Since one
person is missing from the group of people, 8 different
candidates can stand for the vice-chairperson. Finally,
there are 7 different candidates for the position of secre-
tary. Therefore, this tripartite committee can be formed
in 9-8-7 = 504 different ways. Or we can answer this
problem with permutations:

9!
7 = 004

ofs = 5 g1

nasyonlar:

formiili ile bulunur.

Ornek 18.7. Bir koleksiyoncunun 20 farkli madeni parasi var.
Bunlar arasindan 6 para kag farkl gekilde segilebilir?

cozum:

20! 20-19-18-17-16- 15 - 147
(20—6)l-6!  ~ 141-6-5-4-3-2
20-19-18.17-16-15  19-17-16-15
- BpAB2 2
= 38760.

C(20,6) =

Ornek 18.8. Simdi Ornek 18.5 icin yamitimiz su sekildedir; 46
sayidan 6 sayi igin

49! B
(49 —6)!-6! 43!

!
49 = 13983816

C(49,6) = &

farkl yol vardir.
Ornek 18.9. 9 kigilik bir topluluktan

(i). Bir bagkan bir bagkan yardimcis: ve bir sekreter kag farklh
sekilde secilebilir?

(ii). 3 kisilik bir alt topluluk kag farkli gekilde segilir?
¢ozim:

(a). Bir bagkan bir bagkan yardimcis: ve bir sekreter segiminde
se¢im sirasi onemlidir. Kimin bagkan, kimin sekreter oldugu-
nun bir anlami vardir. Once bagkan seciminden baglarsak
onun icin 9 farkli aday vardir. Topluluktan bir kigi ek-
sildiginden bagkan yardimcisi igin 8 farkli aday secimi yapila-
bilir. Son olarak da sekreter i¢in 7 farkl aday kalir. Dolayisiyla
bu ii¢lii komite 9-8 -7 = 504 farkli gekilde olusturulabilir.
Dolayisiyla bu hesabi1 permiitasyon ile yapariz:

!
’ 504.

P(9,3) = EE
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(ii). In order to form a committee of 3 people, the order does
not matter! So we use combinations:

9!

0Cs = (9 — 3)13!

= 84.

Remark. Permutations and Combinations are similar in that
repetition in selections are not permitted. However, there is
one important difference between them:

e In a permutation, the order is important;
e In a combination, the order is irrelevent.
You need to understand when to use,, P, and when to use ,C...
Example 18.9. From a standard deck of 52 cards,
(i). How many 5-card hands have two kings and three aces?
(ii). How many 5-card hands have two clubs and three hearts?

(iii). How many 3-card hands have all cards from the same
suit?

~ /
S

Figure 18.5: Two kings and three aces.
Sekil 18.5:

solution:

(i). We need to use the multiplication princple and combi-
nations. We must select two kings from a total of four
(that is ,C5) and we must select three aces from a total
of four (,C45). Therefore, by the multiplication principle
we have that

number of hands = ,C, - ,C;
4! 4!
T (4=2)-20 (4—3)-3

=6-4=24.

(ii). There are 13C, - 13Cy = 35 - aig = 78 - 208 = 22308
hands with two clubs and three hearts.

(ii).

There are 13 cards in each suit, so the number of 3-card
hands having all hearts, say, is

13! R
(13-3)!-3!  10!-3!

1505 = 286.

(b). 3 kigilik bir alt toplulugun olusturulmasinda ise siranin
bir 6nemi yoktur! Dolayisiyla bu hesabi kombinasyon ile
yapariz:

9!

¢.3) = (9— é)!s! B

84.

Not. Permiitasyonlar ve Kombinasyonlar, secimlerde tekrara
izin verilmedigi zaman benzerdir. Ancak aralarinda énemli bir
fark vardir:

e Bir permiitasyonda, sira énemlidir;

¢ Bir kombinasyonda, sira énemli degildir.

Sizin yapmaniz gereken tek gsey ne zaman P(n,r) ve ne zaman
C(n,r) kullanmaniz gerektigini bilmenizdir.

Ornek 18.10. Standart 52 karthk bir desteden,
(i). Cekilen 5 kartin kag¢ tanesinde iki papaz, ii¢ as bulunur?
(ii). Cekilen 5 kartin kag tanesinde iki sinek, ii¢ kupa bulunur?

(iii). Cekilen 3 kartin kag tanesin aym takimdan olur?

Figure 18.7: Two clubs and three hearts.
Sekil 18.7:

cozim:

(i). Carpma prensibini ve kombinasyonlarini kullanmamiz gerekiy

Toplam dort tane papazdan ikisini se¢meliyiz (yani C'(4, 2))

ve dort papazdan ¢ as segmeliyiz (C(4,3)). CArpim
pirensibi geregi;
number of hands = C(4,2) - C(4,3)
4! 4!
T @—2)2 4—3)- 3l
=6-4=24

elde ederiz.

(i). C(13,2) - C(13,3) = 13! 13!

it Tolgr = (0 208 = 22308
bulunur.
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Similarly, there are 286 hands having all clubs, 286 hands
having all diamonds and 286 hands having all spades.
Thus the number of hands having all cards from the same
suit is

4.,3Cy =4-286 =1144.

Example 18.10. A bag contains 2 white and 3 red balls. In
how many ways can 3 balls be chosen if at least one ball must
be white?

solution: We can have either 1 white ball and 2 red balls, or
2 white balls and 1 red ball.

There are ,C| -3C, ways to get 1 white and 2 red. There are
5C4y - 3C; ways to get 2 white and 1 red. So the total number
of ways is

2C1 305 +50,5 30 = (2)(3) + (1)(3) = 9.

Example 18.11. You have 1 red ball, 1 blue ball, 1 green ball
and 3 orange balls. The three orange balls are identical. How
many visually different ways are there to arrange the balls in
a line?

solution: If you had balls of six different colours, then this is
easy: ¢ P; = 6!. However because you have 3 balls of the same
colour, the correct answer will be less than this. For example,

if we label the balls 0, a, a, @, @ and @ then
000000

r [ gloplos] b [os JENLl will look
the same, but be counted twice.
We need to ask: How many different ways are there to
? There are 3P = 6
different ways. This means that when we calculate P, we are
counting each arrangement 6 times.
Therefore the answer to this problem is

rearrange the orange balls,

ol

343

= 120.

Example 18.12. In how many different ways can the letters
of the word ‘MATHEMATICS’ be arranged such that the vow-
els are consecutive?

solution: The word ‘MATHEMATICS’ has 11 letters includ-
ing 4 vowels: ‘A’E’ ‘A’ T’. These 4 vowels must always be
consecutive. Hence these 4 vowels can be grouped together
and then thought of as a single object. In other words, we may
assume that we have only 8 objects, MTHMTCS(AEAT).

Of these 8 objects, we have two "M’s, two "T’s, one ‘H’, one
‘C’, one ‘S’ and one ‘(AEAI)’. The number of ways to arrange
these 8 objects is

s s 8!

=~ = 10080.
JP, ,P,  20-2

Next we must ask how many ways the vowels ‘AEAI’ can
be rearranged. The letter ‘A’ occurs twice and the other letters
occur once. Hence there are

4Py

— =12
2 Py

ways to arrange the vowels.

(iii). Her takimda 13 kart bulunur. Bu nedenle tiim kupa kart-
lar1 icinden ii¢ kart

13! 13!

¢13,3) = (13—3)1-31 10! 3

= 286.

farkl: gekilde segilir. Benzer sekilde 286 sinek, 286 karo
and 286 magca secilir. Boylelikle ayni1 takimdan ¢ kart

4-C(13,3) =4-286 = 1144
farkl: sekilde olugturulur.

Ornek 18.11. Bir torbada 2 beyaz ve 3 kirmizi top vardir.
En az bir topun beyaz olmasi kosuluyla, 3 top kag sekilde
secilebilir?

¢oztim: Bu kogulda iki durum vardir: Ya 1 beyaz top ve 2
kirmiz1 top; ya da 2 beyaz top ve 1 kirmizi top olabilir.

1 beyaz top ve 2 kirmiz top i¢in C(2,1) - C(3,2) yol; 2
beyaz top ve 1 kirmizi top igin C(2,2) - C(3,1) farkli segim
vardir. Toplamda

C(2,1)-C(3,2)+C(2,2)-C3,1) = (2)3) + (1)(3) =9
farkl secim elde edilir.

Ornek 18.12. 1 kirmizi topunuz, 1 mavi topunuz, 1 yesil
topunuz ve 3 turuncu topunuz var. U(; turuncu top aymdir.
Toplar1 bir siraya yerlestirmenin gorsel olarak kag farkli yolu
vardir?

¢ozim: Alt1 farkl renkte topunuz olsaydi, bu kolaydi: P(6,6) =
6!. Ancak, aynmi renkte 3 topunuz oldugu i¢in dogru cevap bun-

dan biraz daha zor olacaktir. Ornegin, toplar: e, @, e,
@, @ ve @ seklinde etiketlersek mm
- 000000

aym goriiniigte olacak, fakat iki kez
sayilmig olacaktir.
Turuncu toplarin kendi icindeki dizilis sayisi,

P(3,3) = 6 dir. Bu da demek oluyor ki biz P(6, 6)’y1 hesaplarken
her bir diziligi 6 kere sayiyoruz.
Bu yiizden yanit;

dir.
Ornek 18.13. Liitfen Example 18.13’ye bakiniz.

Ornek 18.14. “ MATEMATIK ” kelimesinin harfleri, iinliiler
ardigik olacak sekilde, ka¢ farkli sekilde dizilebilir?

¢coziim: MATEMATIK kelimesi 4 {inlii olmak iizere 9 harften
olusur: A’ ,’E’,’A’, ’T’. Bu 4 iinlii her zaman ardisik olmalidur.
Dolayisiyla bu 4 sesli harf birlikte gruplanabilir ve sonra tek bir
nesne olarak diigiintilebilir. Yani sadece 6 nesnemiz oldugunu
varsayabiliriz, MTMTK (AEAT).

Bu 6 nesneden iki 'M’, iki *T?, bir ’K’ ve bir '(AEAI)’ var.
Bu 6 nesneyi dizmenin yollarinin sayisi

P(6,6) 6
P(2,2)-P(2,2) = 180.

2121
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Multiplying these together, we get our answer: There are Dahasi, AEAT iinliilerinin kac gekilde yeniden dizilebile-
cegini bulmaliyiz. A’ harfi iki kez, diger harfler bir kez gecer.
10080 - 12 = 120 960 Dolayisiyla iinliileri kendi i¢inde
ways. P(4,4)
P(2,2)

Example 18.13. Please see Ornek 18.13.

farkli sekilde dizebiliriz.
Buldugumuz iki say1iy1 ¢arparsak

180 - 12 = 2160

sonucunu elde ederiz.

% WolframAlpha

7permute3 =]

7choose3 8

Figure 18.8: Try typing “7permuted” or “7choose3” into
wolframalpha.com .

Sekil 18.8:

Figure 18.6: Does your calculator have nPr and nCr?
Sekil 18.6:
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Problems

Problem 18.1 (Triangles in a Circle). Five distinct points are
selected on the circumference of a circle. How many different
triangles can be drawn using these points as vertices?

Problem 18.2 (Playing Cards). From a standard 52 card

deck:

(a). How many 6-card hands consist entirely of red cards?
(b).
©F

How many 6-card hands consist entirely of hearts?

How many 5-card hands consist entirely of face cards (kings,
queens and jacks)?

(d). How many 5-card hands consist entirely of queens?

(e). How many 7-card hands contain four kings?
(f

(g). How many 3-card hands do not contain any hearts?

)
)
). How many 4-card hands contain a card from each suit?
)
(h).

How many 3-card hands contain at least one heart?

Problem 18.3 (Mobile Phone Shop). A mobile phone shop
receives a delivery of 24 smartphones, but 5 of these phones are
broken. Three of these smartphones will be selected for display
in the shop window.

(a). How many selections can be made?

(b). How many of these selections will contain three working
phones?

Problem 18.4 (Architecture and Mimarlik). In how many
different ways can the letters of the word ‘ARCHITECTURE’
be arranged such that the vowels are consecutive? What about
the word ‘MIMARLIK’?

Problem 18.5 (Divisible by 5). How many 3 digit numbers
can be formed from the digits 2, 3, 5, 6, 7 and 9 which are
divisible by 5 and none of the digits is repeated?

Problem 18.6 (Serial Numbers). Serial numbers for a prod-
uct are made using 2 letters followed by 3 numbers. If the
letters are taken from {A, B, C, D, E, F, G, H} with no repeats,
and the numbers are taken from {0,1,2,...,9} with no repeats,
how many serial numbers are possible?

Sorular

Soru 18.1 (Triangles in a Circle).  Bir dairenin ¢evresinde
bes ayr1 nokta secilir. Bu noktalar koseler olarak kullanilarak
kag farklh ii¢gen cizilebilir?

Soru 18.2 (Oyun kartlari). Standart 52 kartlik bir iskambil

destesinden:
(a). Kag tane 6 karth el tamamen kirmizi kartlardan olugur?
(b). Kag tane 6 kartli el tamamen kupalardan olugur?

(c).

Kag tane 5 karthh el tamamen resimli kartlardan olugur
(papaz, kiz ve vale)?

=

. Kag tane 5 kartl el kizlarin hepsini icerir?

. Kag tane 7 kartli el dort papazin hepsini icerir?

)
)
f). Kag tane 4 karth el her takimdan bir kart igerir?
). Kag tane 3 karthi el hi¢ kupa igermez?

)

o~
oQ

. Kag tane 3 kartli el en az bir kart igerir?

Soru 18.3 (Mobil Telefon Magazasi). Bir cep telefonu magazasi
24 adet akilli telefon teslim aliyor ancak bu telefonlardan 5
bozuk. Magaza penceresinde goriintiillenmek iizere bu akilli
telefonlardan ticii segilecektir.

(a). Kag tane segim yapilabilir?

(b). Bu secimlerden kag tanesi ii¢ ¢aligan telefon igerebilir?

Soru 18.4 (Architecture and Mimarlhk). ’ARCHITECTURE’
kelimesinin harfleri, {inliiler ardigik olacak gekilde kag farkl sek-
ilde dizilebilir? Peki ya '"MIMARLIK’ kelimesi??

Soru 18.5 (5 ile boliinebilme). 2, 3, 5, 6, 7 ve 9 rakamlarin-
dan 5’e boliinebilen ve higbir rakam tekrarlanmayan kag tane
3 rakamli say1 olusturulabilir?

Soru 18.6 (Serial Numbers). Bir iiriinlin serri numarasi
iki harf ve ardindan ¢ sayi ile olugturuluyor. Ayni rakam ve
harfler tekrar edilmeksizin {A, B,C, D, E, F,G, H} harfleri ve
{0,1,2,...,9} sayilar kullamlarak kag tane seri numaras: olug-
turulabilir?



Introduction to Olasiliga Giris

Probability
i Figure 19.2: Two dice.
Sekil 19.2: Iki zar.

Figure 19.1: One die.

Sekil 19.1: Bir zar. Tek bir (standart alti tarafli) zar atarsaniz, olasi sonuclar
nelerdir?

S =1{1,2,3,4,5,6}
If you roll a single (standard six-sided) die, what are the

possible outcomes? Bu, drnek uzay olarak isimlendirilir. S kiimesindeki her bir
eleman basit olay olarak adlandirilir.
S =1{1,2,3,4,5,6} Simdi bir ¢ift say1 dondiirmek istedigimizi varsayalim. Alt
kiime;
This is called a sample space. Each of the numbers in S are E={2,46}CS

called simple events.
Now suppose that we want to roll an even number: The
subset

bir birlesik olaydir.

Tanim.

E:{2,4,6}§S 52{61,62,...,6n}

is called a compound event. kiimesi bir deneyin olai sonuglarinin kiimesi olsun. Eger, is

Definition. The set called a sample space for some experiment iff,

e S kiimesi tiim olas1 sonuglari icerirse;
S: {817623"'7677,}

. . . e S’nin bir ve yanliz bir ¢iktisi meydana gelmigse,
is called a sample space for some experiment iff,

. . S’ye érnek uzay denir.
e S contains all possible outcomes;

Tanim. FE kiimesi, S’nin (& bos kiimesini ve S’yi iceren) bir
alt kiimesi olsun. E’ye olay denir. e; is a stmple event.Eger
Definition. An event E is any subset of S (including the E, E = {e;} seklinde tek elemanday olu§uyorsa basit olay,
empty set @ and S itself). e; is a simple event. E = {e;} birden fazla elemandan olusuyorsa birlesik olay adim alir.

is a stmple event if E contains only one element. FE is a

compound event if E' contains more than one element.

e one and only one of the outcomes in S must occur.
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second die

ikinci zar

3
1 horse 2 horses N
o —
1 woman 2 women (]
, §=
1 vertex 2 vertices A
. —
1 focus 2 foci
1 die 2 dice

first die

(1,1)
(2,1)
(3,1)
(4,1)
(5,1)

(6,1)

(1,2)
(2,2)
(3,2)
(4,2)
(5,2)

(6,2)

(2,3)
(3,3)
(4,3)
(5,3)

(6,3)

(1,3)

(1,4)
(2,4)
(3:4)
(4,4)
(5,4)

(6,4)

(1,5)
(2,5)
(3,5)
(4,5)
(5,5)

(6,5)

(1,6)

Table 19.1: Possible outcomes from rolling two dice.
Sekil 19.2: k

Example 19.1 (Two Dice). Next suppose that you are rolling Ornek 19.1 (Two Dice). Varsayalim ki tandart alti-yonlii iki
two standard six-sided dice. Please see Table 19.1. The sample

space is
S ={(a,b) | a,be{1,2,...,6}}.

What is the event which corresponds to:
(1).

)
(ii).
)
)

A total score of 7.
A total score of 3.
(iii). A total score greater than 10.
(iv). A total score of 2.

solution:

zar atiyoruz. Liitfen tabloya bakimz: 19.1. Ornek uzay:

61}

Agagidaki olaylar nelerdir:

S ={(a,b) | a,be{1,2,...

. Toplam puanin 7 olmasi.
Toplam puanin 3 olmasi.
Toplam puanin 10 dan biiyiik olmasi.

. Toplam puanin 2 olmasi.
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The Probability of an Event
Definition. Let

sen}

be a sample space with n simple events. The probability of
event e; is a real number denoted by P(e;). We must have

S = {61,62,66,...

(i). P(e;) €0,1] for all 4; and
(11) P(el) +P(€2) +P(€3) ++P(€n) =1.

Example 19.2 (A Single Coin). Suppose that we are flipping
a single coin. Then S = {H,T}. We can assume that

P(H) =

1

1
2
Note that

(i). 0<PH)<land 0< P(T)<1;and
(il). PH)+P(T)=1+3=1

If we flip this coin 1000 times, we would expect to get H
roughly (but not exactly) 500 times.

Definition. The probability of an event E, denoted P(E)
must satisfy:

(i). If E = @ is the empty set, then P(E) = 0;
(ii). If E = S, then P(E) = 1.
(iii). If E = {e;} is a simple event, then P(E) = P(e;);
(iv). If E is a compound event, then P(E) must be equal to

the sum of the probabilities of all the simple events in F.
E.g. if E = {a,b,c} then P(E) = P(a) + P(b) + P(c).

Remark. P(E) = 1 means that E is certain to occur. P(E) =
0 means that F will never occur.

Example 19.3 (Two coins). Now suppose that you are flipping
two different coins. The sample space is

S={HH,HT,TH,TT}.
We can assume that
P(HH) = P(HT) = P(TH) = P(TT) = 1.
(i). What is the probability of getting one head and one tail?
. What is the probability of getting at least one tail?

What is the probability of getting at least one head or at
least one tail?

. What is the probability of getting two tails?
. What is the probability of getting three tails?
solution:

(i). We have E = {HT,TH} and

P(E)=P(HT)+ P(TH) =

| =
= =
(V)

Bir Olayin Olasiligi

Tanim. Ornek uzay
S = {615627665 .. '7e’n}

olarak n tane basit olaydan olugsun. The e¢; olayinin olmas:
olasilige P(e;) ile gosterdigimiz bir reel say1. Burada

(). P(e;) €[0,1] her 4; ve
(ii). P(e1) + P(e2) + P(es) + ...+ Ple,) = 1.

Ornek 19.2 (Madeni Para). Bir madeni para havaya atalim.
O zaman S = {H,T}. Varsayabiliriz ki

P(H) == ve

Sunu not edersek
(). 0<PH)<1ve0< P(T) <1;ve
(i), P(H)+P(T)=%1+31=1

Bu paray1 1000 kez atarsak, kabaca 500 kez (ancak tam
olarak degil) H gelmesini bekleriz.

Tanim. The bir E olayinan olma olasilig:, P(E) ile gos-
terilir ve sunlar saglanir:

(i). E = & bog kiime ise, o0 zaman P(E) = 0;
(ii). £ = S oldugunda, P(F) = 1.
(iii). E ={e;} olursa, P(E) = P(e;);
(iv). E bir bilegik olay ise, P(E) E deki tiim basit olaylarin

olasiliklar toplamina esittir. Ornegin E = {a, b, ¢} oolursa
P(E) = P(a)+ P(b) + P(c).

Not. P(E) =1 demek E kesin olay demek. P(F) = 0 demek
F imkansiz olay.

Ornek 19.3 (Iki madeni para). Simdi iki farkh madeni para
attigimizi varsayalim. Ornek uzay

S={HH,HT,TH,TT}.
Varsayabiliriz ki

P(HH) = P(HT) = P(TH) = P(TT) = i.

(i). Bir yaz1 bir tura gelmesi olasiligi kagtir?
(ii). En az bir yaz1 gelmesi olasilig1 kagtir?
(iii). En az bir yaz1 ve bir tura gelmesi olasiligi kagtir?
(iv). Ikisi de yaz1 gelmesi olasihg kactir?
(v). Ug yaz1 gelmesi olasiligi kagtir?
cozium:

(i). Burada E ={HT,TH} and

P(E)=P(HT)+ P(TH) =

o~ =
W~ =
o
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(ii). We have E = {HT,TH,TT} and
1 1 1 3
P(E)=P(HT)+ P(TH)+ P(TT) = >+ - + - = -.
4 4 4 4
(iii). We have E = {HH, HT,TH,TT} = S and
P(E)=P(S)=1
(iv). We have E = {TT} and P(E) = 1.
(v). It is not possible to get three tails, so F = @ and P(F) =
P(2)=0.

Theorem 19.1. If we assume that each simple event in
S is equally likely, then the probability of an event E is

number of elements in £ n(F)

P(E) = number of elements in S n(S)’

Example 19.4. Suppose that we are rolling two dice and sup-
pose that each simple event is equally likely. Find the proba-

. Burada E = {HT,TH,TT} ve
1

P(E) = P(HT) + P(TH) + P(TT) = i + .

13
4 4

>

Burada E = {HH,HT,TH,TT} = S ve
P(E)=P(S)=1.
. Burada da E = {TT} ve P(E) = 1.

. U¢ yaz1 gelmesi miimkiin olmadigindan, £ = @ ve P(F) =
P(@) =0.

Teorem 19.1. S ’daki her basit olayin egit derecede olasu
oldugunu varsayarsak, E olayimin olasiligy su sekildedir:

_ E’nin eleman sayist  n(E)

(S’

P(FE) =
(B) S'’nin eleman sayist

Ornek 19.4. Iki zar attigimiz ve her basit olayn esit derecede
olast oldugunu varsayalim. Agagidakilerin olasiliklarini bulun:

bilities of the following;: (i).
(ii).
(iii).
(iv).

(). A total score of 7.
(ii). A total score of 3.

(iii). A total score greater than 10.

Toplam puanin 7 olmasi.
Toplam puanin 3 olmasi.
Toplam puanin 10 dan biiyiik olmasi.

Toplam puanin 2 olmasi.

(iv). A total score of 2.

solution: Please refer to Example 19.1 and Table 19.1 again.

(i). Since E = {(1,6),(2,5),(3,4), (4,3),(5,2),(6,1)}, we have

that (E) 6 1
P =® "% 6
(ii). We have that E = {(1,2),(2,1)} and that
_n(E) 2 1
P(E) = (S 36 18
(iii). Here E = {(5,6), (6,5), (6,6)} and
_n(E) 3 1
P(E) = w©) 36 12
(iv). Since E = {(1,1)}, it follows that
n(E) 1
P(B) = n(S) ~ 36

Example 19.5. You randomly draw five cards from a standard
deck of 52 cards. What is the probability of getting two clubs
and three hearts?

solution: There are n(S) = 5,C5 possible 5-card hands. As
we covered in Example 18.10, there are n(E) = 13C; - 13C5
5-card hands which have two clubs and three hearts. So the
probability is

- ~ 0.0062
52Cs 2598 960

coziim: Liitfen Ornek 19.1’ye ve Tabl0 19.1’ya tekrar bakiniz.
(i). E={(1,6),(2,5),(3,4),(4,3),(5,2),(6,1)} oldugundan,

B n(E) 6 1
PE) =% "% 6
elde ederiz.
(i)). E={(1,2),(2,1)} ve
n(E) 2 1

PB) =709 "% 18

elde ederiz.

(iii). £ ={(5,6),(6,5),(6,6)} ve

olur.

Ornek 19.5. Standart 52 lik iskambil kagitlarindan rastgele
beg kart cekiliyor. Iki sinek ve ii¢ kupa gelme olasiligi kactir?

¢Oztm: 5 kart1 n(S) = C(52,5) sekilde segebiliriz. Hatirlarsak
Ornek 18.10te oldugu gibi, n(E) = C(13,2) - C(13,3). Bu
durumda olasilik

p(g) = ME) _ C(13.2) . C(13,3) _ 78- 208

n(S) C(52,5) 2598960

olarak hesaplanir.

~ 0.0062
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Problems

Problem 19.1 (Three coins). You are flipping 3 coins. Two
of the coins have a head (H) on one side and a tail (T) on
the other side. The third coin has two heads. What is the
probability of getting

(a). O tails?
(b). 1 tail?
(c). 2 tails?
(d). 3 tails?
(e). less than 2 tails?
(f). more than 1 tail?

Problem 19.2 (Playing cards). A standard deck of 52 cards
has 13 hearts, 13 diamonds, 13 clubs and 13 spades. Hearts and
diamonds are red. Clubs and spades are black. Kings, queens
and jacks are called face cards.

What is the probability that:

(a). a 5-card hand consists of only red cards?

(b). a 5-card hand consists of only face cards?

(c). a 4-card hand does not have any aces?

(d). a 13-card hand does not have any clubs?

(e). a 13-card hand has only black cards?

(f). a 13-card hand has only aces and face cards?
)

. a 13-card hand contains all four aces?

Sorular

Soru 19.1 (U¢ madeni para). 3 madeni para atiyorsun.
Madeni paralardan ikisinin bir yiiziinde bir kafa (H) ve diger
yiiziinde bir kuyruk (T) vardir. Uciincii madalyonun iki bagi
vardir.

(a
(b

. 0 kuyruk?
. 1 kuyruk?
c). 2 kuyruk?

e

)
)

(c)

(d). 3 kuyruk?
). 2’den az kuyruk?
)

(
(f

alma olasiliginiz nedir?

. I’den fazla kuyruk?

Soru 19.2 (Oyun kartlari).  Standart 52 karthik bir iskam-
bil destesinde 13 kupa, 13 karo, 13 sinek ve 13 maca vardir.
Kalpler ve karolar kirmazi. Sinekler ve macalar siyah. Papaz,
kiz ve valeler yiiz kartlar: olarak adlandirilir.

What is the probability that:

(a).
(b).

(c).

). eldeki 5 kartin sadece kirmiz kartlardan olugma?
)

)
(d). eldeki 13 kartta hi¢ sinek bulunmama?
)

)

)

eldeki 5 kartin sadece yiiz kartlarindan olugma?
eldeki 4 kartta hi¢ as bulunmama?

e). eldeki 13 kartin sadece siyah olmasi?

(
(f
(8)-

. eldeki 13 kartin sadece as ve yiiz kartlarindan olugmasi?
eldeki 13 kartin tiim aslar1 igermesi?

olasiligl nedir?



Concepts of Probability Olasilik Kavramlari

Union and Intersection Birlesim Kiimesi ve Kesisim Kimesi

AC

AUB ANB A¢

Example 20.1 (One die). The sample space for rolling a single  Ornek 20.1 (Tek zar). Bir zar atildiginda 6rnek uzay
die is
S =1{1,2,3,4,5,6}. S ={1,2,3,4,5,6}

Assume that each of these simple events are equally likely. olur. Bu basit olaylarin her birinin egit derecede olasi oldugunu

varsayin.
(i). What is the probability of rolling a number which is even Y

and greater than 37 (i). Gelen saymun ¢ift ve 3’ten biiyiik olma olasihig nedir?

(ii). What is the probability of rolling a number which is even (ii). Gelen saymn cift yada 3’ten biiyiik olma olasihg: nedir?
or greater than 37

¢oziim:
solution: Let A = ¢ift sayilar = {2,4,6}
ve
A = even numbers = {2,4, 6} B = 3’ten biitiik sayilar = {4, 5,6}
and olsun.

B = numbers greater than 3 = {4, 5, 6}.
(i). Since AN B = {4,6}, we have that

(i). AN B ={4,6} oldugundan,

2 1
P(ANnB)===-.
6 3 olur.
(ii). Since AU B = {2,4,5,6}, we have that (ii). AUB = {2,4,5,6} oldugundan,
4 2 4 2
P(AUB)= - = ~. _4
(AUB) =& =3 P(AUB) = =3
Remark. Please recall the Addition Principle (Theorem 17.1) olur.
which stated that Not. Liitfen toplam prensibini hatirlayimiz: (Teorem 17.1) dyle
n(AUB) = n(A) +n(B) —n(AN B). ki

n(AUB) =n(A) +n(B) —n(AN B).

107
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Theorem 20.1.

P(AUB) = P(A) + P(B) — P(AN B)

Example 20.2 (Two dice). You roll two dice. What is the
probability that:

(i). the sum is either 5 or 107

(ii). either the sum is greater than 9, or both dice show the
same number?

solution:
(i). Let
A = the sum is 5
={(1,4),(2,3),(3,2), (4, 1)}
and

B = the sum is 10

={(4,6),(5,5),(6,4)}.

Since AN B = @, we have that

P(AUB)=P(A)+ P(B) = %—F% = %
(ii). Let
C = the sum is greater than 9
= {(4,6),(5,5), (5,6), (6,4), (6,5), (6,6)}
and

D = both dice show the same number
={(1,1),(2,2),(3,3),(4,4),(5,5),(6,6)}.

Note that C N D = {(5,5), (6,6)}. Therefore

P(CUD) = P(C) + P(D) — P(CN D)
6 6 2 10 5

36 36 36

36 18

Teorem 20.1.

P(AUB) = P(A) + P(B) — P(AN B)

Ornek 20.2 (Iki zar). Iki zar atiyorsunuz:
(i). sayilar toplaminin 5 yada 10 olmasi olasiligi nedir?

(ii). Sayilar toplaminin 9’dan biiyiik yada atilan her zarin ayni
sayly1 gostermesi olasiligi nedir?

cozim:
(i)-
A = toplam 5
= {(17 4)’ (2a 3)7 (3’ 2)7 (47 1)}

ve

B = toplam 10
= {(47 6)7 (55 5)7 (67 4)}

olsun. AN B = & oldugundan,

4 3 7
P(AUB) = P(A)+ P(B) = o + 2o = =

elde ederiz.
(ii).
C = toplamlar1 9 da biiyiik
={(4,6),(5,5),(5,6),(6,4),(6,5),(6,6)}

ve

D = iki zar da ayn1 sayiy1 gostersin

={(1,1),(2,2),(3,3),(4,4),(5,5), (6,6)}
olsun. Ayrica C N D = {(5,5),(6,6)} olur. Bu nedenle

P(CUD) = P(C)+ P(D) - P(CND)
6 6 2 10 5
~ 36

36 36

T3 18
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Complements

Theorem 20.2.

P(E) =1 - P(E°).

Sometimes it is easier to calculate 1 — P(E¢), than to cal-
culate P(E) directly.

Example 20.3 (Whiteboard Markers). A box containing 45
whiteboard markers is delivered to Istanbul Okan University.

Complements

Teorem 20.2.

P(E) = 1— P(E°).

Bazen 1 — P(E°)’n1 hesaplamak P(FE)’yi direkt hesaplamaktan
daha kolaydar.

Ornek 20.3 (Tahta Kalemleri). 45 beyaz tahta kalemi iceren
bir kutu Istanbul Okan Universitesi'ne teslim edildi. Kalem-

Nine of the markers are red. The remaining markers are black. Youterden dokuzu kirmizi, kalan kalemler siyahtir. Ogretmeninize

teacher is given 10 markers at random. He will be happy if one
or more of his markers is red. What is the probability that
your teacher will be happy?

solution: Let
FE = one or more of the markers is red.

Then
E° = all 10 markers are black.

Since
n(E°) _ 36C10

P =@

)
45 ClO

we have that

P(E)y=1-P(E°)=1- 36010 .99,
45~'10

Example 20.4. In a class of 30 students, what is the probabil-
ity that at least two students have the same birthday? (Same
month and day. Ignore 29 February)

solution: We assume that there are 365 days in a year and
that each day is equally likely. We have

n(S) = 365°
by the Multiplication Principle. Let
FE = 2 or more people have the same birthday.
Then
E¢ = all 30 students have different birthdays.

We calculate that

365!
n(E°) = 365-364-363-...-336 = 3351 = 345 P30
n(E°) 365!

P(E°) = =

(E°) n(S) ~ 335! 3653

and
365!

PE)Y=1-PE) =1— —————— =~ 0.

(E) (E) 335! - 36530 0.706

rastgele 10 kalem verilir. Kalemlerden biri veya daha fazlasi
kirmizi ise 6gretmen mutlu olacaktir. Ogretmeninizin mutlu
olma olasilig1 nedir?

cozum:
E = bir yada daha fazla kalem kirmizi
dersek
E° = 10 kalemin hepsi siyah
olur.
E* 1
p(ey - MES) _ C(36.10)
n(S) C(45,10)
oldugundan,
C(36,10)
P(E)=1-P(E°) =1 ~ 0.92
(E) (E°) C(a5,10) ~ 09

elde ederiz.

Ornek 20.4. 30 dgrencilik bir sinifta, en az iki 6grencinin aym
dogum giiniine sahip olma olasiligr nedir? (Aym ay ve giin. 29
Subat’r dikkate almayin)

¢oztim: Bir yilda 365 giin oldugunu ve her giiniin egit olasilikla
miimkiin oldugunu varsayiyoruz. Carpim Pirensibinden

n(S) = 365
oldugu agikardir.
FE = 2 or more people have the same birthday
olsun. O halde
E° = all 30 students have different birthdays.

Sonug olarak,

365!
n(E°) = 365364363 ... 336 = oo = P(365,30),
n(E°) 365!
P(E°) = =
(E) n(S) 335! - 36530
and
365!
P(E)=1-P(E%) =1 ~ 0.706

335! 36530
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Problems

Problem 20.1 (Lottery). A bag contains 20 tokens numbered
1 —20. One ball is drawn at random. What is the probability
that the number drawn is:

. odd or a multiple of 37

even or odd?

prime or greater than 107

a multiple of 5 or a multiple of 77
less than 14 or greater than 107

even or less than 47

Problem 20.2 (Complements).

(a).

(b).

. The letters a,b,c,d,...

Two cards are chosen at random from a standard deck of
playing cards. What is the probability that at least one of
them is a face card (Jack, Queen or King)?

A fair die is thrown. What is the probability that the score
is not a factor of 67

,X,y,Z are written on 26 cards. Two
cards are chosen at random (without replacement). What
is the probability that at least one of them is a consonant?

. Two fair dice are thrown. What is the probability that the

two scores do not add to 77

. A bag contains 20 balls numbered from 1 to 20. Two balls

are selected at the same time from the bag. What is the
probability that the two numbers selected do NOT differ
by 127

Sorular

Soru 20.1 (Piyango).

Bir canta, 1 — 20 sayilariile numar-

alandirilmig 20 top iceriyor. Rastgele bir top ¢ekilir. Cekilen
toptaki sayinin;

(a
(b
(c
(d
e

).
).
).
).
(e)-
(f)-

tek veya 3’iin kat1?

tek yada cift?

asal veya 10’dan biiyiik?

5’in kat1 veya 7’'nin kat1?

14’ten kiiciik veya 10’dan biiyiik?

cift veya 4’ten az?

olma olasiligr nedir?

Soru 20.2 (Tamlayanlar).

(a).

(b).

Standart bir oyun kagidi destesinden rastgele iki kart secilir.
En az birinin yiizli kart olma olasihigi nedir (Vale, Kiz veya
Papaz)?

Adil bir zar atilir.
nedir?

Puanin 6 carpani olmama olasilig

. 26 kart iizerine a, b, ¢, d, ..., x, y, z harfleri yazilir. Rast-

gele iki kart secilir (geri yerlegtirilmeden). En az birinin
iinsiiz olma olasilig1 nedir?

. Bir torba 1’den 20’ye kadar numaralandirilmis 20 top igerir.

Torbadan aymi anda iki top secilir. Segilen iki sayinin
farkinin 12 OLMAMASI olasilig1 nedir?



Conditional Probability

Sometimes the probability of an event will depend on another
event. For example, suppose that

A = Ali has cancer

and
B = Ali is a smoker.

Clearly the probability that A occurs depends on B.

Definition. The conditional probability of A given B is

P(AIB) = (the probability of A, if we )

already know that B occurs

Theorem 21.1.

P(AN B)

P(AIB) = —5 5

Example 21.1 (Marbles). A bag contains red and blue mar-
bles. Two marbles are drawn without replacement. The prob-
ability of selecting a red marble and then a blue marble is 0.28.
The probability of selecting a red marble on the first draw is
0.5. What is the probability of selecting a blue marble on the
second draw, given that the first marble drawn was red?

solution: Let
R = the first marble is red

and
B = the second marble is blue.

The required probability is

(BNR) 028
P(R) 05 056

pBIR) = T

Example 21.2 (One die). Your friend says that when she
rolled a die, she rolled an odd number. What is the probability
that your friend rolled a 37

solution: Let

A = your friend rolled a 3

Kosullu Olasilik

Bazen bir olayn olasilig1 bagka bir olaya bagh olur. Ornegin,
varsayalim ki
A = Ali has cancer

ve
B = Ali is a smoker

olsun. A olaymin olma olasiliginin B’nin olmasi olasiligina
bagh oldugu agikca goriiliir.
Tanmim. Verilen B igin A'nin sartl olasiligi

P(AIB) = (the probability of A, if we >

already know that B occurs

ile hesaplanir.

Teorem 21.1.

P(AN B)

P(AIB) = —5

Ornek 21.1 (Misket). Bir canta kirmizi ve mavi misketler
vardir. Geri atilmaksizin ardarda iki misket cekilir. Kirmizi
bilye ve ardindan mavi bilye secme olasihigr 0,28 dir. Ilk cek-
iligte kirmizi bilye se¢me olasiligi 0.5°dir. Cekilen ilk bilyenin
kirmiz1 oldugu diigliniiliirse, ikinci ¢ekiligte mavi bilye secme
olasiligr nedir?

¢oziim:
R = the first marble is red

ve
B = the second marble is blue

olsun. O halde

P(BNR) 028
P(R) 05

P(B|R) = =0.56

olur.

Ornek 21.2 (One die). Arkadagimz bir zar attiginda tek bir
say1 attigim sOyliiyor. Arkadagimzin 3 atma olasiligi nedir?

¢ozim:
A = your friend rolled a 3
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and
B = your friend rolled an odd number.

Then P(A) = %, P(ANB) = P(A) = § and P(B) = §. Hence

P(A|B) = P(]f(;)m -

Nl
|

Remark. Given that P(A|B) = %, we have that
P(ANB) = P(B)P(A|B).
Similarly,
P(ANB)=P(BNA)=P(A)P(B|A).

Therefore:

Theorem 21.2 (Product Rule).
P(AnB)=P(A)P(B|A) = P(B)P(A|B)

and

ve
B = your friend rolled an odd number

olsun. O halde P(A) = ¢, P(ANB) = P(A) = § ve P(B)
Baylece
P(ANB

l=|o =
|

Not. P(A[B) = 2557 verildiginden,
P(ANB) = P(B)P(A|B)
elde edilir. Benzer gekilde,
P(ANB) = P(BN A) = P(A)P(B|A).

Bu yiizden:

Teorem 21.2 (Carpim Kurali).
P(ANnB)=P(A)P(B|A) = P(B)P(A|B)

P(A|B) = —P(Al)f(zg?"‘l).

_1
=1
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Monty Hall
USA, 1921-2017.

Figure 21.1: The Monty Hall Problem.
Sekil 21.1:

The Monty Hall Problem

Suppose you’re on a TV game show, and you're
given the choice of three doors: Behind one door is
a car; behind the others, goats. You pick a door,
say No. 1, and the host, who knows what’s behind
the doors, opens another door, say No. 3, which
has a goat. He then says to you, "Do you want to
pick door No. 27" Is it to your advantage to switch
your choice?

The Monty Hall Problem is one that confuses a lot of
people that haven’t studied Probability.

(i).

You choose a door. What is the probability that the car
is behind that door? Easy P(car) = £ right?

CORRECT

. Then the host opens another door and shows you a goat.

Now there are two closed doors: Behind one is a car and
behind the other is a goat.

What is the probability that the car is behind the door
that you chose? Two closed doors. One Car. So clearly
now P(car) = § right?

WRONG!!

What? Why?

To explain, let us look at all the possible

outcomes if you

choose door number 1 first.

behind | behind | behind | outcome if | outcome if

door 1 | door 2 | door 3 | you don’t | you switch
switch

car goat goat win lose

goat car goat lose win

goat goat car lose win

The Monty Hall Problem

Bir TV yarigma programinda oldugunuzu ve size
ii¢ kap1 secenegi sunuldugunu varsayalim: Bir kapinin
arkasinda bir araba; digerlerinin arkasinda kegiler
var. Bir kapi seciyorsunuz, mesela 1 numarayi seg-
tiniz, ve kapilarin arkasinda ne oldugunu bilen ev
sahibi bagka bir kapiy1 agiyor, 6rnegin 3 numarali
arkasinda keci olan kapiyi. Sonra size "2 numarali
kapiy1 se¢mek ister misiniz?" diye soruyir. Segi-
minizi degigtirmek sizin yarariniza mi?

Monty Hall Problem olasilik egitimi almamig bir¢ok in-
sanin kafasim karigtiran bir soru.

(i)-

(ii).

(ii).

Bir kap1 secersiniz. Arabanin o kapimnin arkasinda olma
olasihig nedir? Kolay P(car) = 3 dogru?

CORRECT

Sonra ev sahibi bagka bir kapiy1 acar ve size bir kegi gos-
terir. Simdi iki kapali kap: var: Birinin arkasinda araba,
digerinin arkasinda bir keci.

Arabamn sectiginiz kapinin arkasinda olma olasilig nedir?
Iki kapali kapi. Bir araba. Simdi ¢ok net P(car) = %
dogru?

WRONG!!

What? Why?

Acgiklamak gerekirse, 6nce 1 numarali kapiy: secerseniz tiim
olasi sonuglara bakalim.
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We can see from the table that if you don’t switch your
choice, then you have a % chance of winning the car, but if
you do switch then you have % chance of winning it. These are
the probabilities if you choose door number 1, but of course we
would get the same results if you choose door 2 or 3 first.

Figure 21.2: Where is the car?
Sekil 21.2:

Another way

Let’s think of this another way: Please see figure 21.3. You
initially choose door number 1. At the start, the chance of the
car being behind door one is % and the chance of the car being
behind doors 2 or 3 is %

Let’s imagine that the host doesn’t open a door, he just
says you can change your choice for both of the other two doors.
Would you switch then?

We know that atleast one of doors 2 and 3 hides a goat. Re-
member that the host knows where the car is: He doesn’t open
a door at random, he always opens a door with a goat. So he
isn’t really giving you any extra information. The probabilities
don’t change to 3, 1, they are still 1, 2.

1 nu- |2 3 nu- | eger eger
marali | nuar- | maral | sonucu sonucu
kapinin | al kapinin| degistirmezsgulegistirirsen
arkas1 | kapinin| arkasi

arkasi
araba | keci keci zafer kaybet
keci araba | keci kaybet zafer
keci keci araba | kaybet zafer

Tablodan, se¢iminizi degigtirmezseniz, arabay: kazanma gan-
L oldugunu, ancak degistirirseniz, kazanma sansmizin

simzin 3
% oldugunu gorebiliyoruz. Bunlar, 1 numarali kapiy1 segers-

eniz olasiliklardir, ancak elbette 6nce 2 veya 3 numarali kapiy1
secerseniz ayni sonuclari aliriz.

1 2

3 3

1 2
3 3
1 2

3 3

Figure 21.3: car?
Sekil 21.3:

Another way

Let’s think of this another way: Please see figure 21.3. You
initially choose door number 1. At the start, the chance of the
car being behind door one is % and the chance of the car being
behind doors 2 or 3 is .

Let’s imagine that the host doesn’t open a door, he just
says you can change your choice for both of the other two doors.
Would you switch then?

We know that atleast one of doors 2 and 3 hides a goat. Re-
member that the host knows where the car is: He doesn’t open
a door at random, he always opens a door with a goat. So he
isn’t really giving you any extra information. The probabilities
don’t change to 3, 1, they are still , 2.
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Using Conditional Probabilities
Let

C = door number 1 has a car behind it
C°¢ = door number 1 does not have a car behind it

= door number 1 has a goat behind it
and

FE = the host has opened a door with a goat behind it.

We have that P(C) = § and P(C*) = 1-P(C) = 2. Moreover,
P(E|C) =1 and P(E|C®) = 1 because the host always opens
a door with a goat.

Then we can calculate that

P(C)P(E|C)
P(E)
_ P(C)P(E|C)
~ P(ENC)+P(ENC®)
_ P(C)P(E|C)
~ P(C)P(E|C) + P(C<)P(E|C¢)
B -1 1
TTavzoaw

P(C|E) =

This means that it doesn’t matter if the host opens a door or
not, the probability that the car is behind door number 1 is
always +.

Conclusion

You should always switch door if you want to win the car.

Using Conditional Probabilities
Let

C = door number 1 has a car behind it
C°¢ = door number 1 does not have a car behind it

= door number 1 has a goat behind it
and
FE = the host has opened a door with a goat behind it.

We have that P(C) = % and P(C®) = 1-P(C) = 2. Moreover,
P(E|C) =1 and P(E|C®) = 1 because the host always opens
a door with a goat.

Then we can calculate that

P(C)P(E|C)
P(E)
P(C)P(E|C)
P(ENC)+ P(ENC®)
_ P(C)P(E|C)
~ P(C)P(E|C) + P(C¢)P(E|C°)
31 1
i1 %

P(C|E) =

This means that it doesn’t matter if the host opens a door or
not, the probability that the car is behind door number 1 is
always 3.

Conclusion

You should always switch door if you want to win the car.
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Problems

Problem 21.1 (Conditional Probability).

().

Two cards are chosen at random without replacement from
a pack of 52 playing cards.

If the first card chosen is an Ace, what is the probability
the second card chosen is a King?

. Two cards are chosen at random without replacement from

a pack of 52 playing cards.

If the first card chosen is an Ace, what is the probability
the second card chosen is also an Ace?

. In Eton School, 60% of the boys play rugby, and 24% of

the boys play rugby and football.
What percent of those that play rugby also play football?

Problem 21.2 (Conditional Probability).

(a).

(b).

Your roll two dice. Given that you get a sum is 10, what
is the probability that the first die shows a 57

Harry Potter turns up at class either late or on time. He
is then either shouted at or not. The probability that he
turns up late is % If he turns up late, the probability
that he is shouted at is 1—70. If he turns up on time, the
probability that he is still shouted at for no particular

reason is 1.

You hear Harry being shouted at. What is the probability
that he was late?

. The probability of raining on Sunday is 0.07. If today is

Sunday then find the probability of rain today.

. Susan took two tests. The probability of her passing both

tests is 0.6. The probability of her passing the first test
is 0.8. What is the probability of her passing the second
test given that she has passed the first test?

. A student has studied only 15 of the 25 topics covered

in MATH117. When writing the final exam, the teacher
randomly selects four topics to ask questions on. What
is the probability that the student has studied these four
topics?

Sorular

Soru 21.1 (Conditional Probability).

().

Two cards are chosen at random without replacement from
a pack of 52 playing cards.

If the first card chosen is an Ace, what is the probability
the second card chosen is a King?

. Two cards are chosen at random without replacement from

a pack of 52 playing cards.

If the first card chosen is an Ace, what is the probability
the second card chosen is also an Ace?

. In Eton School, 60% of the boys play rugby, and 24% of

the boys play rugby and football.
What percent of those that play rugby also play football?

Soru 21.2 (Conditional Probability).

().

(b).

Your roll two dice. Given that you get a sum is 10, what
is the probability that the first die shows a 57

Harry Potter turns up at class either late or on time. He

is then either shouted at or not. The probability that he

turns up late is % If he turns up late, the probability

that he is shouted at is %. If he turns up on time, the

probability that he is still shouted at for no particular
1

reason is 5

You hear Harry being shouted at. What is the probability
that he was late?

. The probability of raining on Sunday is 0.07. If today is

Sunday then find the probability of rain today.

. Susan took two tests. The probability of her passing both

tests is 0.6. The probability of her passing the first test
is 0.8. What is the probability of her passing the second
test given that she has passed the first test?

. A student has studied only 15 of the 25 topics covered

in MATH117. When writing the final exam, the teacher
randomly selects four topics to ask questions on. What
is the probability that the student has studied these four
topics?



Probability Trees Olasilik Agaclari

Example 22.1 (5 balls in a box). A box contains 3 red and
2 yellow balls. Two balls are randomly drawn without replace-
ment. What is the probability that the second ball is yellow?

solution: A probability tree for this problem is shown in
figure 22.1. From this probability tree, we can see that
1 3 4 2

P(YY)+ P(RY) = 7 + 75 = 16 = =

The probability that the second ball is yellow is % g;i?f;fg'?: 3 red balls and 2 yellow balls in a box.

Ornek 22.1 (5 balls in a box). A box contains 3 red and 2 yel-
low balls. Two balls are randomly drawn without replacement.
What is the probability that the second ball is yellow?

¢oziim: A probability tree for this problem is shown in figure
22.1. From this probability tree, we can see that

1 3 4 2

first ball second ball 9

The probability that the second ball is yellow is £.

~
[SHIN]
=
I
—
2l

start

uteo
I
=
o

ulw
=y
~

Figure 22.1: A probability tree for the 5 balls in a box problem.
Sekil 22.1:
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set 1

win

start

W=
sy
\M

set 2 set 3

2 1 2 _ 4
2 K 333727
3
1
3

3°3° 37 27

Figure 22.3: A probability tree for the tennis match between Keir and Boris.
Sekil 22.3:

Example 22.2 (Tennis). Boris and Keir are playing tennis.
The first player to win 2 sets wins the match. In each set, the
probability that Keir wins that set is % Find the probability
that:

(i). Boris wins the match.
(ii). 3 sets are played.
(iii). The player who wins the first set, wins the match.

solution: A probability tree for this problem is show in figure
22.3.

(i). We calculate that
P(KBB)+ P(BKB)+ P(BB) = — + — + - = —.

(ii). Now

P(KBK)+ P(KBB) + P(BKK) + P(BKB)
_ 4,2 4 02
27 27 27 27
4

5
(iii). Finally

P(KK) + P(KBK) + P(BKB) + P(BB)

4 4+2+1
9 27 279
_T
=5

Ornek 22.2 (Tennis). Boris and Keir are playing tennis. The
first player to win 2 sets wins the match. In each set, the
probability that Keir wins that set is % Find the probability
that:

(i). Boris wins the match.
(ii). 3 sets are played.
(iii). The player who wins the first set, wins the match.

¢oziim: A probability tree for this problem is show in figure
22.3.

(i). We calculate that
P(KBB)+ P(BKB)+ P(BB) = — + — + - = —.

(il). Now

P(KBK)+ P(KBB) + P(BKK) + P(BKB)
4 2 4 2

Tty T
4

9
(iii). Finally

P(KK) + P(KBK) + P(BKB) + P(BB)
4 4 2 1

T T
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Figure 22.4: What is P(B)?
Sekil 22.4:

Example 22.3. Please see figure 22.4. Calculate P(B).

solution:
We calculate that

P(B) = P(RMB) + P(RNB) + P(SOB) + P(SB)

(3 21y, (382, (T L1y (74
- \10 5 3 10 5 3 10 5 2 10 5

6 18 7 28 79

~ 150 150 100 50 100
Example 22.4. Ron Weasley has a bag with 7 blue sweets
and 3 red sweets in it.He takes a sweet at random from the
bag, then puts it back in the bag. Then he picks a sweet at
random from the bag and eats it. Finally he picks a third sweet
at random.

Draw a probability tree to represent this situation.

solution:

sweet 1

blue

Sl
/ SR

S

start

red

=

A

Ornek 22.3. Please see figure 22.4. Calculate P(B).

¢coziim:
We calculate that

P(B) = P(RMB) + P(RNB) + P(SOB) + P(SB)

(3 21 3 3 2 7T 1 1 7 4
(m‘5'3>+<m'5'3)+<m'5'2)*(10'5)
6 18 7 28 79

~ 150

150 100 T 50 _ 100°

Ornek 22.4. Ron Weasley has a bag with 7 blue sweets and 3

red sweets in it.He takes a sweet at random from the bag, then

puts it back in the bag. Then he picks a sweet at random from

the bag and eats it. Finally he picks a third sweet at random.
Draw a probability tree to represent this situation.

cozum:

sweet 2 sweet 3

6
/i/ blue
blue \
3

3 red
9

7
///_i// blue
red \

2

2 red
9

/i/ blue
blue \
3

9

red

7

/ blue
red \
2

2 red
9

Figure 22.5: A probability tree for Ron Weasley’s sweets.
Sekil 22.5:
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Problems

Use probability trees to answer the following problems:

Problem 22.1 (Tennis). Recep and Kemal are playing tennis.
The first player to win 2 sets wins the match. The probability
that Recep will win the first set is %. The probability that
Recep will win the second set is % The probability that Recep

will win the third set (if it is played) is &.

(a). What is the probability that Recep will win the match?
(b). What is the probability that Kemal will win the match?
(c). What is the probability that the third set will be played?
(d). What is the probability that Kemal will win atleast one

set?

(e). What is the probability that the last two sets played are
won by the same person?

(f). If the match finishes after two sets, who is more likely to
win?

(g). If the match finishes after three sets, who is more likely
to win?

Problem 22.2 (Money Money Money). A vase contains 2
ten-lira banknotes, 1 fifty-lira banknote, and 1 one-hundred-
lira banknote. You randomly take the banknotes out of the
vase (without replacement) until you take the one-hundred-
lira note. Then you stop. You keep all the money that you
have taken.

(a). What is the probability that you have taken exactly 160
liras?

(b). What is the probability that you take all of the money
out of the vase?

(c). What is the probability that you take two banknotes?

Sorular

Use probability trees to answer the following problems:

Soru 22.1 (Tennis). Recep and Kemal are playing tennis.
The first player to win 2 sets wins the match. The probability
that Recep will win the first set is %. The probability that
Recep will win the second set is % The probability that Recep

will win the third set (if it is played) is 1.

(a). What is the probability that Recep will win the match?
(b). What is the probability that Kemal will win the match?
(c). What is the probability that the third set will be played?
(d). What is the probability that Kemal will win atleast one

set?

(e). What is the probability that the last two sets played are
won by the same person?

(f). If the match finishes after two sets, who is more likely to
win?

(g). If the match finishes after three sets, who is more likely
to win?

Soru 22.2 (Money Money Money). A vase contains 2 ten-
lira banknotes, 1 fifty-lira banknote, and 1 one-hundred-lira
banknote. You randomly take the banknotes out of the vase
(without replacement) until you take the one-hundred-lira note.
Then you stop. You keep all the money that you have taken.

(a). What is the probability that you have taken exactly 160
liras?

(b). What is the probability that you take all of the money
out of the vase?

(c). What is the probability that you take two banknotes?



Graph Theory

Cizge Kurami

Figure 23.1: The seven bridges of Konigsberg in Prussia (now Kaliningrad, Russia) in 1652.
Sekil 23.1:

Often when analysing theoretical problems, it is useful to
transform the problem into a collection of vertices joined by
lines.

When visiting the city of Konigsberg in 1736, the Swiss
Mathematician Leonhard Euler (1707-1783) was set a problem
by the inhabitants. To solve this problem, he invented a type
of Mathematics called Graph Theory.

The town of Kénigsberg in Prussia (now Kaliningrad, Rus-
sia) was divided into four landmasses by the Pregel river. There
were 7 separate bridges between these landmasses as shown in
figure 23.1.

Visitors were often asked the following problem by the lo-
cals:

Can a person walk around the town and cross each
bridge once and only once?

Euler was the first person to solve this problem.

Graph Theory, which has been used by mathematicians for
many years to solve interesting riddles and puzzles, is nowadays
in computing (algorithm design, telecommunication and GPS),
physics (atomic structures), neurology (brain-like structures),
chemistry (molecular structures), and many other disciplines.

Kuramsal sorunlarin ¢éziimlenmesindor e belli biiyiikliikler
vada kavramlar arasindaki baglantilar: incelerken ara baglan-
tilar1 bir ¢izgeye doniigtiirmek ya kaginilmaz yada en akile1 yon-
temdir.

Euler (1707-1783), Konigsberg kentindeki kopriilerle ilgili
problemin ¢6ziimiinii aragtirirken, sorunu bir takim digim ve
ayritlarin arabaglantilarina indirgeyerek, cizge kuramimin da
temellerini atmig oldu.

Prusyadaki Kénigsberg kasabas1 Pregel nehri ile ikiye ayriliy-
ordu ve nehrin i¢inde iki adacik bulunuyordu. Bu adaciklarla
kasaba arasinda gekildeki gibi 7 ayr1 koprii bulunmakta idi.

Problem, kasabanin bir yakasindan gezinti yapmaya c¢ikan
biri tiim kdpriileri sadece bir kez gecerek bagladigi noktaya
donebilirmi? sorusu idi. Bu sorunun matematiksel olarak
yanit1 yillar sonra kesfedildi.

Uzun yillar, yalniz matematikgilerin ugragtigr ve ilging
bilmece/bulmacalar1 ¢6zmekten Steye gidemeyen c¢izge kurami
bu giin biligsimde (algoritma tasarlamada,telekominikasyon ve
GPS’lerde), fizikte (atomik yapilarin incelenmesinde), norolo-
jide (beyne benzer yapilarin incelenmesinde), kimyada (molekiiler
yapilarin incelenmesinde) ve daha bir¢ok bilim dalinin iginde
her giin kendine yeni bir yer ediniyor.
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Definitions and Notation

Definition. A graph is formed by points called vertices (or
nodes), and lines called edges.

Notation. Vertices are denoted by lowercase letters: a, b, c,
... The edge from vertex u to vertex v is denoted by e = (u,v).
u and v are called endpoints of e.

Definition. A non-empty set of vertices V' together with a set
of edges E is called a graph and is denoted by G(V, E)

Definition. An edge which starts and finishes at the same
vertex is called a loop. See figure 23.2.

Figure 23.2: A graph with 3 vertices and 4 edges. One of the
edges is a loop.
Sekil 23.2:

Example 23.1. Let V = {a,b,c¢,d} and E = {e1, eq,€3,€4,€5}
where e; = (a,b), ea = (b,¢), e5 = (¢,d), e4 = (a,c) and
es = (b,d). Draw the graph G = (V, E).

solution: Please see figure 23.3.

Definition. Two edges with the same endpoints are called
parallel edges.

Tanum. Bir ¢izginin (hattin) her ug noktasina diigiim denir.

Notasyon. Diigiimler kiigiik harflerle gosterilir: a,b,...v.b. Bir
¢ift diigiim ile etiketlenmis hatlardir. Iki u¢ noktasinin belir-
tildigi e = (v, w) sembolii ile gosterilir.

Tanim. V, kogelerin(vertex) ve E, kenarlarin(edges) bos ol-
mayan bir kiimesi olmak iizere E kiimesindedeki elemanlarin
V kiimesinin farkli elemanlarina belli bir kurala bagh oladan
baglandig: kiimeye ¢izge(graph) denir ve G(V,E) ile gosterilir.

Tanimlanan her soyut ¢izgeye iligkin, somut bir ¢izimsel gos-
terimin varolacagi unutulmamalidir.

Tanim. Hattin baglangic ve bitisi ayn1 diigiim ise bu tiir hat-
lara ¢evrim(cycle) denir. Sekil 23.2.

Ornek 23.1. V =a,b,c,dve E = e}, e, €3,e4,€5,61 = a,b,e5 =
b,c,e3 = ¢,d,eq = a,c ve es = b,d olsun. G = (V, E) grafim
¢iziniz.

¢oziim: Sekil 23.3.

Tanim. Two edges with the same endpoints are called parallel
edges.

e:
2

@

Figure 23.3: The solution to Example 23.1. This graph is a
simple graph.
Sekil 23.3:
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Types of Graph

Definition. A simple graph is a graph without parallel edges
or loops.

Definition. If a graph contains parallel edges, it is called a
multigraph. See figure 23.4.

@ :

C

(=)

Figure 23.4: A multigraph.
Sekil 23.4: Bir ¢oklu graf

Definition. A pseudograph is a non-simple graph in which
both loops and parallel edges are permitted. See figure 23.5.

Definition. If e = (u,v) is an edge of a undirected graph G,
then the vertices u and v are called neighbours in G.

Definition. The degree of a vertex v in a(n undirected) graph
is
deg(v) = the number of edges connected to v.

When we calculate the degree of a vertex, a loop is counted as
2.

Example 23.2. In figure 23.6, give the degrees of all the ver-
tices in graphs G and H.

solution:
G

deg(a) =2 H
deg(b) =4 deg(a) =3
deg(c) =4 deg(b) =6
deg(d) =1 deg(e) =1
deg(e) =3 deg(d) =5
deg(f) =4 deg(e) =5
deg(g) =0

Definition. A vertex without an edge (degree=0) is called an
isolated vertex. E.g. In figure 23.6, vertex g of graph G is an
isolated vertex.

Definition. A vertex of degree 1 is called a pendant. A pen-
dant has only one edge.E.g. In figure 23.6, vertex d of graph G
is a pendant.

Cizge Cesitleri

Tamim. Ayn iki digimiin sadece bir hatla baglandig, her-
hangi bir diigiimii yine kendisine baglayan bir hattin (¢evrimin)
olmadigi, hatlarin bir deger almadigl ve y6niiniin tanimlan-
madigl, diigim ve hatlarin simflandirlmadigy graflara basit
graf denir. Bu agidan yukaridaki graf bir basit graftir.

Tamm. Iki yada daha fazla diigiim arasinda birden fazla hat
(paralel hatlar) varsa bu tiir graflara coklu (multi) graf denir.
Coklu graflar da yonsiiz ve gevrimsizdir. Sekil 23.4.

Tanim. Pseudo Graflar: Cevirim igeren ¢oklu graflardir.
Yonlendirilmemis graflarin en genel halidir. Sekil 23.5.

Figure 23.5: A pseudograph.
Sekil 23.5: Bir pseudo graf.

Tanim. Eger e = (v, w) yonlendirilmemis bir G grafinin bir
kenar ise u ve v kogelerine G’de komgu denir.

Tanim. Yonlendirilmemis bir graftati bir kgenin derecesi, o
kogeye baglh olan kenarlarin sayisi kadardir. Ayrica bie kogede
bulunan bir ¢evrimin (halkanimn), o kdgenin derecesine katkisi 2
dir. Bir v kogesinin derecesi deg(v) ile gosterilir.

Ornek 23.2. Sekil 23.6. H ve G graflarindaki kdselerin dere-
celerini belirtiniz.

cozum:
G

deg(a) =2 H
deg(b) =4 deg(a) =3
deg(c) =4 deg(b) =6
deg(d) =1 deg(c) =1
deg(e) =3 deg(d) =5
deg(f) = 4 deg(e) = 5
deg(g) =0

Tanim. Hat baglantisi olmayan diigiimlere izole yada ayrik
digim (isolated vertex) denir. Ayrik diigiimler higbir kog-
eye komsu degillerdir ve dereceler: "0" dwr. G grafindaki g
kogesi bir ayrik diigimdiir.

Tanmim. Derecesi "1" olan koseye pendant denir. Bir pen-
dant sadece tek bir kdgeye komgudur. G grafindaki d kogesi bir
pendanttir.
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Figure 23.6: Two graphs refered to in example 23.2.

Sekil 23.6:

Theorem 23.1. Let G = (V, E) be a pseudograph and let
n(E) denote the number of edges in G. Then

n(E) = % S deg(v).

veEV

Example 23.3. A graph has 10 vertices, each of degree 4.
How many edges does this graph have?

solution:
Suppose that V = {vy,..
we have that

.,v10}. Then by Theorem 23.1,

1 10
E) =5 Zdeg(vi)
= %(deg(vl) + deg(v2) + ... + deg(v10))
=%(4+4+...+4) = %(40) = 20.

Therefore this graph has 20 edges.

Figure 23.7: A directed graph.
Sekil 23.7:

Definition. If the edges in a graph have directions, the graph
is called a directed graph (or digraph). This direction indi-
cates where the connection starts and ends.See figure 23.7.

Teorem 23.1. G = (V, E) bir pseudo graf ve n(E) de bu
grafin kenar sayist olsun. O halde,

n(E) = % S deg(u).

veV

Ornek 23.3. Her kogesinin derecesi 4 olan 10 koseli bir grafin
kag kenar:1 vardir?

cozium:
n(E) kenar sayisim v;, i = 1,2, ..., 10 kogeleri belirtmek iizere
10 10
bu grafin toplam kdge sayist: Z deg(v;) = Z 4 = 40 dir. Teo-

i=1 i=1

rem 23.1 den n(E) = & = 20 bulunur.

Figure 23.10: A directed multigraph
Sekil 23.10:

Tanim. Eger bir graftaki hatlar yon bilgisine sahipse bu tiir
graflara yonli graf (Directed graph / Digraph) denir. Bu
yon bilgisi baglantinin nereden baglayip nereden bittigini belir-
tir. Yon bilgisi olan graflarda diigiimler arasindaki baglantinin
yonii vardir. Sekil 23.7.

Tanim. Eger yonlii bir grafta iki yonde de baglant:1 varsa ters
yonde iki ayri hat kullanilir ve bu tiir graflara coklu yénli
graf denir. Sekil 23.10.
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Definition. If a directed graph has parallel edges, it is called
a directed multigraph (or multidigraph).See figure 23.10.

Remark. In a graph, all edges are the same type. So either
all edges are directed or all edges are undirected.A graph rep-
resenting the road network is an example of a directed graphs,
where traffic is one-way or bi-directional. See figure 23.14 on
128.

Notation. Let G be a directed graph. Now when we write
e = (u,v), the order of v and v is important. The edge e =
(u,v) starts at v and finishes at v.

Definition. Let G be a directed graph. The indegree of a
number vertex v is

deg™ (v) = the number of edges coming into v
and the outdegree of v is
deg™ (v) = the number of edges coming out of v.

A loop is counted as 1 for both deg™(v) and deg™ (v).

Example 23.4. Please see figure 23.11. Find the indegree and
outdegree of each vertex in this graph.

solution:
The indegrees are:

deg” (a) =<2—>2, deg (b)) =<2—>2, deg (c) =<2—

deg™ (d) =<2—>2, deg (e) =<2—>3, deg (f)=<2—
The outdegrees are:

degt(a) =< 3— >4, deg™(b)=<3—>1, deg’(c)=<3-

deg(d) =< 3— >2, deg’(e) =<3— >3, deg(f) =<3—

Theorem 23.2. Let G = (V, E) be a directed graph and
let n(E) denote the number of edges in G. Then

n(E) =Y deg”(v) =) deg(v).

veV veV

Definition. A simple graph which includes all possible edges
is called a complete graph.

Remark. In a complete graph, every vertex has an edge with
every other vertex. A complete graph with n vertices is denoted
by K. The degree of every vertex in K, is (n — 1). Thus K,

n(n—1)

has a total of == edges. Please see figure 23.16 on page

129.

Definition. A planar graph is a graph that can be drawn on
the plane in such a way that its edges intersect only at their
endpoints. Please see figure 23.15 for an example.

Definition. A graph that is not a planar graph is called a
three-dimensional graph. See figure 23.12.

Not. Graf yapisinda biitiin kenarlar aym cesittir. Yani ya
hepsi yonliidiir ya da degildir. Yol agini temsil eden bir grafta
trafigin tek yada ¢ift yonlii olugu yonlii graflar icin bir 6rnek-
tir.Qekil 23.14.

Bir graftaki herhangi bir digimiin derecesi, kendisini
diger diigiimlere birlegtiren hatlarin sayis1 kadardir. Bu diigiim-
lerden derecesi en biiyiik olani ise, aym1 zamanda grafin dere-
cesint belirler. Diigiim noktalarindaki ¢evrim diigiim derece-
sine iki kere katilir.

G, yonlendirilmis bir graf olsun. Bu grafin kenarlar1 e(u, v)
seklinde swrals tkililerle gosterilir. Burada u’ya v ’nin komsusu
ve e(u,v)’nin baglangi¢ kdsesi; v’ye ise u’'nun komsusu ve
e(u,v)’nin bitis kosesi denir. Cevrimlerin baglangic ve bitig
kosesi aynidir.

Yonlendirilmig kenarli bir grafta v kdsesine gelen kenar sayisi
(in-degree) deg™ (v), v kogesinden ¢ikan kenar sayisi ise (out-
degree) deg™ (v) ile gosterilir. Bir ¢evrimin hem deg™ (v)’ye
hem de deg™ (v)’ye katkis1 "1" dir.

Ca

e EB OO
o (G
Figure 23.11: The graph refered to in example 23.4.
Sekil 23.11: 8
> 2
> 0.

Ornek 23.4. Sekil 23.11.Sekildeki yonlendirilmis G grafinin
deg™ (v) ve deg™ (v) degerlerini bulunuz.

¢oziim:
G’nin deg™ (v) degerleri;

deg™ (@) =<2—>2, deg (b) =<2—>2, deg (c) =<2—

deg™ (d) =< 2—>2, deg (e) =<2— >3, deg (f) =<2—
G’ deg™ (v) degerleri;

degt(a) =< 3— >4, deg™(b)=<3—>1, deg’(c)=<3-

deg™(d) =< 3— >2, deg’(e) =<3— >3,

Teorem 23.2. G = (V, E) ydonlendirilmig bir graf ve n(E)

>3

>0

> 2

deg™(f) =< 3—>0.
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Definition. Suppose that n > 3, that V = {vy,ve,...,0,}
and that E = {(v1,v2), (v2,v3),...,(Un—1,0n), (Vn,v1)}. Then
the graph C,, = (V, E) is called a cycle graph. Please see
figure 23.17 on page 129.

Definition. If we take C,, and add a new vertex which is at-
tached to all the other vertices, we get the wheel graph W.,.
Please see 23.18 on page 129.

Bipartite Graphs

Definition. A bipartite graph is a graph where the set V' of
vertices can be divided into two distinct subsets V; and V5 such
that every edge connects a vertex in V; with a vertex in Vs.

Remark. In a bipartite graph, there are no edges going from
Vi to Vi, or from V5 to V5.

Co

Vi Va

Figure 23.8: A bipartite graph.
Sekil 23.8:

Example 23.5. Please see figure 23.8. Note that the graph
Cs is a bipartite graph because if we let Vi = {vq, v2,v3} and
Vo = {4, v5, 06}, then every edge goes from V; to V5.

Example 23.6. Please see figures 23.9 and 23.13. Is G a

bipartite graph? Is H a bipartite graph?

solution: G is a bipartite graph because we can set V3 =
{a,b,d} and Vo = {c,e, f,g}. Note that each edge connects
V1 to V5. The lack of a edge here between some vertices does
not affect it being bipartite. For example, vertices b and g are
not neighbours.

Graph H is not bipartite because the set of vertices cannot
be divided into two subsets without an edge between the two
corners within the same set.

bu grafin kenar sayist olsun. O halde,

n(E) = Z deg™ (v) = Z deg™ (v).

veV veV

Tanim. Graftaki her bir diigiimiin diger tiim diiglimlerle arasinda
bir hat mevcutsa, yani olabilecek tiim hatlara sahipse, bu tiir
graflara tam(tamamlanmag) graf denir.

Not. Bu tiir bir grafta biitiin diigiimlerin dereceleri birbirine
esit ve toplam diigim sayisinin bir eksigi kadardir. n diigimli
bir tamamlanmig graf K, ile gosterilir ve grafin hat sayis:
2D le hesaplanir. Sekil 23.16.

Tanim. Birbirini kesmeyen hatlardan olugacak sekilde cizilebilen
graflara diizlemsel graf denir. Sekil 23.15.

Tanim. Birbirini kesmeyen hatlardan olugacak sekilde ¢izile-
meyen,sadece {i¢ boyutlu uzayda ele alindiginda hatlarinin bir-
birini kesmeyecek sekilde ¢izilmesi miimkiin olan graflara ¢
boyutlu graf denir. Sekil 23.12.

Tanim. n # 3 olmak iizere n tane vy, vs,..., v, kiselerinden
Ve V1, Vg, V2, U3, ..., Un—1, Un, Un, ¥1 kenarlarindan olusan graflar
cember olarak adlandirilir ve C,, ile gosterilir. Sekil 23.17.

Tanim. n # 3 olmak iizere C,, cemberindeki tiim kogelere baglh
yeni bir kdge daha eklenerek olugturulan graf tekerlek (wheel)
olarak adlandirilir ve W, ile gosterilir. Sekil 23.18.

Tanum. G basit grafimin kogelerinin kiimesi olan V' kiimesi,
bog olmayan V; ve V, gibi iki kdseye ayrilabiliyorsa ve grafin
her kenar1 V7’in bir kégesini V5'nin bir kdgesine baglyorsa G
basit grafina tki parcali(bipartit) graf denir. Bipartit graf,
Vi’in eleman sayist m, V2'nin eleman sayisi n olak iizere G, »,
ile gosterilir.

Not. G grafindaki hicbir kenar V; kiimesindeki kogeleri veya
V4 kiimesindekikdgeleri kendi aralarinda baglamaz.

Ornek 23.5. Sekil 23.8. ’deki Cg grafi bipartittir, ¢iinkii
koselerinin kiimesi kendi iginde Vi = {vy,v9,v3} ve Vo = {vy, v5, v}
olarak iki kiimeye parcalanabiliyor. Cg'nin her kenar1 V;’deki

bir kdseyi V5’deki bir koseye bagliyor.

Ornek 23.6. Sekil 23.9 ve 23.13. Sekildekis G ve H graflari
bipartit midir?

¢oziim: G grafi bipartittir, ¢iinkii koselerinin kiimesi ayr: iki
a,b,d ve ¢, e, f, g kimelerinin birlegimi ile oluguyor ve her kenar
bu kiimelerin birindeki en az bir kdgeyi diger kiimedeki en az
bir kdgeye bagliyor. Burada baz koseler arasinda bag olmamasi
bipartitligi etkilemez. Ornegin, b ve g goseleri komsu degildir.

H grafi bipartit degildir, ¢linkii ayni kiime i¢indeki iki kdge
arasinda bir kenar olmaksizin kogelerin kiimesi iki alt kiimeye
ayrilamaz.
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Figure 23.12: A three-dimensional graph.
Sekil 23.12: U¢ Boyutlu Graf

Figure 23.9: A graph refered to in example 23.6.
Sekil 23.9:

Figure 23.13: A graph refered to in example 23.6.
Sekil 23.13:



128

> N >
VAT

Y

Figure 23.14: A small part of a road network.
Sekil 23.14: Yol agni.

O b (b)
(e : (a)
Figure 23.15: The graph on the left can also be drawn as shown on the right. Thus this is a planar graph.
Sekil 23.15: Soldaki graf, kesilmeyen kenerlerden (het) olugacak sehilde sagdaki gibi de cizilebilir.
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Figure 23.16: The first six complete graphs.
Sekil 23.16:

ALY

K

Cs
Figure 23.17: The first 4 cycle graphs.
Sekil 23.17:
W3 W4 W5 WG

Figure 23.18: The first 4 wheel graphs.
Sekil 23.18:
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Walks Yol

Definition. A walkis alist vy, e1,v1,..., e, vg of verticesand Tanim. Bir yol, kose ve kenarlarin vg, e1, v, ..., ek, vg seklin-
edges such that for 1 < i < k, the edge e; has endpoints v;_;  deki bir listesidir 6yle ki her 1 < i < k igin e; kenarini v;_; ve
and v;. v; kegeleri ile baghdir.

Example 23.7. Consider figure 23.21.
a,e1, b es e eq,d,es, c e, frer,g,e7, f
is a walk in this graph.
Definition. An Eulerian trail is a walk such that
(). no edge is repeated; and

(ii). every edge is included.

Figure 23.19: The graph refered to in example 23.8.
Sekil 23.19: Figure 23.21: The graph refered to in example 23.7.

Sekil 23.21:

Example 23.8. Consider figure 23.19. The walk e
Ornek 23.7. 23.21 geklini ele alalim.

d,es,e,eq,a,er, fres, b e, a,eq,d, e3¢ e1,9,€e9,b,ea,c b d ,
a,€1,0,€5,¢€,€4,a,€3,C, 66)f767397673 f
is an Eulerian trail. Each of the ten edges appears once and b s

. e u graf i¢in bir yoldur.
only once in this list.

Tanmim. FEuler yolu,
Remark. The Koénigsberg bridge problem can be rephrased
as: (i). hichir kogenin tekrarlanmadigi, ve

Does there exist an Eulerian trail in Kénigsberg? (ii). tiim kenarlari ieren bir yoldur.

Definition. A graph is connected if there exists a walk be- Ornek 23.8. 23.10 seklini ele alalim.

tween every pair of vertices. d7 €5,€, €6, 0, €7, fa €8, ba €1, 0, €4, d» €3,C,€10,9, €9, bv €2,C

Example 23.9. In figure 23.6 on page 124, graph H is con-

. yolu bir Euler yoludur. On kenarin her biri bu listede bi ve
nected, but graph G is not connected.

sadece bir kez goriiniir.

Not. Konigsberg kopriisii problemi su sekilde de sorulabilirdi:
b

Konigsberg kopriisii bir Euler yolu olugturur mu??

Tanim. Farkli kogelerin her ¢ifti arasinda bir yol varsa bu grafa
baglantuls graf denir.

Ornek 23.9. 124 sayfasindaki 23.6 graflarindan, H baglan-
tilidir, fakat G baglantili degildir.
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Theorem 23.3. Let G be a connected graph. Then there
exists an Fulerian trail if and only if the number of vertices
of odd degree is either 0 or 2.

Furthermore, if G has 2 vertices of odd degree, then the
Eulerian trail must start and finish at these two vertices.

Example 23.10. Please consider figure 23.16 on page 129.
Note that in K3 and K35, every vertex has even degree. So
there is an Eulerian trail in K3 and in K5.

Notice further that all four vertices in K4 are of odd degree.
This means that K4 does not contain an Eulerian trail.

Example 23.11. Please consider figure 23.19 again.Note that

deg(a) = 4, deg(b) = 4, deg(c)
deg(e) =2, deg(f)
Two of the vertices have odd degree, ¢ and d. So there must

exist an Eulerian trail and it must start and end at ¢ and d.
(In example 23.8 we have already found such a trail.)

deg(d) = 3,
deg(g) = 2.

3,
2,

Figure 23.20: A graph of the seven bridges of Konigsberg.
Sekil 23.20:

Example 23.12 (The Konigsberg Bridge Problem). Now con-
sider Konigsberg as shown in figure 23.20. Note that
deg(a) = 3, deg(b) =5, deg(c) = 3, deg(d) = 3.
Since all four vertices have odd degree, there does not exist an
Eulerian trail in Konigsberg.
Therefore it was not possible to walk around the city of

Konigsberg and cross each bridge once.

Teorem 23.3. G bagl bir graf olsun. Bir Eulerian yolu-
nun var olmasy i¢in gerek ve yeter kosul tek dereceli kdselerin
sayrsiman 0 ya da 2 olmasidar.

Dahasi, Eger G tek dereceli iki koseye sahipse, Euler
yolu

Ornek 23.10. Please consider figure 23.16 on page 129. Note
that in K3 and K3, every vertex has even degree. So there is
an Eulerian trail in K3 and in K5.

Notice further that all four vertices in K, are of odd degree.
This means that K4 does not contain an Eulerian trail.

Ornek 23.11. Please consider figure 23.19 again.Note that

deg(c)
deg(f)
Two of the vertices have odd degree, ¢ and d. So there must

exist an Eulerian trail and it must start and end at ¢ and d.
(In example 23.8 we have already found this trail.)

deg(d) = 3,
deg(g) = 2.

deg(a) = 4, deg(b) =4,
= 27

3,
deg(e) 2,

Ornek 23.12 (The Konigsberg Bridge Problem). Now con-
sider Konigsberg as shown in figure 23.20. Note that
deg(a) = 3, deg(b) = 5, deg(c) = 3, deg(d) = 3.
Since all four vertices have odd degree, there does not exist an
Eulerian trail in Koénigsberg.
Therefore it was not possible to walk around the city of

Ko6nigsberg and cross each bridge once.
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Euler’s Formula for Polyhedra Euler’in Cok Yuzli Cisim Formuli
Euler’s formula is Euler’s formula is
n(V) —n(E) + n(F) n(V) —n(E) + n(F)
where where
n(V) = number of vertices n(V) = number of vertices
n(E) = number of edges n(E) = number of edges
n(F) = number of faces. n(F) = number of faces.
cube tetrahedron pyramid dodecahedron football
kiip dortyiizlii piramit onikiyiizli futbol topu
(02 pentagons) e
n(V) 8 4 5 20 60
n(E) 12 6 8 30 90
n(F) 6 4 5 12 32
n(V)=n(E)+n(F) 8—12+6=2 4—6+4=2 5-845=2  20-30+12=2 60—90+32=2

Remark. It looks like: If we have a polyhedron without any Not. If we have a polyhedron without any holes in it, is Euler’s

holes in it, we always get that Euler’s formula is equal to 27 Is  formula always equal to 27 And if so, how can we prove it?
this true, and if so, how can we prove it?

-
- R
_ _ e

n(V)=8
n(E) =12 Q 0O
n(F) =6
2
6
S 3

n(V)=8

n(E) = 12

n(F)==6 4
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n(V)=5
n(E)=8

n(V)=4 n(F)=5

n(E) =6

n(F)=4

3 —
_—
4 )
Every three dimensional polyhedron (without holes) is equiv- Every three dimensional polyhedron is equivalent to a con-

alent to a connected, planar, simple graph. So if we know some- nected, planar, simple graph. So if we know something about
thing about these graphs, then we also know it about polyhe- these graphs, then we also know it about polyhedra. What do
dra. So what do we know about connected, planar, simple we know about such graphs?
graphs? Let us start with the first complete graph:

Let us start with the first complete graph:

—
=
Il

=
222
Il
—

O
C
l

n(

This graph, K, is called the trivial graph. It has one This graph, K, is called the trivial graph. It has one
vertex, zero edges and one face. So vertex, zero edges and one face. So
n(V)—n(E)+n(F)=1-0+1=2. n(V)—n(E)+n(F)=1-0+1=2.
Now let us take any connected, planar, simple graph. Now let us take any connected, planar, simple graph.
How can we simplify this graph? How can we simplify this graph?
We can remove a pendant vertex (a vertex v with deg(v) = We can remove a pendant vertex (a vertex v with deg(v) =
1) and its edge. 1) and its edge.

C



134

Then we still have a connected, planar, simple graph and Then we still have a connected, planar, simple graph and
we have decreased n(V') by 1 and we have decreased n(E) by we have decreased n(V) by 1 and we have decreased n(E) by
1. So n(V) — n(E) + n(F) stays the same. 1. So n(V) — n(E) + n(F) stays the same.

We can also remove an edge which separates two faces. E.g. We can also remove an edge which separates two faces. E.g.

—
N4
N\

As before, we still have a connected, planar, simple graph. As before, we still have a connected, planar, simple graph.
Moreover, we have decreased n(E) by 1 and we have decreased Moreover, we have decreased n(E) by 1 and we have decreased
n(F) by 1. So again, n(V) — n(E) + n(F) stays the same. n(F) by 1. So again, n(V) — n(E) + n(F) stays the same.

7))
M) M
N\ N4

O O

Because we can reduce every connected, planar, simple graph Because we can reduce every connected, planar, simple graph
to the trivial graph, every such graph must have the same to the trivial graph, every such graph must have the same
n(V) —n(E) + n(F) number as the trivial graph. Therefore:  n(V) — n(E) + n(F) number as the trivial graph. Therefore:

Theorem 23.4. If G is a connected, planar, simple graph, Teorem 23.4. If G is a connected, planar, simple graph,
then then
n(V) —n(E) +n(F) = 2. n(V) —n(E) +n(F) =2.

...and the same is true for polyhedra without holes. ...and the same is true for polyhedra without holes.
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Problems

Problem 23.1 (Drawing Graphs).
(V,E) where V = {a,b,c,d, e} and

(a). E={e1=(a,b),e2 = (b,c),e3 = (c,d),eq = (d,e)}.

(b). E = {e1 = (a,b),e2 = (b,c),e3 = (c,d),eq = (d,e),e5 =
(a,e),e6 = (b,d),er = (b,e),es = (a,d)}.

(c). E={e1 = (b,c),e2 = (d,e),e3 = (¢,d),eq = (a,c),e5 =
(b,d),es = (c,e),er = (a,d),es = (b,e)}.

Draw the graph G =

Problem 23.2 (Counting Edges).
following graphs have?

How many edges do the

(c). Cp (f). the trivial graph

Problem 23.3 (Planar Graphs). Please see figures 23.9 and
23.13 on page 127. Are these planar graphs? Prove your an-
swer.

Problem 23.4 (Bipartite Graphs).
bipartite graphs?

Are the following graphs

(a). Q2
(b). Figure 23.12

(c). Figure 23.19 (e). Figure 23.22

(d). Figure 23.21 (f). Figure 23.23

Problem 23.5 (Euler’s Formula).
not satisfy n(V) —n(E) + n(F) = 2.

Draw a graph which does

Problem 23.6 (Eulerian trails).  Consider the two graphs
below. For each graph, answer the question: Does this graph
contain an Eulerian trail? If “yes”, give an example of an Eu-
lerian trail in that graph. If “no”, explain how we know that it
does not contain an Eulerian trail.

(a). Figure 23.22.

(b). Figure 23.23.

Figure 23.22: A graph refered to in exercise 23.6.
Sekil 23.22:

Sorular

Soru 23.1 (Drawing Graphs).

where V = {a,b,¢,d, e} and

(a)' E= {61 - (CL, b)>62 = (b7c)ae3 = (Ca d),€4 = (d7 6)}

(b). E = {e1 = (a,b),e2 = (b,c),e3 = (c,d),eq = (d,e),e5 =
(a,e),e6 = (b,d),er = (b,e),es = (a,d)}.

(C)' E = {61 = (bVC)an = (dv 6)763 = (Ca d),€4 = (a,C),65 =
(b,d),eq = (c,e),er = (a,d),es = (b,e)}.

Draw the graph G = (V, E)

Soru 23.2 (Counting Edges). Asagidaki graflarin kener sayi-
lerini bulunuz.

(c). Cp (f). the trivial graph

Soru 23.3 (Planar Graphs). Please see figures 23.9 and 23.13
on page 127. Are these planar graphs? Prove your answer.

Soru 23.4 (Bipartite Graphs).
bipartite graphs?

Are the following graphs

(a). Q2
(b). Figure 23.12

(¢c). Figure 23.19 (e). Figure 23.22

(d). Figure 23.21 (f). Figure 23.23

Soru 23.5 (Euler’s Formula).
satisty n(V) —n(E) + n(F) = 2.

Draw a graph which does not

Soru 23.6 (Eulerian trails). Consider the two graphs below.
For each graph, answer the question: Does this graph contain
an Eulerian trail? If “yes”, give an example of an Eulerian trail
in that graph. If “no”, explain how we know that it does not
contain an Eulerian trail.

(a). Figure 23.22. (b). Figure 23.23.

()

&
€
N
Figure 23.23: A graph refered to in exercise 23.6.

Sekil 23.23:
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05 1 15 2

Figure 24.1: The function f(z) = 221

z—1

Sekil 24.1: f(z) = 22__11 fonksiyonu.

Consider the function f : (—o0,1) U (1,00) — R, f(z) =
z2—1

~— as shown in figure 24.1.

Question: How does f behave when x is close to 17

We can see from table 24.1 that:

“If = is close to 1, then f(x) is close
to 2.7

Mathematically, we write this as

lim f(z) =2

r—1

and read it as “the limit, as x tends to 1, of f(z) is equal to 2”.

x| fx)
0.9 1.9
1.1 21
0.99 | 1.99
1.01 | 2.01
0.999 | 1.999
1.001 | 2.001

2_
Table 24.1: Some values of f(z) = L=

x

Tablo 24.1: f(z) = 2"=1'nin bazt degerleri.

r—1

flz) = 32_11 ile tanimh f : (—o0,1) U (1,00) — R nin baz

degerleri §elfil_21.l de veriliyor.

Soru: x, 1’e yakin oldugunda f nasil davraniyor?
Tablo 24.1 den su gozlemi yapabiliriz:
“x, T'e yakinsa, f(z) de, 2’ye yakin
olur.”
Matematiksel olarak, bunu

lim f(z) =2

r—1

olarak yazariz ve x, 1 e yakagirken, f(z) in limiti 2’ye esittir
olarak okuruz.

139
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Example 24.1. Consider the following three functions: Ornek 24.1. Agagidaki ii¢ fonksiyonu inceleyecek olursak:

2 _ _ ’;—:1 x#£1
f(x):x ! g(x)—{l 1 x=1 hMz)=z+1

Note that
e lim f(z) =2, fakat f, z =1 de tanunh degildir;
. lim1 f(z) =2, but f is not defined at x = 1; w1
—

¢ o lim g(z) = 2, fakat g(1) # 2; ve
. lim1 g(z) =2, but g(1) # 2; and el

—

e lim h(z) =2 ve h(1) = 2.

. lirn1 h(x) =2 and h(1) = 2. o=l

z—

olduguna dikkat edelim.

y=13
o t--------

Figure 24.3: A Constant Function
Sekil 24.3: Sabit fonksiyon.

Figure 24.2: The Identity Function
Sekil 24.2: Ozdes fonksiyon.

Ornek 24.2 (Birim Fonksiyon). f(z) =z

Example 24.2 (The Identity Function). f(z) =« wli{glo flx) = wli{glo =1%o
xlgfclo flx) = xlgfclo T =T Ornek 24.3 (Sabit Fonksiyon). f(z) =13
Example 24.3 (A Constant Function). f(z) =13 11320 f(z) = zlggo 13=13

lim f(z)= lim 13 =13

T—rT0 T—rT0
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) 100
= ulxr
le Yy ( ) 0.5
-0.4 -0.2 [ 0.2 ‘
-0.5
T
_‘].0L V

Figure 24.4: A graph of the function u(z).

Sekil 24.4: u(z) fonksiyonunun bir grafigi.
Figure 24.5: A graph of the function v(z).

Sekil 24.5: v(x) fonksiyonunun bir grafigi.

Example 24.4 (Sometimes Limits Do Not Exist). Consider

the functions .
Ornek 24.4 (Limit Her Zaman Mevcut Olmayabilir). Su fonksiy-

0 <0 0 x<0 onlar1 inceleyelim
u(x) = and U(Z’ = .1
1 >0 sin: x>0
0 <0 0 <0
. . u(x) = ve v(E)=4 . ,
as shown in figures 24.4 and 24.5. 1 >0 sine x>0

Note that lim u(z) does not exist. To understand why, we
. - bakimz gekil 24.4 ve 24.5

consider x close to 0: HZ §EXIl 222 Ve 220 ) o
hn%] u(z) limitinin mevecut olmadigina dikkat ediniz. Bunun
z—

e If z is close to 0 and z < 0, then u(z)

0. neden mevcut olmadigini anlamak i¢in, = ’in 0’a ¢ok yakin

e If z is close to 0 and = > 0, then u(z) = 1. oldugunu diisiinelim:

) M J—
Because 0 is not close to 1, the limit as x — 0 can not exist. e z, 0’a gok yakin ve z < 0 iken, u(z) = 0 dur.

Moreover lim v(z) does not exist because v(x) oscillates up o 2, 0’a cok yakin ve z > 0 iken, u(z) = 1 olur.

and down too quickly if z > 0 and « — 0. o . o L
0, 1’e ¢cok yakin olmadig igin , z — 0 iken limit mevcut degildir.

Ayrica, © > 0 ve ¢ — 0 iken, v(z), ¢ok hizh bir gek-
ilde yukariya ve asagiya dogru salmir, ¢iinki lin}) v(x) mevcut
T—
degildir.
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Theorem 24.1 (The Limit Laws). Suppose that
o L. M,c,k eR;
e f and g are functions;
) i1_>rncf(x) =L; and

o lim g(z) = M.

Then
(i). Sum Rule:

lim (f(z) + g(x)) = L+ M;

r—cC
(#). Difference Rule:

lim (f(:c) —g(x)) =L — M,

r—cC

(é41). Constant Multiple Rule:

lim (kf(z)) = kL;

Tr—c
(iv). Product Rule:

lim (f(x)g(x)) = LM:;

Tr—rcC
(v). Quotient Rule: if M # 0, then

tm (J67) = 77

(vi). Power Rule: if n € N, then

lim (f(a:))n =L"

T—rC
(vii). Root Rule: if n € N and V/L eaists, then
lim {/f(z) = VL = L.

r—c

Example 24.5. Find lin12(x3 + 42% - 3).
r—

solution:

lim (% + 427 — 3) = (lim 2°) + ( lim 42%) — (lim 3)

T—2

(sum and difference rules)

. 3 . 2 .
= (i) 4(im o) = (Jim 3

(power and constant multiple rules)

=25 44(2%) -3 =21.

4 2
-1
Example 24.7. Find lim %
r—5 x?+5

Teorem 24.1 (Limit Kurallar1). Varsayalavm ki
o L, M,c,k e R;
o f wve g iki fonksiyon;
e lim f(z) = L; ve

T—rC

e lim g(x) = M olsun.

Tr—cC

O halde

(i). Toplam Kurals:

lim ((2) + g(x)) = L+ M;

(). Fark Kuralu:

lim (f(a:) —g(x)) =L— M;

r—>Cc
(iii). Sabitle Carpym Kural:

lim (kf(z)) = kL;

r—c
(iv). Carpvm Kurali:

lim (f(x)g(x)) = LM:;

T—>rC

(v). Bolim Kurali: M # 0, ise
_(f@) _ L
1 — ) ==
s (g(x) M’
(vi). Kuvvet Kurali: n € N, ise

lim (f(a:))n =L"

T—>C
(vii). Kok Kurali: if n € N ve ¥/L mevcutsa, then

lim {/f(z) = VL = Lw.

r—C

Ornek 24.6. lim 8(x — 5)(z — 7) limitini bulunuz.

z—6

cozim:

lim 8(x —5)(x —7) =8 lim(z — 5)(z — 7)

x—6 x—6

(sabitle carpim kurali)

= 8(lim (2 — 5)) (lim (2 — 7))
(carpim kurali)

=8(1)(—1) = -8.

.. 2 —11
Ornek 24.8. lim %

limitini bulunuz.
r——5 T+ 6
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solution:
Cort+a? -1 limgs(at + 2% - 1)
lim = -
z—=5 12 +5 limg_5(z2 4+ 5)

(quotient rule)

_ limg 5 2t + limg 5 22 — limg_,5 1

lim,_5 22 + lim,_.55
(sum and difference rules)
54571
5245
(power rule)
649
=30

Theorem 24.2 (Limits of Polynomial Functions). If P(z) =
™ +an_12" 4. . .+ a1z +ag is a polynomial function,
then

lim P(z) = P(c).

r—C

Theorem 24.3 (Limits of Rational Functions). If P(x)
and Q(x) are polynomial functions and if Q(c) # 0, then

lim 2@ _ Pl
a=e Qz) Qo)
Example 24.9.
3 2 _ _1)3 _1)2 _
limx+4:17 3:( 1)% +4(-1) 3:9:0.
es-1 2245 (—1)2+5 6

Eliminating Zero Denominators
Algebraically

 P(z)

il—>mc Q(x)
What can we do if Q(c) = 0?7

Example 24.11.
2+ —2

lim
o

r—1
If we just put in z = 1, we would get “%” and we never
never never want “%”.
Instead, we try to factor 22 + 2 — 2 and 22 — x. If 2 # 1,
we have that

?+2-2 (r—-1)(x+2) 42
2 —x r(x—1) =z
So
L o2 4ax—2 .ox+2 1+2
hmzizhm = — =3
x—1 % —2x z—1 X 1

cozum:

22 +3zx—11 B lim, , 5(z? + 32 — 11)
T+6 B lim,,_5(x + 6)

(bolim kural)

1m
r——5

~ limg 52?4 limy 5 32 — lim, 5 11

lim, , 52+ lim,_,_56
(toplam ve fark kurali)
(-5 —15-11

—5+6
(kuvvet kurali)
-1
=— =-1
1

Teorem 24.2 (Polinomlarin Limitleri). P(z) = a,z™ +
An_12" "' 4+ ...+ a1z + ag bir polinom fonksiyonsa,

lim P(z) = P(c).

T—C

Teorem 24.3 (Rasyonel Fonksiyonlarin Limitlari). P(z)
ve Q(x) polinomlar ve Q(c) # 0 ise, o halde

_P(z) _ P(c)

1m = o

e>e Qz)  Q(c)
Ornek 24.10.
- o +42° -3 (2°+4(2* -3 8+16-3 21 7
a2 2245 (22+5 445 9 3

Sifir Paydalarin Cebirsel Olarak Yok
Edilmesi

P
lim ()
z—c Q(x)
Q(c) = 0 ise ne yapilabilir?
Ornek 24.12.
2?4+ 32 —10
lim ——W———
z——5 x° 4+ bx
If we just put in z = —5 koyarsak, “%” buluruz ve unutmayin

«0» : pae s :
o asla ve asla istemedigimiz birgey.

Onun yerine, 22 + 3z — 10 ve 22 4+ 52 yi carpalarina ayiririz.
x # —b5 ise, gunu buluruz

2?4+3x—-10 (z+5)(x—2) a—2
2+5z  z(x+5) oz
Yani
2?2 4+32 - 10 r—2 —=5-2 7
m —— = m = = -
r——5 5(,‘2—|—5x z——-5 X -5 5
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Figure 24.6: The Sandwich Theorem
Sekil 24.6: Sandovi¢ Teoremi

The Sandwich Theorem

See figure 24.6.

Theorem 24.4 (The Sandwich Theorem). Suppose that

e f(z) < g(x) < h(z) for all x “close” to ¢ (v # c);
and
e lim f(@) = lim h(a) = L,
Then
lim g(z) = L
T—rc

also.

Example 24.13. The inequality

x? rsinx

12 e
6 <2—2cosm

rsinx
Calculate lim

holds for all z close to 0 (z # 0). YTy
r— — X

2
solution: Since lim 1 — g 0 =1land lim1 =1, it
x—0 6 6 z—0
follows by the Sandwich Theorem that lim _romT

z—02 —2cosx

Theorem 24.5. If
o f(x) < g(x) for all x close to ¢ (x # ¢);
e lim f(x) ewists; and
T—cC

e lim g(z) exists,
Tr—rcC
then
lim f(z) < lim g(x).

Tr—c T—rc

Sandovi¢c Teoremi
Bkz. sekil 24.6.

Teorem 24.4 (Sandovic Teoremi). Varsayalim ki

e ¢ (x # c) ye “cok yakin" bitin x ler i¢in f(x) <
g(z) < h(z) ve

e lim f(x) = lim h(z) = L olsun.

== Tr—>C
O zaman
lim g(z) = L
ifadesi dogrudur.
Ornek 24.13.
2 .
,_ % _wsing

—_— <
6 2—2cosx

esitsizligi 0 a ¢ok yakin biitliin = ler (z # 0) i¢in dogrudur.
rsinx

lim ———— limitini bulunuz.
z—02 —2cosx
0
¢ozim: alciir%)l — % =1- 6 = 1 ve iiir%)l = 1 oldugun-
dan, Sandovig Teoremi geregince lim TIMT 4 olarak

z—02 —2cosx
bulunur.

Teorem 24.5. Eger

e Her ¢ ye ¢ok yakin (ama x # c¢) bitin x ler i¢in
f(z) < g(x) ise ;

e lim f(x) mevcutsa ve
Tr—cC

e lim g(z) mevcutsa,
T—rC

o vakit
lim f(z) < lim g(z)

T—C r—>C

dogru olur.
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Problems

Problem 24.1. Consider the function shown in figure 24.7.
Decide if each of the following statements is true or false.

(a). lim f(z) exists, (). lm f(x)=—1,
(b). lim f(z) =0, (). lm fa) =1,

(c). EE% f(z) =1, (g)- IEIE% f(z) does not exist,
(d). lim_f(w) exists, (h). lim () = —0.5.

Problem 24.2. Find the following limits. For each one, state
which limit laws or other theorems you are using.

(a). lim (27 +5) (d). lim 3z(2x —1)
=7 w—)%

T+ 3 t—>5
b). 1 im —
(b). Jimy % (). im s

2 1_
L im £

) By =3 O

Problem 24.3. If 2 — 22 < g(x) < 2cosx for all x, find
lir% g(x). State which limit laws or other theorems you are
z—

using.

Problem 24.4. Suppose that lini f(z) = 0 and linig(x) =
T—r r—
. Find the following limits.

(a). lim (g()*) (). lim zf ()
(b). lim (g(x) +3) (d). iig}l%
y
y = f(z)
1
I

Figure 24.7: The function considered in Exercise 24.1.
Sekil 24.7:

Sorular

Soru 24.1. Consider the function shown in figure 24.7. De-
cide if each of the following statements is true or false.

(a). igr%) f(z) exists, (e). wlinjl flx)=-1,

(b). lim f(x) =0, (£). lim f(@) = 1,

(c). :llg%) fla) =1, (g)- Zglzlé f(x) does not exist,
(d). acl—l>n—l2f(x) exists, (h). x_1>1£n15f(x) = —0.5.
Soru 24.2. Asagidaki limitleri bulunuz. her birinde, kul-

landiginiz kural ve teoremleri yaziniz.

3
D lim —/—/———
(&) Jim ==y
2
(h) v

o lim ———
y—=2y2 +5y+6
o3 —8

lim

v—=2 vt — 16

(i).

Soru 24.3. Her z ign, 2 — 22 < g(x) < 2cosw ise, lirr%)g(x)
T—

limitini bulunuz. Kullandiginiz kural ve teoremleri belirtiniz.

Soru 24.4. lim f(z) = 0 ve lim g(z) = —3 olsun. Agagidaki
—4 r—4

T
limitleri bulunuz.

(¢). lim 4f(x) — 29(x)

Tf(xz)+6

. lim
2g(x)

x—4



Continuity

a continuous function

Sureklilik

Y

a function which|is not continuous

-/
P

./'\/\-

Figure 25.1: A continuous function and a function which is not continuous.
Sekil 25.1: Bir siirekli fonksiyon ve siirekli olmayan bir fonksiyon.

Definition. The function f: D — R is continuous at ce D
if

e f(c) exists;

e lim f(x) exists; and
Tr—c

e lim f(z) = f(c).

Tr—c

Definition. If f is not continuous at ¢, we say that f is dis-
continuous at ¢ — we say that c is a point of discontinuity
of f.

Tanum. Su {i¢ kosulun hepsi saglanirsa f : D — R fonksiyonu
bir ¢ € D noktasinda stireklidir denir.

¢ f(c) tamiml olacak;

e lim f(x) mevcut olacak; ve
Tr—cC

e lim f(z) = f(c).

r—c

Tanim. Eger f fonksiyonu c de siirekli degilse, f, ¢ de stirek-
stzdir denir — ve c'ye f’nin bir stireksizlik noktas: denir.

146
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Example 25.1. Consider the function f : [0,4] — R which
has its graph shown in figure 25.2. Where is f continuous?
Where is f discontinuous?

solution:
c Is f continuous | Why?
at c?

0 Yes because lim f(x) =1= f(0)
(0,1) | Yes because lim f(x) = f(c)

1 No because lim f(x) does not exist
(1,2) | Yes because lim f(x) = f(c)

2 No because lim fl@)=1#2=f(2)
(2,4) | Yes because lim f(x) = f(c)

4 No because lim flx)=1# % = f(4)

Example 25.2. f:[-2,2] = R, f(z) = v4 — a2

Y f is continuous at every
ce[-2,2].
—2 2
0 <0
Example 25.3. ¢: R = R, g(z) = .
1 >0
Y g has a point of discontinuity
at ¢ = 0. g is continuous at
1 .
every point ¢ # 0.
x
\9

m x#lorQ

Example 25.4. h: R — R, h(z) =
10 z=1or?2

Yy h is continuous on (—oo,1),
(1,2) and (2,00). h has a
points of discontinuity at ¢ =

16 ¢ 1 and ¢ = 2.

10 + ®

1 2 3 4
Figure 25.2: The function considered in example 25.1.
Sekil 25.2:

Ornek 25.1. Grafigi sekil 25.2 deki f : [0,4] — R fonksiy-
onunu ele alalim. Bu f nerede siireklidir? Bu f nerede siirek-
sizdir?

cozum:
c f fonksiyonu | Neden?
¢ de siirekli
midir?
0 Evet glinkii lim flx) =1= f(0)
(0,1) | Evet ¢linkii lim f(2) = f(c)
1 Hayir glinkii lim f(x) does not exist
(1,2) | Evet giinkii lim f(z) = f(c)
2 Hayir glinkii lim flxy=1#2= f(2)
(2,4) | Evet ¢iinkii lim f(z) = f(c)
4 Hayir ¢linkdi Illi)nél flx)=1+# % = f(4)

Ornek 25.2. f:[-2,2] = R, f(z) = V4 — 2

f fonksiyonu her ¢ € [—2, 2] noktasinda stireklidir.

0 <0

1 >0

g nin ¢ = 0. g da bir siireksizlik noktasi var ve fonksiyon her
¢ # 0 i¢in siireklidir.

Ornek 25.3. g:R = R, g(z) =

x#1or?2

x=1or2
h fonksiyonu (—o0, 1), (1,2) ve (2,00) araliklarinda stireklidir.
h nin ¢ = 1 ve ¢ = 2 de siireksizlikleri mevcuttur.

S S
Ornek 25.4. h:R > R, h(z) = {96,1)2@,2)2
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Continuous Functions

Definition. f : D — R is a continuous function if it is
continuous at every c € D.

Theorem 25.1. If f and g are continuous at c, then f+g,
f—g, kf (k€R), fg, L (if g(c) #0) and f* (n € N)
are all continuous at c. If {/f is defined on (c — 6,c+ ),
then /f is also continuous at ¢ (n € N).

Example 25.5. Every polynominal

P(z) = apnz" + apn_12" ' + ...+ asx? + a1z + ag
is continuous.
Example 25.6. If

e P and @ are polynomials; and

. Q(c) £0,

P(z)
Q(x)

then is continuous at c.

Example 25.7. sinx and cosx are continuous.

Composites

g O
g o f(z) means g(f(x)).

Theorem 25.2. If
e f is continuous at c; and
e g is continuous at f(c),

then go f is continuous at c.

Example 25.8. Show that h(z) = V22 — 22 — 5 is continuous
on its domain.

solution: The function g(t) = v/ is continuous by Theorem
25.1. The function f(z) = 22 — 2z — 5 is continuous because
all polynomials are continuous. Therefore h(z) = go f(x) is
continuous.

‘2
Example 25.9. Show that % is continuous.

. 2 .
solution: 3 and 1 + 2* are continuous. Because 1 + z* # 0
2
x3

TraT is continuous.

for all x, we have that

Surekli Fonksiyonlar

Tanim. Her ¢ € D noktasinda siirekli olan bir f : D — R
fonksiyonuna stirekl: fonksiyon denir .

Teorem 25.1. Eger f ve g fonksiyonlar: c’de siirekli iseler,

0 zaman f+g, f —g, kf (k €R), fg, L (9(c) # 0 iken)
ve f (n € N) fonksiyonlarinin hepsi c’de sireklidir. Ejer

Y/ f fonksiyonu (¢ — d,c + 6) arahginda tanaml ise, {/f
fonksiyonu da c’de siireklidir (n € N).

Ornek 25.5. Her

P(z) = ana™ + 12" P+ .+ axz? + a1z + ag
polinomu da siireklidir.
Ornek 25.6. If

e P ve @ polinomlar ve

e Qc) #£0 ise,

P(z)

o vakit @) rasyonel fonksiyonu c’de siireklidir.

Ornek 25.7. sinz ve cos z siirekli fonksiyonlardir.

Bileskeler

X

go f(x) demek g(f(z)) anlamimdadur.

Teorem 25.2. Eger
o [ fonksiyonu c’de siirekli ve
e g fonksiyonu da f(c)’de siirekli ise,

bu durumda g o f fonksiyonu da c’de sireklidir.

Ornek 25.8. h(z) = V22 — 2z — 5 fonksiyonunun tanim kiimesind

siirekli oldugunu gosteriniz.

c6ziim: Teorem 25.1 den g(t) = +/t fonksiyonu siireklidir.
f(x) = 2% — 22 — 5 fonksiyonu da siireklidir ¢iinkii biitiin poli-
nomlar siireklidir. Bundan 6tiirii h(z) = g o f(z) siirekli olur.

2

Ornek 25.9. Gosteriniz ki 22

TraT stireklidir.

¢coziim: 23 ve 1+2* siireklidir. Her z icin, 1+2* # 0 oldugun-
2

dan stireklidir.

T3
) 1424



continuous at ¢

c’de streklilik

continuous at f(c)

f(¢)’de siireklilik

Figure 25.3: Composites of continuous functions are continuous.
Sekil 25.3: Siirekli fonsiyonlarin bilegkesi de siireklidir.

Theorem 25.3. If
e g(z) is continuous at x = b; and
e lim f(x) =0,
Tr—rc

then
lim g(f(x)) = g lim /().

Example 25.10. By Theorem 25.3,

. . 3T
lim cos |2z +sin | — +x
=7 2

= cos | lim (235 + sin (

x
En

w
3

)

= cos | lim (2z) 4+ lim (sin (371' + a:))}
i =7 2

| ! ( ! (37T ))]
=cos |m+sin| lim [ —+=x
L =% 2

= cos [ + sin 27| = cos [ + 0] = —1.

|

Teorem 25.3. Eger
e g(z) fonksiyonu x = b de sirekli ve

e lim f(z) = b ise,
r—c

0 halde
lim g(f(2)) = g( lim f(2)).

Ornek 25.11. Teorem 25.3’den,
. |:5$ T
lim tan | — — 7 cos (7 — :E)
[ 5x T
= tan | lim < — T COS (f — x))}
_m—)% 2 2
[, 5x . T
= tan | lim <) — 7 lim <COS (f — m))]
[5m ( . s
=tan |— — mwcos | lim (f—m>
L 4 z—)% 2

=t -51— 0] =t o =tan— =1
—an_4 T COS —an47r—an—.
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Problems

Problem 25.1. For what value(s) of b is

f(x):{x r< =2

bx? x> —2.
continuous at every x? Why?

Problem 25.2. Let

528 z# 2342
flx)y=4¢3 x =2
4 r=-2.

(a). Show that f is continuous on (—oo, —2), on (—2,2) and

on (2, 00).
(b). Show that f is continuous at = = 2.

(c). Show that f is discontinuous at x = —2.

Problem 25.3. Calculate lim tan (E cos (sin t%))
t—0 4

Sorular

Soru 25.1. b’nin hangi deger(ler)i igin,

f(x):{x T < =2

bx? x> —2.
her x noktasinda siireklidir? Neden?
Soru 25.2. Farzedelim ki

D8y L2 gt -2

2 —4
flx)=4¢3 z=2
4 r=—2.

(a). f’nin (—oo0, —2) de, (—2,2) de ve (2, 00) da siirekli oldugunu
gosteriniz.

(b). f’nin x = 2’de siirekli oldugunu gosteriniz.

(¢). f’nin x = —2’de siireksiz oldugunu gosteriniz.

Soru 25.3. lim tan (z cos (sint%)> limitini bulunuz.
t—0 4



Limits Involving Infinity Sonsuz Limitler

Finite Limitsas + — +

Question: If x > 0 and x gets bigger and bigger and bigger,
what happens to 17

Answer: % gets closer and closer and closer to 0. We write
this as

lim — =0.
T—00 I
Similarly we have that
1
lim — =0.
T—>—00 I

Theorem 26.1. All of the limit laws (sum rule, difference

rule, constant multiple rule, ...) are also true for lim
T—>00

and lim .
r——00

Example 26.1.

lim
Tr—r 00

<5—|—1> = lim 5+ lim l
T

T—>00 r—00 I
(sum rule)
=5+4+0=5.

xr — +oo iken Sonlu Limitler

Soru: x > 0 ve x keyfi olarak biiyiidiigiinde, + nasil davranir?

Cevap: L istenildigi kadar 0’a yakin olur. Bunu sdyle yazariz

lim — =0.
T—00 I
Benzer gekilde
1
lim — =0

T——00 I

olarak yazacagiz.

Teorem 26.1. Limit kurallarimn timi (toplam kurals,

fark kuraly, sabitle ¢carpym kurals, ...) lim wve lim igin
xr—r 00 r—r—0o0

de gecerlidir.
Ornek 26.1.

lim
Tr—r00

1 1
<5+> = lim 54 lim —
T

T—00 T—00 I
(toplam kurali)
=5+0=5.

11
lim <7T 3)
T——00 T x

:( lim W\/g) ( lim 1)( lim 1)

(¢arpim kiirah)

=mv3x0x0=0.

Ornek 26.2.

. ™3
lim — =
r—>—00 I

Ornek 26.3 (Rasyonel Fonksiyonlarin Sonsuzdaki Limitleri).
5% 4+ 8z — 3

322 12 limitini bulunuz.
x

lim
xT—r00

¢Oziim: Unutmayin ki cevap “22” degildir. . yazarsaniz

sinavda sifir puan almaniz beklenebilir.

[13e. 2k}
o0

Bunun yerine gdyle bir ¢oziim verebiliriz
5435

g DT 8T8 = 5+0-0 5
r—oo 312492 a5 3+;22 T340 3

Bkz. sekil 26.2.
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Example 26.2.

W\f
lim =
r—r—00 xQ

. 11
lim ™3——
r—r—00 xTrxT
. . 1 . 1
= lim 7V3 lim — lim -

(product rule)

3x0x0=0.
Example 26.3 (Limits at Infinity of Rational Functions). Find
I 522 +8x — 3
im ——
z—oo 3242
solution: Please note that the answer is not “22”. You can

expect to receive zero points in the exam if you write

Instead we calculate that

2823 5+8-3% 540-0 5
im ————— = lim = —_—
See figure 26.2.
Example 26.4.
Uet2 L+% 040 .
im ——— = lim &——& .
z——o00 223 — 1 z——00 2 — m% 2 -0
3 _ CE3—2

2
Example 26.5. Find lim x37 and

lim T3 -

solution: If x > 0, then

3 —2 3 —2
im 3 = lim ———
1—- 2 1—
= lim x3:70:1
r—>ool+ 140
and if z < 0 then
3 —2

m g =
T——00 |:L'| +1

See figure 26.1.

Figure 26.1: The graph of y =

Sekil 26.1: y = 'in grafigi.

\|+1

_ ba’48z—3

Figure 26.2: The graph of y = %

Sekil 26.2: y = B’ 48r -3y grafigi.

32242
Ornek 26.4.
. 1z 42 L+2Z 040
lim —— L —=-—-==0
z——o0 223 — 1 wﬁOOQ—x—:, 2—-0
.. 39 3
Ornek 26.5. lim ve lim 3 limitlerini bu-
r—00 |Z‘| + 1 r——00 |$‘ +1
lunuz.
¢oztim: x > 0 ise, o halde
x3 =2 3 —2
im 3 = lim —
1—- 2 1—
= lim w1720,

zveo 1+ 140

ve eger x < 0 ise, o halde

3 —2 . 3 —2
m — = lim 3
T——00 |£L'| + 1 T——00 (—x) + 1
1— 2
= lim rg’
r——00 —] +
1-0
= =—1.
—-140

Bkz. sekil 26.1.
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Infinite Limits Sonsuz Limitler
Yy
y=x
x
1 1 . .
lim — = o0 lim — does not exist. lim x =
x—0 x x—0 xr—00
—_ " 2 —
Example 26.6. Find lim . explain why it doesn’t Ornek 26.6. lim 272 Jimitini bulunuz veya mevcut degilse
T—2 (:L’ — 2)3 T—2 (x — 2)3
exist. neden olmadigim agiklayiniz.
solution: ¢oztm:
. 2—z . —(z—2)
_ —(x — im ——— = lim ———
lim 2z — lim M a2 (x —2)3 a2 (x—2)3
T—2 (:L’ — 2)3 T—2 (z’ — 2)3 _1
1 = lim —— = —o0.
= lim = —00 =2 (x — 2)?

Ornek 26.7. Mevcutsa, lim x

3.
1 limitini bulunuz veya mev-

. . T — 3 . . 5 r—2 sz —
Example 26.7. Find :l;mz po— or explain why it doesn’t ex- cut degilse agiklayiniz.
ist.
¢oziim:
solution:
-3 -3 -3 1
x—3 x—3 x—3 1 lim — = lim e —1im |2
lim —— =1lm ———— = lim || —— a2 -4 -2 (x—2)(x+2) -2 |\x+2 x—2
e=222 —4 w2 (x—2)(z+2) o2 \z+2) \z-—2

. mevcut degildir. Neden olmadigini gorebilmek igin, sunlara
does not exist. To understand why, note that dikkat edelim

o if 2 <z <201, then (x —2) >0 and ;15 > 100; but e 2 <z <201 ise, bu durumda (z —2) > 0 ve -5 > 100

o if 1.99 < z < 2, then (z — 2) < 0 and L5 < —100. olur; fakat

i — 1
See figure 26.3. e 1.99 <z <2iken, (z—2) <0 and ;= < —100 olur.

Yy 5 See figure 26.3.

Figure 26.3: The graph of y = f{i.

Sekil 26.3: y = =3 "iin grafigi.

x2—4
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Problems Sorular
Problem 26.1. Find the following limits (if a limit does not Soru 26.1. Agagidaki limitleri bulunuz (if a limit does not
exist, then you must explain why). exist, then you must explain why).
. 2x+3 2 _ 31\ 0
(a). lim (e). lim Ve (i). lim 1o
z—o0 b + 7 29002 — /2 z—o0 \ 22 + Tx
. z+1 2 1 —1
(b). lim —— . 2+ . 2T+
L2y =B . -1 4
o lim ———— L lim ——— ;
(©). fim, 3y? —y (®) P*(p+1) (k). Jim, (x—17)2
—22% —2x + 3 8x2 — 3
(d). lim X —2rts (). lim y/or —° 1), lim —

z——oco 313 4+ 322 — bx zoo \ 222 +



Differentiation

mearns

Turev

To
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100

We can say that

( slope of y = f(z) ) _ < slope of the tangent )

at x = line at z =z
0 0
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Example 27.1. Ornek 27.1.
Y

slope = 4

To — 2
The slope of y = 22 at 2y = 0 is 0.
The slope of y = 22 at g = 1 is 2.

xo =1 The slope of y = 22 at 2o = 2 is 4.

slope = 2 How do we know this?

o — 0

slope =0
f(xo+h) |
f@o) |
If h is very very small, then h ¢ok ama ¢ok kiiciikse, o zaman

( slope of the ) - ( slope of the ) _ f(zo + h) — f(zo) ( slope of the ) ~ < slope of the > _ f(zo + h) — f(z0)

tangent line orange line h tangent line orange line h
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The Derivative of f
Definition. The derivative of a function f at a point g

1S
f/(xO) — }ILI_>I110 f(xO + hf)L - f(xO)

if the limit exists.
(f’ is pronounced “f prime”)

Example 27.2. Consider the function g(z) = %, x # 0.
If 29 # 0, then

/ .
To) = lim
g (o) h—0 h
11
— lim zo+h x0
h—0

( x0 _ __xo+h )
zo(xzo+h) zo(zo+h)
h—0 h

lim o~ T h h

h—0 hxo(xo + h)

-1
T RS0 xo(l‘o + h)
1

See figure 27.1.

Figure 27.1: The graph of ¢g(z) = %, z # 0 and two tangents
to this graph.
Sekil 27.1: g(z) = 1, z # 0 grafigi ve buna teget iki dogru.

Definition. If f/(z() exists, we say that [ is differentiable
at xo-

Definition. Let f : D — R be a function. If f is differentiable
at every xg € D, we say that f is differentiable.

f Tarevi

Tamim. Bir f fonksiyonunun xo noktasindak: tirevi lim-
itin mevcut olmasi koguyla

/ T
f(ifo)*%lg%)

f(zo+h) = f(zo)
h

olarak tanimlanir.
(f’ sembolii “f {issii” olarak okunur)

Ornek 27.3. g(z) = %, x # 0 fonksiyonunu ele alalim.

xo # 0 ise,
+h) — g(=o)
/ -1 g(xo
9'(wo) = Jim T
11
— lim Zoth 2o
h—0

o _ zo+h
. (Io(IoJrh) 1?0(960+h))
= lim
h—0 h
im o — To — h
h—0 hl‘o (IO + h)

-1
R0 xo(zo + h)
1
z3’

Bkz. gekil 27.1.

Tanim. f'(z) mevcutsa, [ fonksiyonu z(’da
tirevlenebilirdir deriz.

Tanim. f: D — R bir fonksiyon olsun. f her zy € D nok-
tasinda tiirevlenebilir ise, f bir tirevlenebilir fonksiyondur
deriz.

f : D — R tiirevlenebilir ise, elimizde yeni bir f' : D — R
fonksiyonu olur.

Tamim. f’ fonksiyonuna f’nin tiirevi denir.

Ornek 27.4. f(z) = -7 nin tiirevini bulunuz.

x+h
rz+h—1"

¢éziim: 1lk olarak f(x + h) = Buradan

f/(x):}lllg})f(x'i'h})l_f(w)
x+h x
— i z+h—1 z—1
h—0 h
1 ((x+h)(z—-1)—z(x+h-1)
_}E%h< (z—(z+h—1) )
! —h
:%%h((xn(ﬂhn)
_ ~1
= T D@ hoT)
-1
T @—D@+0-1)
A
(z— 1)

buluruz.
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If f: D — R is differentiable, then we have a new function
f:D—R.

Definition. f’ is called the derivative of f.

Example 27.3. Differentiate f(x) = -%=.

r—1

z+h
x+h—1"

solution: First note that f(x + h) = Therefore

flz+h) - f(z)

f'() = Jim, h
ﬁ;z_%
= h
B im1<(ac+h)(x—l)—x(x+h—l)>
~ hs0h (x—=1)(z+h-1)
1 —h
%%h((x—n(ﬁh—u)
, -1
:illlg%)(x—l)(x—&-h—l)
B ~1
(z—1)(x+0—1)
1
Notations

There are many ways to write the derivative of y = f(x).

My ey = W _ A d
f(x)_y_da:_da:_dxf

N\

“the derivative of y with respect to «”

(x) =9 = f(x)

Calculus was started by two men who hated each other: Sir
Isaac Newton (UK, 1642-1726)used f and y. Gottfried Leibniz
(GER, 1646-1716)used % and %. The f’ and 3’ notation came
later from Joseph-Louis Lagrange (ITA, 1736-1813).

If we want the derivative of y = f(x) at the point = x,
we can write
dy _df

 dx

dx o=z0

N\

“the derivative of y with respect to x at x = x¢”

f'(wo) = = L 5w

T=I0

=T

For example, if u(x) = %, then

-1
)

-1 -1
42 7 16

T=

x

Figure 27.2: The graph of y = —%5.
Sekil 27.2: y = —%5’in grafigi

Notasyon
y = f(x)’nin tiirevini yazmanin bir¢ok yolu vardur.

d d d ;
)=y =L =2 = i) =j=f)

N\

“y nin z’e gore tiirevi”

Calculus birbirinden nefret eden iki kigi tarafindan baglada:
Sir Isaac Newton (Ingiltere, 1642-1726) f ve ¢ kulland1. Got-
tfried Leibniz (Almanya, 1646-1716) % ve % sembollerini kul-
landi. F’ ve y’ gosterimi daha sonra Joseph-Louis Lagrange’den
(Italya, 1736-1813) tarafindan ilk kullanildi.

y = f(x)’nin x = zy’daki tiirevini bulmak i¢in, goyle yazariz

dy df d
! = — = — = —
Fed=G @l ~&@l@ _
<0 =T =T
“y’nin x’e goére x = xp’daki tiirevi”
Ornegin, u(z) = < ise, 0 zaman
d (1 -1 -1 -1
/ 4 = — — = — = —— = —
w(4) x (z) e T2 42 16
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7
TVE INVENTED | | REALLY? SOUNDS . DERWVATIVE

CALCULUS] A LUTILE BIT...

Example 27.4. Show that f(z) = |z| is differentiable on Ornek 27.5. f(z) = |z|’nin (—o0,0) ve (0,00) araliklarinda

Figure 27.3: A web comic taken from https://xkcd.com/626/ .
Sekil 27.3: https://xkcd.com/626/ adresinden alinan bir web ¢izgi romani.

(—00,0) and on (0, 00), but is not differentiable at = = 0. tiirevlenebilir ama x = 0’da tiirevlenebilir olmadigini gosteriniz.
solution: If x > 0 then ¢ozim: x > 0 ise o vakit
af _ d d . (x4+h)—z ar d (x+h)—z
- ]. —_— = 1 ]. == 1. = - < =1 =
de  dx (1) = dx ) B0 h B0 dr (‘ )= ( ) llbl—% h ilng%)l L
Similarly, if < 0 then Benzer olarak, x < 0 ise o halde
daf d (= —h)— (=) af _d d (—z—h) = (=)
dr (‘ )= ( ?) 50 h de ~ dz (1) = dx( ?) ’1114)11’10 h
= hm —1:—1. = lim —1 = —1.
h—0 h—0
Therefore f is differentiable on (—o0,0) and on (0, c0). Yani f foksiyonu (—oo, 0) e (0,00)’da tiirevlenebilirdir.
0+ h|—10 h _
Since lim [0+l = 0] = lim Irl = lim (1) does not exist, lim w u = lim (£1) mevcut olmadigimn-
) A0 h h—0 h  h—0 h— h h—>0 h—0
f is not differentiable at 0. dan, f 0’da turevlenenemez
See figure 27.4. Bkz. sekil 27.4.

Figure 27.4: The graph of y = |z|.
Sekil 27.4: y = |z|’in grafigi.


https://xkcd.com/626/
https://xkcd.com/626/
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When Does a Function

Derivative at a Point?

Y

Y

Zo

a corner

f'(zo) does not exist

koge durumu

f'(x0) mevecut degil

Theorem 27.1.

(

f has a derivative
at x = Zo

)

Zo
a cusp

f'(zo) does not exist

icten biikiilme

f'(x0) mevcut degil

a vertical tangent

f'(zo) does not exist

f'(x) mevcut degil

( f is continuous )

atl':l‘o

Not Have a Hangi

Turevi Yoktur?

Zo

dikey teget

Y

—_—

Durumlarda Bir

—

Fonksiyonun

Y
°

T

Zo

a discontinuity

f'(zo) does not exist

stireksizlik

Teorem 27.1.

(

f'nin at x = z¢ da
turevi mevcut

f'(x0) mevcut degil

)=

Lo
a discontinuity

f'(zo) does not exist

stireksizlik

f'(x0) mevcut degil

f, x = 1w da )
strekli



Differentiation Rules

Constant Function

If k£ € R, then
d
%(k) =0
Power Function
If n € R, then
di (:En) _ ,nxn—l
x
Example 28.1.
di (xg) 32371 = 322
x
Example 28.2.
d d /1 1, 1 1
V=g () =gt =gt =

Example 28.3.
24

dzx

The Constant Multiple Rule

If u(z) is differentiable and k € R, then

d du
Proof.
4 (ku) = Tim ku(z + h) — ku(x)
X h—0 h
o (x+h) —u(z)  du
h h " Ve

Example 28.4.

Example 28.5.

d d du du

d <1> = 4 (1:74) = dg = 4a5 = 4

Turev Kurallari

Sabit Fonksiyon

k € R ise, o halde

d
(k) =0.

Kuvvet Fonksiyonu

n € R ise, bu durumda

d
% (wn) —_ nxnfl
Ornek 28.1.
. (x?’) 32371 = 322
Ornek 28.2.
d d 1 1 1_q 1 _1 1
V=g () =gt =gt =g

Ornek 28.3.
d (1 d, _,
dx<x4>_dx(x )= 4T = - p

Sabitle Carpim Kurali

u(z) tiirevlenebilir ve k € R ise,

d du
Kanat.
d . ku(x 4 h) — ku(x)
ar (o) = Jim h
. (x+h)—ulx)  du
= F fimy h ~Vdx
Ornek 28.4.
d d
- (32%) = 3 (2°) =3 x 22 = 6z
Ornek 28.5.
d d du du
dx (—u) T ( X u) % dxr dx

161
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The Sum Rule

If u(x) and v(z) are differentiable at zp, then u + v is also
differentiable at x¢ and

i(u+v)*d—u+@
dx Cdx  dx’

Example 28.6. Differentiate y = 23 + %xQ —bx+1.

solution:
dyi d 3, 4
Ir = dr (:1: +3:z: 5:c+1>
d , 4 d (4 , d d
= — _— - — — 1
d;v(x)+dm<3x> dx(sm)—i—d:r()

8
:3x2+§z75+0

Example 28.7. Does the curve y = z* — 222 + 2 have any

i dy _ 7 ?
points where 52 = 07 If so, where?

solution: Since

% =423 — 4o = 4a(2® — 1) = da(x — 1)(z + 1),

we can see that % =0 if and only if x = —1, 0 or 1. See figure
28.1.

Toplam Kurali

u(zx) ve v(x) fonksiyonlar1 zy’da tiirevlenebilirlerse, u+v’de xg
tiirevlenebilirdir ve

de Y T 4 T Az

Ornek 28.6. y = 23 + %xQ — 52 + 1 fonksiyonunun tiirevini
bulunuz.

cozium:

dy d

4
3 2
- - 1

5y, 4 (4
(x)+dx(3x

8
:3x2+§x—5+0

2) —%(533)—1—%(1)

dx
4
dx

Ornek 28.7. y = 2* — 222 + 2 egrisi iizerinde % = 0 olan

nokta(lar) var midir? Varsa, nelerdir?

cozim:

d
ﬁ =42 — 4z = da(2? — 1) = da(z — 1)(z + 1),

oldugundan sunu gozlemleyebiliriz % = 0 ancak ve ancak x =

—1, 0 veya 1 olur. Bkz. gekil 28.1.

-1 1

Figure 28.1: The graph of y = 2% — 222 + 2.
Sekil 28.1: y = z* — 222 + 2'nin grafigi.
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The Product Rule

If u(x) and v(z) are differentiable at x¢, then u(z)v(zx) is also
differentiable at z¢ and

Using prime notation, the product rule is

‘ (wv) = v'v+w'. ‘

Example 28.8. Differentiate y = (2 + 1)(z3 + 3).

solution 1: We have y = uv with v = 22 + 1 and v = 23 + 3.

So
d
=@+ (@ 43 + (@ + 1) +3)
= (22 +0)(z® + 3) + (z* + 1)(32* + 0)
= 22% + 62 + 3zt + 322
= 52% 4 322 + 6.

solution 2: Since
y= (22 +1)(2® +3) =2° + 23 + 327 + 3,
we have that

d
Y _ 504 4 322 4 62 +0.
dx

The Quotient Rule

If u(z) and v(z) are differentiable at g and if v(xg) # 0, then
= is also differentiable at zo and

i (g) u'v—u
dz \v/ vz

Example 28.9. Differentiate y = g—;}

solution: We have y = % with u = ¢* — 1 and v = ¢ + 1.
Therefore
dy  v'v—u
dat v2
2 =-1)E+1)— (-1 +1)
o (t3 + 1)2
@)+ 1) — (12— 1)(3t?)
(t3 + 1)2
24 4 2t — 3t* 4 312
(t3+1)2
—t* 4+ 32 + 2t
(t3 + 1)2

Carpim Kurali

u(x) ve v(x) fonksiyonlarla xo’da tiirevlenebilirlerse, u(z)v(x)
fonksiyonu da x( tiirevlenebilirdir ve

d dv du

Us notasyonu kullanarak, carpim kural da

‘ (uwv) = u'v +uv'. ‘

Ornek 28.8. y = (22 +1)(2® + 3) fonksiyonunun tiirevini bu-
lunuz.

¢Oztim 1: Elimizde sunlar var: y = wv ile u = 22 + 1 ve
v =23+ 3. Yani

d
ﬁ = (22 + 1) (2® +3) + (22 + 1) (2> + 3)
= (22 +0)(2® +3) + (2% + 1)(32 +0)
= 22* + 6z + 3z* + 322
= 5z + 322 + 6.
cozum 2:

y= (2 +1)(2>+3)=2° +2° + 322 +3
oldugundan,

d
YW 5t 1322 16240
dx

buluruz.

Bolim Kural

Eger u(xz) ve v(x) fonksiyonlar1 zy’da tiirevlenebilirlerse ve
v(z0) # 0 ise, 0 zaman = fonksiyonu da x¢’da tiirevlenebilirdir

ve tlirevi de gyledir:
d (u) _u'v—uw
dz \v/ v2

Ornek 28.9. y = ’;i: fonksiyonunun tiirevini aliniz.

¢oziim: u = t* — 1 ve v = t* 4+ 1 olmak fizere y = % olsun.

Buradan

dy  v'v—u

dat V2
-1/ +1) - -1 +1)

(3 +1)?
(2t)(t3 + 1) — (£ — 1)(3t?)
(t3 + 1)2
2t* + 2t — 3t* + 3t2
(t3 +1)2
—t4 32 + 2t
(3 +1)2

buluruz.
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Example 28.10. Differentiate f(s) = \/i_r}

solution: We have f(s) =% with u =+/s—1and v =/s+1.

v

Remember that L (,/s) = 2%/5 Therefore

df  u'v—u'

ds 2
WD) - (-1 +1)
(V5 +1)°
(35) - (vs-1 (5X)
(V3+1)*
. %Jr 2\1/§,%+ 2\1/§
(e’
1
Vs

Second Order Derivatives

If y = f(z) is a differentiable function, then f’(x) is also a
function. If f’(x) is also differentiable, then we can differentiate
to find a new function called f” (“f double prime”). f” is called
the second derivative of f. We can write

d d (dy d’y  dy
" _ @ _ e (YN _c¢y_ Y _ n
J ) = da:f () dx (dz) Az dz Y

/

“d squared vy, dr squared”

Example 28.11. If y = 2, then 3y = % (xﬁ) = 62° and
" d

y'== ()= d% (615) = 30z*. Equivalently, we can write

e d (d d . .
L=t (dx (x6)> = 4 o) = 300,

Ornek 28.10. f(s) = \/i_ri fonksiyonunun tiirevini bulunuz.

¢oziim: f(s) = % olsun burada u = /s — 1 ve v = /s + 1.
Unutmaymz ki & (1/s) = 2—\1/5 Dolayisiyla

df  u'v—uv'

ds v2
(VDD - (V- D+
(Vs+1)*

(3%) Vs + 1) = (v - 1) (5%7)

- (V5 +1)°
% + 2\1/5 - % + 2\1/§

S

B 1

IRVEIVEES S

buluruz.

Ikinci Mertebeden Tiirevler

y = f(x) tiirevlenebilir bir fonksiyon ise, o zaman f'(z) de
bir fonksiyondur. f’(z) de tiirevlenebilir ise, bu durumda yine
tiirev alir ve yeni bir f” (“f iki {issii”) fonksiyonu buluruz. f”
fonksiyonuna f’nin zkinci tirevi denir. Soyle dosteririz

d d (dy d’y  dy
7 _ @y _ 4 (N _*y_ Y _ n
fa) = dxf (z) dx (dx) Az dz Y

/

“d kare y bolii dx kare”

Ornek 28.11. y = 28

d
dz

4 (28) = 62° ve y’ =

(y) = % (6%5) = 30x*. Buna egdeger olarak,

d? d (d d
73 (%) =+ (dx (556)) = - (627) = 302"

yazabiliriz.

ise, ¥y =
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Higher Order Derivatives

If " is differentiable, then its derivative f"' = Z%J; is the third
derivative of f.

If " is differentiable, then its derivative f(4) = 347{ is the
fourth derivative of f.

5
If £ is differentiable, then its derivative f(®) = % is the

fifth derivative of f.

If f(»=1 is differentiable, then its derivative f(") = 2L is the
nth derivative of f.

Example 28.12. Find the first four derivatives of y = 2% —
322 + 2.

solution:

First derivative: y’ = 322 — 6z
Second derivative: y"’ = 6z — 6
Third derivative: "' =6
Fourth derivative: y*) = 0.

ote that since =0, if n > 4 then y'" = 0 also.
Note that since <L (0) = 0, if n > 4 then y™ =0 al

dx

Problems
Problem 28.1.
. ods 4 4
(a). Find 7 ifs=-2t""+ a2

(b). Find w” if w = (z 4+ 1)(z — 1)(2* + 1).

. dy 4 3
(c). Find e if y = (22 + 3)(a* + §2° +11).

2 —1

Problem 28.2. Find @ fb= —-——.
dx 24z —2

Problem 28.3. Find the derivatives of the functions below:

Yuksek Mertebeden Turevler
f" tirevlenebilir ise, tiirevi olan f"” = 3371; fonksiyona f’nin
t¢tinet tirevi denir.

f""" tiirevlenebilir ise, tiirevi olan f(*) = 347{: fonksiyonuna f’nin
dérdinci tirevi denir.

f@ tiirevlenebilir ise, tiirevi olan f(®) = ‘ji{: fonksiyonuna,

f’nin beginct tirevi.

F=1 tiirevlenebilir ise, tiirevi olan f(*) = ©1 fonksiyonuna
X

f’nin n ince tirevi denir.

Ornek 28.12. y = 23 — 32242 ise, ilk dért mertebeden tiirev-
lerini bulunuz.

¢oziim:

Birinci mertebeden tiirev: 3 = 322 — 62

Ikinci mertebeden tiirev: 3’ = 6z — 6

Uciincii mertebeden tiirev: y” = 6

Dérdiincii inci mertebeden tiirev: 34 = 0.

(4 (0) = 0 olsugundan, n > 4 ise ™ = 0 oldugunu unut-
mayiniz.)

Sorular

Soru 28.1.

4 ds
o1 -
(a). s =—2t +t—2lse o

(b). w=(z+1)(z —1)(2* + 1) ise w”’yii bulunuz.

yi bulunuz.

d
(¢). y= 2z +3)(z* + %:c?’ +11) ise ﬁ’i bulunuz.

21 db
x ise —’1 bulunuz.

S 282. b= ————
oru 24 —2 dx

Soru 28.3. Asagidaki fonksiyonlarin tiirevlerini bulunuz:

xt x? — — 2
(). y="2 - %xz . (). glx) = Hoé ). - (0 1)(093+e+ 1)
(b). y = (z — 1)(22 + 3z — 5) (£). v=01-1+})"" G). w= <1+3Z> (3—2)
S LB ®). fls)= Y2 ;
(0. r=353~5, &) Vs +1 (k). s = 5t> — 3t°
(d). zgif; (m.vzliﬁifﬁ§ m.wzsfﬂ—%



Derivatives of Trigono-
metric Functions

Sine and Cosine

4 (sinx) = cosx
dz B

Example 29.1. Differentiate y = 22 — sinz.

solution:

Z—i = % (z) — o (sinz) = 2x — cos .

Example 29.2. Differentiate y = 2 sin x.

solution: We will use the product rule ((uv) = v'v+uv’) with
u =22 and v = sin .
y' = (%) (sinx) + (2%)(sinz)’ = 2z sinz + z* cos .

sinx
=

Example 29.3. Differentiate y =

solution: This time we use the quotient rule ((%)/ = %)

with v =sinx and v = z.

o (sinz)'z — (sinx)(z)’ _

x2 T

rcosx —sinx
5 .

Example 29.4. Differentiate y = 5z + cosz.

solution:

dy d d .
= %(Bx) + %(COSJJ) =5 —sinz.

Example 29.5. Differentiate y = sin x cos z.

solution: By the product rule, we have that

d d d
ﬁ = @(sin x) cos x + sin x%(cos x) = cos? x — sin” .

Trigonometrik Fonksiy-
onlarin Turevleri

Sinus ve Kosinls

— (cosx) = —sinx
dzx

Ornek 29.1. y = 22 — sinx fonksiyonunun tiirevini aliniz.

cozim:

d d
% = (x2) % (sinz) = 2z — cos .

Ornek 29.2. y = 22 sin z fonksiyonunun tiirevini aliniz.

¢Oziim: Carpim kurali kullanirsak ((uv)’ = w'v + uv’) burada
u = 2% ve v = sinz oluyor.

y = (%) (sinz) + (2%)(sinz)’ = 2zsinz + 2% cos .

Ornek 29.3. y = % fonksiyonunun tiirevini aliniz.

¢6ziim: Bu sefer de boliim kural kullanirsak (%) = #e=uv’)

burada u = sinx ve v = x oluyor.

J = (sinz)'z — (sinz)(x)’ _

TrcosT —sinx
x? x? '

Ornek 29.4. y = 5z + cos z fonksiyonunun tiirevini aliniz.

¢coziim:

dy d d .
= %(&n) + %(cosx) =5 —sinz.

Ornek 29.5. y = sinx cos z fonksiyonunun tiirevini aliniz.

¢oztiim: Carpim kurali geregince,

d d
% = £(Sinx) cosx + sinx%(cosm) = cos

2x —sin? z.

cosx
l—sinz

Ornek 29.6. y = fonksiyonunun tiirevini aliniz.

166
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cosx
l—sinz”

Example 29.6. Differentiate y = ¢Oztiim: Bolim kuralindan,

dy 4 (cosz)(1 —sinz) — (cosz) L (1 — sinx)

solution: By the quotient rule, we have that dr 1 —sina)?

—sinz(l — sinz) — cos (0 — cos x)

dy 4 (cosz)(1 —sinz) — (cosz)-L(1 —sinz) — :
dz (1 —sinx)? (1 —sinx)?
—sinz 4 sin? z 4 cos® z

—sinz(1l —sinz) — cos (0 — cos x) _

- (1 —sinz)2 B (1 —sinz)?

—sinz + sin? z + cos? z _ —sinrdl  1-sinz
= (1 —sinz)? (I =sinz)? (1 —sinx)?
_—sinx—l—l_ 1—sinx :;,

(1 —sinz)2 (1 —sinz)? 1 —sinz
1
T 1—ging’
The Tangent Function Tanjant Fonksiyonu
d
e (tanz) = sec’ x
Proof. Using the quotient rule, we can calculate that Kanat. Boliim tiirevinden,
i (tanz) = i sin 2 i (tanz) = i sin 2
dx " dx \ cosz dx " dx \ cosz
B 4 (sinz)(cosz) — (sinz)-L (cosz) B 4 (sinz)(cosz) — (sinz)-L (cosz)
a cos? x B cos? x
~ (cosz)(cosz) — (sinx)(—sinx) _ (cosz)(cosz) — (sinz)(—sinx)
- cos? x - cos? x
_ cos?z + sin’z _ cos?z + sin’z
- cos? x o cos? x
_ 1 _ 9 _ 1
~ ootz o % T cos?x
0 = sec? z.

The Other Three Diger Uc Fonksiyon

d d ) d
. (secx) = secx tanz . (cotx) = — cosec” x . (cosec x) = — cosec z cot
You can use the quotient rule to prove these three rules. We Bu ii¢ kuralin kanitlanmasi igin boliim kuralini kullanabilirsiniz.
may ask you to prove one of them in an exam. Bunlardan birisini sinavda kanitlamaniz: isteyebiliriz.
Example 29.7. Find y” if y = sec . Ornek 29.7. y = secx ise y"nii bulunuz.
¢oziim: y' = sec x tan x oldugundan,
solution: Since y’ = secx tan x, we have that d d
1 /
y'=— (') = — (secxtanx)
" d ! d dx dx
y'=—(y') = — (secxtanx) d d
dx dx _ .
= — (secz) tanx + secx— (tanx)
= a (sec x) tan x + sec xi (tan ) du du
dx dx = (sec z tan x)(tan z) + (sec z)(sec? z)
= (secx tanz)(tan x) + (sec z)(sec? x) — secztan? z + sec®
= sec x tan®  + sec® .

buluruz.
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Problems

Problem 29.1.

(a). Find ? if s = (sinx + cosz) secz.
x
(b). Find % if r = 60sin6 4 cos .

Problem 29.2. Use the quotient rule to prove that the fol-
lowing are true:

(a).

(secx) = secx tanz.

dzx
(b). . (cot ) = — cosec? x.
(c)- e (cosecx) = — cosec x cot x.

Problem 29.3. Find the derivatives of the functions below:

Sorular

Soru 29.1.

S ..
—’1 bulunuz.

dx

(a). s = (sinz + cosx)sec ise

d
r = 0sinf 4 cosf ise —r’yl bulunuz.

(b). 70

Soru 29.2. Boliim kurali kullanarak, asagidakileri kanitlayiniz:

(a).

(secx) = secx tan x.

dx
(b). e (cot ) = — cosec? z.
(c). . (cosec x) = — cosec x cot x.

Soru 29.3. Asagidaki fonksiyonlarin tiirevlerini bulunuz:

(a). y=—10x + 3cosw (e). g(z) = cosztanx (h). p=5+ —

b). y = 2% cosx

(). y (). w= . . __sint + cost

(¢). y =cosecx —4\/x + 7 1+ cot 2 @). = cost

(d). f(x) =sinztanz (g). h(z) = 2®sinx cos = (G). y = (seczx + tanz)(secx — tan x)

HERE'S MNGTHER MATH
PROBLEM T CANT FIGURE

+ :
&0

OOH, THATS A TRICK ONE.
NOW HAVE TO USE CALCULYS
AND IMASINARY NUMBERS

=] lsné Liniversal Prose Syodica e

IMAGINARY NOU KMNOW, HOW DID You INSTINGT,
“UMBERS -y ELEVENTEEN, [ | LEARN ALL TIGERS ARE
w4 THIRTY-TWENE,| | THIST YOUVE | BORMNWITHIT,
A0 ML T | NEVER EVEN NI
ITS AUTTLE | | GONE TO

CONFUSING
AT FIRST.

Figure 29.1: A web comic taken from https://www.gocomics.com/calvinandhobbes/1988/01/06 .
Sekil 29.1: https://wuw.gocomics.com/calvinandhobbes/1988/01/06 adresinden alinan bir web ¢izgi romani.


https://www.gocomics.com/calvinandhobbes/1988/01/06
https://www.gocomics.com/calvinandhobbes/1988/01/06

The Chain Rule Zincir Kural

How do we differentiate F'(z) = sin(z? — 4)? F(z) = sin(z? — 4) fonksiyonunun tiirevini nasil aliriz?
Theorem 30.1 (The Chain Rule). Suppose that Teorem 30.1 (Zincir Kuralh). Varsayalm ki
e y = f(u) is differentiable at the point u = g(z); and o y = f(u) fonksiyonuu = g(x) notasinda tirevlenebilir
ve

o g(z) is differentiable at x.

e g(z) fonksiyonu da x’de tirevlenebilir olsun.
Then f o g is differentiable at x and

Bu durrumda f o g fonksiyonu da x noktasinda
(fog)(z)=Ff (g(m))g'(m) turevlenebilirdir ve tirevi de

(fog)(x)=f'(9(x))d ().

The Chain Rule is easier to remember if we use Leibniz’s

notation:
dy dydu Zincir Kurali’'n1 Leibniz notasyonu kullanarak kolayca
- = o hatirlanabilir:
d du d
< uar dy  dydu
Example 30.1. Differentiate y = sin(z? — 4). de  dudx

Ornek 30.1. y = sin(x? — 4) fonksiyonunun tiirevini alinz.

solution: We have y = sinu with u = 22 — 4. Now % = cosu
and % = 2z. Therefore coziim: u = 22 — 4 olsun ve y = sinu olur. Boylece Z—z = cosu
du _ .
dy dy du ve oo = 2z olur. Yani
—= = —=— = (cosu)(2x)
dr dudx dy dydu )
= 2z cosu = 2z cos(x? — 4) %*@%*(COSU)( )

_ _ 2
by the Chain Rule. = 2z cosu = 2z cos(z” — 4)

Example 30.2. Differentiate sin(x2 + ). Zincir Kurali kullanarak buluruz.

Ornek 30.2. sin(z? + ) fonksiyonunun tiirevini aliniz.

lution: Let u = 2 . Th
sotubron: Let u=a"+ e ¢cOziim: u = x?+z diyelim. Buradan Zincir Kurah yardimiyla,

sinu) du d d d
dx 7 (sin(z® 4+ z)) = — (sinu) cu

cosu)(2x + 1) . du dz

) = (cosu)(2z + 1)
2z + 1) cos(z” + x) = (22 4 1) cos(x? + )

% (sin(z® + z)) = diu(
= (
= (

by the Chain Rule.
bulunur.
Example 30.3 (Using the Chain Rule Two Times). Differen-

tiate g(t) = tan (5 — sin 2¢). Ornek 30.3 (Iki kez Zincir Kurali).

g(t) = tan (5 — sin 2¢) fonksiyonunun tiirevini aliniz.
solution: Let u = 5 — sin2t. Then ¢(t) = tanu. Hence ¢Oziim: Let w = 5 —sin2¢. Then ¢(t) = tanu. Hence

dg dgdu 5\ d ) dg  dg du , .d '
—_—= ——_—— = — 2 . — _ _ 2 .
& dudt (sec u)dt(5 sin 2t) pril s (sec u)—dt(5 sin 2t)

169
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We need to use the Chain Rule a second time: Let w = 2t.
Then

d d
d—i] = (sec? u)%(5 — sin 2t)

d w
_ 2.V (5 — & -
= (sec” u) T (5 — sinw) o
= (sec? u)(— cosw)(2)

= —2cos 2t sec?(5 — sin 2t).

(Note: Your final answer should not have u or w in it.)

Powers of a Function

If
e f is a differentiable function of wu;
e v is a differentiable function of x; and
o y=f(u),

then the Chain Rule % = %Z—: is the same as

d ,, L du
2o W) = f(u)-.

Now suppose that n € R and f(u) = «". Then f'(u) =
nu™1. So

d . ,qdu
& Em
Example 30.4.
d 3 oa\T _ 3 4\6 d 3_ 4
s (535 T ) = 7(530 T ) . (536 T )

Example 30.5.

% (le_ 2) = % (Bz—2)"'=-13z—-2)" % (32 —2)
1 —
T <(3m - 2)2> ®) =Gz —32)2'
Example 30.6.
d .5 g do .4
e (sin” z) = 5sin x%(smx) = 5sin” x cos z.
Example 30.7. Differentiate |x|.

solution: Since |z| = Va2, we can calculate that if  # 0 then

L= 2 (vaz) = L) L a2)

" du
1 9 T x
= L = — = —
2Vu Va2 o |zl

We need to use the Chain Rule a second time: Let w = 2t.

Then

d d
d—‘;} = (sec? u)%(S — sin 2t)

d w
_ 2,V 2 (5 _ g e
= (sec” u) dw(5 sinw) o
= (sec? u)(— cosw)(2)
= —2cos 2t sec?(5 — sin 2t).

(Not: Cevabiniz u or w igermemelidir.)

Kuvvet Fonksiyonlari
Eger
e f, u’ya bagh tiirevlenebilir fonksiyon;

e u, x’e bagl tiirevlenebilir fonksiyon ve

* Y= f(u) isea

Zincir Kurali geregince dy _ dy du

dx = dudzx ile

d ,, L du
) =) g

ifadesi aymdir.
Simdi n € R ve f(u) = u" olsun. O halde f’(u) = nu"~!
olur. Boylece

d ny _ n—ldj
e (u™) = nu T
Ornek 30.4.
% (5m3 — 1:4)7 =7 (5x3 — m4)6 % (5x3 — x4)
=7 (5363 — x4)6 (15332 — 4;103)
Ornek 30.5.

d 1 d -1 2 d
— = — -2) =-1 -2) " — -2
dz <3$ — 2) dz (82 —2) (82 —2) dz (82 —2)

1 -3
(@)
Ornek 30.6.

d
42— (sinz) = 5sin® z cos z.

e .5 _ .
(sm x) 5sin Iz

dx
Ornek 30.7. |z| fonksiyonunun tiirevini aliniz.

¢ozim: |z| = Va2 oldugundan, x # 0 ise

d d d d
o= g (V) = go Ve o (@)
1 x x

buluruz.
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Example 30.8. Let y = [(=nH 2 B for z 75 . Show that % > 0.

solution: First we calculate that

dy d B . d
o dm(l —2x)7% = =3(1 — 2z) %(1 2x)
_ 6
= -3(1-2x)"Y(-2) = A=z
if z # %. Since (1 —22)* > 0if z # £ and 6 > 0, we have that

dy : 1

Example 30.9 (Why Do We Use Radians in Calculus?). Re-
member that %sinm = cosz is true only if we use radians.
What happens if we use degrees?

Ornek 30.8. y = (= Zz) for x # 1 5 olsun. dw > 0 oldugunu
gosteriniz.

coziim: Oncelikle, x # % ise

dy d —4 d
4 _ 6
—3(1 - 23}) (—2) = m

buluruz. Eger z # 3 ise (1 — 2z)* > 0 olur ve 6 > 0 bulunur,
buradan % > 0 if z # 1 elde edilir.

Ornek 30. 9 (Kalkiiliiste Neden Radyan Kullamriz?). Unut-
mayiniz ki d sinx = cosx dogrudur tabii radyan kullanirsak.
Derece kullansaydik ne olurdu?

180°

L

Remember that

180 degrees = 7 radians

180° =7
o=
180
2 = T
180°
So
—sinz® = is (E) = lcos (Lx> i cos x°
dx dx 180/ 180 180 180
Therefore we have
i in co and —sinx® = - T cos
dg DT TR az ST = 1gp 008
a nice formula not nice

This is why we use radians in Calculus.

—>

1

Hatirlayacak olursak,

180 derece = 7 radyan

180° ==
o T
180
o T
180°
Yani
o . ( T ) s ( T ) 0
—sinz® = —sin ( — ) = —=cos | — — cosx°
dz dz 180 180 180 180
Elimize gegen
. e . o 0 o
— Sin = — SIn = —
7 SN T = cos T A\ 7 SnT T30 (087

giizel bir formiil hi¢ giizel olmayan formdil

Bu yiizden Kalkiiliiste radyan kullaniyoruz.
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Problems

Problem 30.1. Find %

Problem 30.2. Find (C%l

Problem 30.3. Find
Problem 30.4. Find —=
Problem 30.5. Find —=

Problem 30.6. Find —=

Problem 30.7. Find %

~10

t
ifs=(-—-1 .
if s (2 )
if y = cos | 5sin t
y= 3 .

if y = /322 — 4z + 6.
if y = sin® .

if y = sec(tanx).

if y = sin(x?) cos(2).

2 \°
ify= (- .
Y <t3—4t>

1\3
Problem 30.8. Find y" if y = (1 + ) .
x

Problem 30.9. Find (fog) (1) if f(u) = u® + 1 and g(z) =

JZ.

Problem 30.10. Find (f o g)" (0) if f(u) = ug—j_l and g(z) =

1022 4+ 2 + 1.

Sorular

t -1 ds
Soru 30.1. s = (2 - 1) ise E’yi bulunnuz.

t d
Soru 30.2. y =cos | 5sin | - ise —y’yi bulunuz.
3 dt
. dy,.
Soru 30.3. y = v/3x2 — 4z + 6 ise %’1 bulunuz.
.3 . dy,
Soru 30.4. y = sin’ x ise e i bulunuz.
.ody,.
Soru 30.5. y = sec(tanx) ise d—’l bulunuz.
x
. 2 . dy,
Soru 30.6. y = sin(z”) cos(2x) ise e bulunuz.
x
Soru 30.7. y = 72 ’ ise 4, i bulunuz
VT \Bw dt ¥ '
1\?
Soru 30.8. y = (1 + x) ise y'"’yi bulunuz.
Soru 30.9. f(u) = u® +1 ve g(z) = /z ise (fog) (1)i
bulunuz.

Soru 30.10. f(u) = uf—il ve g(x) = 10z%4a+1ise (f o g)' (0)1
bulunuz.



Antiderivatives

Definition. F is an antiderivative of f on an interval [ if
F'(x) = f(x) for all z € I.

Example 31.1.

2z is the derivative of z2.

x2 is an antiderivative of 2.

Example 31.2. If g(z) = cosz, then an antiderivative of g is
G(z) =sinz

because

G'(x)

= (sinz) = cosx = g(x).
Example 31.3. If h(z) = 2z + cosz, then H(z) = 22 + sinx
is an antiderivative of h(x).

Remark. F(z) = 22 is not the only antiderivative of f(z) =
2.

22 + 1 is an antiderivative of 2z because % (:E2 + 1) = 2.

22 4+ 5 is an antiderivative of 2z because % (224 5) = 2z.

2% — 1234 is an antiderivative of 2z because -+ (22 — 1234) =

dx
2.
Theorem 31.1. If F is an antiderivative of f on I, then
the general antiderivative of f is
F(z)+C
where C' is a constant.

Example 31.4. Find an antiderivative of f(x) = 3z? that sat-
isfies F((1) = —1.

3 d

solution: z° is an antiderivative of f because - (x?’) = 322
So the general antiderivative of f is

F(x) = 2+ C.
Then we calculate that
~1=F1)=1’+C=14+C = C=-2.

Therefore F(z) = 2® — 2.

Ters Turevler

Tanim. Bir I arahgndaki her « € I i¢in F'(z) = f(z) ola-
cak sekildeki F' fonksiyonuna f fonksiyonunun bir ters tirevi
denir.

Ornek 31.1.

22 nin tiirevi 2z tir.

2?2 de 2z in bir ters tiirevidir.
Ornek 31.2. g(x) = cosx ise, g nin bir ters tiirevi
G(x) =sinz

olur, ¢iinkii

G'(z) = % (sinz) = cosz = g(x).

Ornek 31.3. h(z) = 2z +cosz ise, H(x) = x* 4 sin  fonksiy-
onu h(z) in bir ters tiirevidir.

Not. F(z) = z? fonksiyonu f(z) = 2z in tek ters tiirevi
degildir.

22 4+ 1 de 2z icin bir ters tiirevdir ¢linki % (a:2 + 1) = 2.

22 +5 de 2z icin bir ters tiirevdir ¢linkii % (12 + 5) = 27.

z? — 1234 de 2z i¢in bir ters tiirevdir ¢linkii - (22 —1234) =
2z.

Teorem 31.1. Eger F fonksiyonu f nin I dzerindeki ters
tiirevi ise, f nin genel ters tirevi

F(z)+C
burada C bir sabit oluyor.

Ornek 31.4. F(1) =
tirevini bulunuz .

—1 saglayan f(z) = 3z? nin bir ters

¢Oziim: z* fonksiyonu f nin bir ters tiirevidir ¢iinkii L (2%) =
3z2. Bu nedenle f nin genel ters tiirevi

F(z) =2+ C.
Sunlar1 buluruz:
~1=F1)=1>4+C=14+C = C=-2.

Bu nedenle F(z) = 23 — 2.
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function, f(z) | derivative, f'(x)
fonksiyon, f(x) tirev, f'(x)
" nz™~!
sin kx k cos kx
cos kx —ksinkx
ok ek
In |x| 1

function, f(x) | general antiderivative, F'(x)
fonksiyon, f(x) genel ters tiirev, F(z)
Znt1
™ (n# —1) Tt C
sin kx f%cos kx +C
cos kx % sinkz + C
ekr %ek:n + C
1 In|z|+C

Table 31.1: Elementary derivatives and antiderivatives
Tablo 31.1:

The Sum Rule and the Constant Multiple
Rule
Suppose that

e ['is an antiderivative of f;

e (G is an antiderivative of g;

e kcR.

The Sum Rwule: The general antiderivative of f + g is
F(z) + G(x) + C.
The Constant Multiple Rule: The general antiderivative of
kfis
kF(z)+ C.
Example 31.5. Find the general antiderivative of f(z) =
% + sin 2z.

solution: We have f = 3¢g + h where g(z) = 22 and h(z) =
sin 2z. An antiderivative of g is

An antiderivative of h is
1
H(z)= —5 cos 2.
Therefore the general antiderivative of f is
1
F(z) =6z — §COS2(E+C.

Definition. The general antiderivative of f is also called the
indefinite integral of f with respect to z, and is denoted by

/ (@) da.

Toplam ve Sabitle carpim Kurali

Varsayalim ki
e F fonksiyonu f nin bir ters tiirevi;
e (G fonksiyonu da g nin bir ters tiirevi;
e kR

Toplam Kurali: f + g'nin ilkeli (ters tiirevi)
F(z)+G(x)+ C.
Sabitle Carpvm Kurali: kf’nin ilkeli
EF(z)+C.
Ornek 31.5. fx) = % + sin 2z nin ilkelini bulunuz.

¢oziim: g(z) = z~2 olmak iizere elimizde f = 3g+h ve h(z) =
sin 2z var. g’nin bir ilkeli

Ayrica A’nin bir ilkeli
1
H(z) = —3 cos 2x.
Diloayisiyla f fonksiyonunun bir ilkeli
1
F(z) = 6yx — §COSQ$+C.

Tanim. f nin genel ters tiirev veya ilkeline ayni zamanda f
nin x’e gore belirsiz integrali denir ve gdyle gosterilir:

/f(m) dz.
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the integral sign
integral isareti

Example 31.6.
/23: de =22+ C
/cosx dr =sinz +C

/(2z +cosz) dv = x* +sinz + C
Example 31.7. Calculate /(a:2 —2x 4+ 5) du.

solution 1. Since % (%3 —z2 4 5x) = 22 — 2z + 5 we have

that
3

/(x2—2x+5) dm:%—x2+5x+C.

solution 2.

/(m2—2x—|—5) d:cz/a:de—/Zxdx—F/de

— (azj +Cl) — (2”7 + Cs) + (5z + C3)

3
= (a;—$2+5x>—|—(01—62+03).

Because we only need one constant, we can define C := C; —
C5 4 C3. Therefore

3

/(x2—2x+5) d$=%—$2+51‘+0.

~—
the integrand
integralin integrandi

dx
\

x is the variable of integration
x ise integral degiskeni olarak tanimlanir

Ornek 31.6.
/233 de =22+ C
/cosx =sinx + C

/(2:17+cos:1:) dr = 2® +sinz + C

Ornek 31.7. /(w2 — 2z 4 5) dz integralini bulunuz.

¢ozim 1. L (%3 —z%+ 53:) = 22 — 22 + 5 oldugundan

3
/(x2—2a:—|—5) dx:%—x2+5x+0

buluruz.
¢ozuim 2.

/(z2—21:+5)dx:/xde—/Zxdx+/5dx

_ (f +cl> — (¢ + Cy) + (52 + C)

3
= <2—$2+51}>+(01—02+C3).

Yalnizca bir sabite ihtiyacimiz oldugundan, C' := C; — Cy + Cjs
olarak tanimlariz. Yani

3

/(m2—2x+5) dx:%—x2+5x—|—0.
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Example 31.8. You drop a box off the top of a tall building.
The acceleration due to gravity is 9.8 ms~2. You can ignore air

resistance. How far does the box fall in 5 seconds?

solution: The acceleration is
a(t) = 9.8ms™?
downwards. Since

. d :
acceleration = %(velomty),

the velocity is an antiderivative of the ac-
celeration. Therefore the velocity is

v(t) = 9.8t +C ms™ .

You let go of the box at time t = 0.
So v(0) = 0. Thus C = 0. Hence

v(t) = 9.8t ms™*.

Now velocity = 4 (position). So the
distance fallen is an antiderivative of ve-
locity. Hence

s(t) = 4.9t + C m.
Because you let go of the box at time
t = 0, we have s(0) = 0. Thus C = 0.
Therefore
s(t) = 4.9t m.
After 5 seconds, the box has fallen

s(5) = 4.9 x 25 = 122.5 metres.

(%

Ornek 31.8. Bir binammn iistiinden bir kutu birakiliyor.

Yercekimi ivmesi 9.8ms~? dir.

Havadaki siirtiinme ihmal

edilebilir. Kutu 5 saniyede ne kadar yol alir?

gL L
gL L
HRE RN

¢Oziim: Tvme
a(t) = 9.8ms™?

agagiya dogru olur. Simdi

ivine =

< (),

hiz ivmenin bir ilkelidir. Dolayisiyla hiz
v(t) = 9.8t +C ms™ .

Kutuyu ¢ = 0 aninda birakiyorsunuz.
Boylece v(0) = 0 olur. Buradan C' = 0
olur. Dolayisiyla

v(t) = 9.8t ms™ !,

Simdi hiz = %(konum). Dolayisiyla
diisme mesafesi hizin bir ters tiirevi veya
ilkelidir. Yani

s5(t) = 4.9t + C m.

Kutuyu ¢ = 0 aninda diigmeye
biraktiginizda, s(0) = 0 olur. Boylece
C = 0. Yani

s(t) = 4.9t m.
5 saniye sonra, kutunun diigme mesafesi

s(b) = 4.9 x 25 = 122.5 metres.
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Problems Sorular

Problem 31.1. Find an antiderivative for each function, then
check your answer by differentiating it.

Soru 31.1. Agagidaki fonksiyonlarin birer ters tiirevini veya
ilkelini bulup, sonra cevabimz tiirev alarak bulup kontrol edin.

(a). f(z)=200z. (d). I(z) = 2" — 62 + 8. (g). r(z) = gsec2 z
. 2 3 3
(b) g(x) — 3= E (e) m(x) = g.%' 3.
9 3w

(c). h(z) = sin(rz) — 3sin(3x).

Problem 31.2 (Right or Wrong?). Consider
2 1)3
/ (22 +1)* + cosz) da = % +sinz + C.
Is this correct or incorrect? Why?
Problem 31.3 (Right or Wrong?). Consider

/(e’J cose”) dr =sine” 4 C.

Is this correct or incorrect? Why?

Problem 31.4 (Right or Wrong?). Consider
/(3x2+2x—|—7) de = z* + 2 + Tx.

Is this correct or incorrect? Why?

Problem 31.5. Find the following indefinite integrals.

(a). /21‘ dx (c). /4+\/E dt

3
(b). / (1- z? — 3x5) dz

(d). /(200320—3sin30) de

(h). s(z) = —sec >

Soru 31.2 (Dogru mu yoksa Yanhg mi?).

(22 +1)3

+sinz + C
3 1nr

/ ((2z 4+ 1)* + cosz) dx =

yazalim. Bu dogru mu yoksa yanlig m1? Neden?

Soru 31.3 (Dogru mu yoksa Yanhs mi?).
/ (e” cose”) dx =sine® +C

yazalim. Bu dogru mu yoksa yanlig mi1? Neden?

Soru 31.4 (Dogru mu yoksa Yanhs m1?).
/(3332+2x+7) de =2° +2* + Tz

yazalim. Bu dogru mu yoksa yanlig m1? Neden?

Soru 31.5. Asagidaki belirsiz integralleri bulunuz.

(e). /263”’ dx
(f). /é dz



Integration

Question: What is the area of R?

We can use two rectangles to approxi-
mate the area of R.
Then we have

area of R = area of 2 rectangles

(34301}

= - =0.375.
8

Can we do better than this? Yes! We
could use more rectangles.

We can say that

area of R = area of 4 rectangles
(22) 4 (2:1)
16 4 4 4
+(7><1)+<0><1>
16 4 4

17
= — = 0.53125.
32
Every time we increase the number of
rectangles, the total area of the rectan-
gles gets closer and closer to the area of

R.

area of R = area of 16 rectangles
= 0.63476.

Integral

3
0.75
height=0
3
4
1
2
0.5 N
+- 1
1
—
15
16 3
1
7
16
025 05 0.75 N
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Soru: R bolgesinin alanmi kactir?

R nin alanini yaklagik olarak hesaplamada
iki dikdortgen kullanirsak, Bu durumda

R’nin alan1 ~ 2 dikdortgenin toplam alani

— §X1 +0><1

T \4 72 2
3

_g_awa

Bundan daha iyisini yapabilir miyiz? Evet!
Daha fazla dikdortgen kullanabiliriz.

We can say that

area of R = area of 4 rectangles
15 1 3 1
~(ie 1)+ (5<3)
()
16 4 4

17
= — = 0.53125.
32
Dikdortgenlerin sayisini her arttirdigimizda,
dikdortgenlerin toplam alani, R alanina
daha da yakinlagiyor.

R’nin alan1 ~ 16 dikdortgenin toplam alani

= 0.63476.
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Limits of Finite Sums Sonlu Toplamlarin Limitleri

41y

Ax

TOX L X XXX N XXXy
x
Here’s the plan: Iste izleyecegimiz yol:
STEP 1. We will cut [0, 1] into n pieces of width AbpiM 1. [0,1]’i n parcaya bolersek
1-— 1 1-—
Ax = 0 =—. Az = 0 =
n n n

STEP 2. We will use n rectangles to approximate the area of ADIM 2. n tane dikdortgenle R’nin alanini yaklagik olarak bu-

R. See figure 32.1. luruz. Bkz. sekil 32.1.
STEP 3. Then we will take the limit as n — oo. ADpIM 3. Daha sonra n — oo iken limit aliriz.
y \}
A
NAS TN
S \%,\\‘ \\‘%‘\\
e
y=1-—2a?
\v\.\%\\
3
W5 T
i 2 3 n—1
n n n n

Figure 32.1: We can use n rectangles to approximate the area of R.
Sekil 32.1: n tane dikdortgeni R'nin alanini yaklagik hesaplamakta kullanabiliriz.

Let f(z) =1 — 22, Then Let f(z) =1 — 22. Then
e the first rectangle has area + =f (%) e ilk dikddrtgen alani %f (%)
(2); o ikinci dikdortgen alam L f (2);

e the second rectangle has area % f
o the has area 1 f (2); . alam L f (2);

and so on. ve saire.
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The area of all n rectangles is n dikdortgenin toplam alani
area = Z (area of the kth rectangle) area = Z (area of the kth rectangle)
k=1 k=1

S1(-(4)) ()

k=1 k=1
n n k}2 n n ]{;2
SDIEED L« S SET L
k=1 k=1 k=1 k=1
1 1 <=, 1 1,
=n(3) —n(5) -k
k=1 k=1
_1_i n(n+1)(2n+1) _ ., 1 /nn+1)2n+1)
- n3 6 N n3 6
m?4+3n+1 % +3n+1
= 1 -——_—mmm——m—m--- - 1 — .
6n2 6n2
Taking the limit gives Limit alinirsa
: 1,k , 2n? + 3n + 1 : 1, (kYY) 2’ +3n+1
o2 (Z n! ()) = Jim (1= A\ nf () ) =t (e
k=1 —
6 3 6 3
Therefore the area of R is 2. Buradan R'nin alanm 2 olur.
Riemann Sums Riemann Toplami

Simdi f : [a,b] — R bir fonksiyon olsun. [a,b]’yi n araliga
Yy y = f(x) boleriz (parcalarin hepsinin ayni geniglikte olmas1 gerekmez).
Her alt-aralikta, Sekil 32.3’de gosterildigi gibi [x;_1, zx] cinsin-
den bir nokta cp segeriz. Her alt araligin genigligi Az, =
Ty — Xp—1 dir.

X
Az
a 2 b
c1 c2 c3 Ck \

R 1 1 \ 1 \ \

o T1 T2 I3 Th—1 Tk Tn—1 Tn
— —

Az Axsg Az,

Figure 32.2: A function f : [a,b] — R.

Sekil 32.2: Bir fonksiyon f : [a,b] — R. Figure 32.3: We split the interval [a,b] into n subintervals.
Notethat a =xg <1 <o <23<...<Tp_1 <xn, =0
Sekil 32.3: [a, b] araligim n alt-araliga boliiniir. Dikkat edilirse,

Now let f : [a,b] — R be a function. We will cut [a,b] into @ = %0 <¥1 <z <3 <...<Tp1 <Tp = bdir
n subintervals (the pieces don’t have to all be the same size).
In each subinterval we will choose one point ¢ € [z_1,zk], as
shown in figure 32.3.The width of each subinterval is Az =
Tl — T—1-
On each subinterval [zj_1, )], we draw a rectangle of width Her bir [xf_1, zx] alt-araliginda, genigligi Axy, ve yiiksekligi
Axy, and height f(cg). See figure 32.4. f(cr) olan dikdortgenler cizilir. Bkz. gekil 32.4
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1 T @3 Th1 Tt b

~ Q

o 2

NG > 5

N S § f(ck)
N J/ E
Ay / =
\-,-4
Az

Figure 32.4: n rectangles.
Sekil 32.4: n tane dikddrtgeni.

Note that if f(cx) < 0, then the rectangle on [z_1, zx] will
have ‘negative area’ — this is ok.
The total of the n rectangles is

> flew)Awy.
k=1

This is called a Riemann Sum for [ on [a,b]. Then we want
to take the limit as n — oo (or more precisely, we want to take
the limit as max{Azq, Azs,...,Az,} — 0). Sometimes this
limit exists, sometimes this limit does not exist.

f(er) < 0 olduguna dikkat edersek, tabami [xg_1, k] olan
dikdortgen ‘negatif aalanl’’ — olur.
n dikdortgenin toplam alani

> flex) Ay
k=1
Bu toplama bir f nin [a,b] tzerindeki bir Riemann
Toplama denir. Sonra n — oo iken limit alimir (veya daha
dogrusu, maks{Ax, Axs, ..., Azx,} — 0 iken limit alinir). Bu

limit bazen mevcuttur, bazen mevcut degil.



The Definite Integral  Belirli Integral

Definition. If the limit Tanim. Eger
o lim 3 fler) A
k=1

limiti mevcutsa, bu limite f’nin [a,b] tzerindeki belirli
exists, then it is called the definite integral of f over [a,b]. integrali ad: verilir. S6yle gosteririz
We write

b n b n
[ @) do= tim 3" flen)an, [ #@) o= 3" f)an
a k=1 a k=1
if the limit exists. tabi eger limit mevcutsa.
upper limit of integration
integralin {ist sinir
x is the variable of integration
x, integral degigkenidir
integral sign b

integral isareti

o d
X X
“the integral of f “a’dan b’ye f’nin

from a to b’ [ integrali”
a the integrand

integralin integrandi
lower limit of integration

integralin alt sinir1

182
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Definition. If f; f(z) dx exists, then we say that [ is inte-
grable on [a,b].

Example 33.1. f(z) = 2

fol(l — %) doe = 2.

/abf(x) dxz/abf(u) dUZ/abf(t) di

It doesn’t matter which letter we use for the dummy variable.

1 — z* is integrable on [0,1] and

Remark.

Theorem 33.1. If f is continuous on [a,b], then f is
integrable on [a, b].

If f has finitely many jump discontinuities but is oth-
erwise continuous on [a,b], then f is integrable on [a,b].

Example 33.2. Define a function ¢ : [0,1] — R by

1 2€Q
g(x)={0 r 0.

See figure 33.1.This function is not integrable on [0, 1].

Tanim. Eger f: f(z) dz mevcutsa, [ fonksiyonu a,b]
tzerinde integrallenebilir denir.

Ornek 33.1. f(x) = 1 —x? fonksiyonu [0, 1] iizerinde integral-

lenebilir ve
fol(l — %) dz = 2.
Not.

fa)de= [ f(u)du= [ f(t)at
[ reras= [ = [

takma degisken i¢in hangi sembol kullandigimizin bir 6nemi
yok.

Teorem 33.1. Eger f fonksiyonu [a,b]’de sirekli ise,
[a,b]’de f integrallenebilirdir.

Eger f sonlu sayida sigramaly siireksizligi varsa veya
[a, b] ’de siirekli ise, then [a, b] tizerinde f integrallenebilirdir.

Ornek 33.2. Su fonksiyonu tanimlarsak g : [0,1] — R dyle ki

1 z€Q
g(w)={0 r 2.

Bkz. gekil 33.1. Bu fonksiyon [0, 1]’de integrallenemez.

T
1

Figure 33.1: The graph of g(z) defined in Example 33.2.
Sekil 33.1: Ornekteki g(z) grafigi
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Properties of Definite Integrals Belirli integralin Ozellikleri
Theorem 33.2. Suppose that f and g are integrable. Let Teorem 33.2. f ve g integrallenebilir olsunlar. k bir sabit
k be a number. Then sayr olsun. Bu durumda
@ © a b
(4). /b f(z) do = _/a f(z) dz; (4). /b f(z) de = —/a f(x) dx;
b b 5
(ii). / kf(x) dm:k/ f(z) d; (44). /bkf(x) dx:k/ F(z) da
c b b c b b
(). / f(x) dl’+/ f(z) dz =/a f(z) dz (iii). / f(z) dx+/ f(a) da :/ f(z) da
(). / f(x) dx = 0; (iv). /a f(x) dz =0;
b b b " -
(0). / (F(@) + (=) d:c:/a f(z) dx—i-/a g(x) dx; ) /b (@) + 9(@)) dx:/ f(@) dx—i—/ o(x) dz;
b
(vi). (b—a)min f < / f(@) dz < (b— a) max f; (vi). (b— a)min f < /bf(x) dz < (b — a) maks f;
(vit). if f(x) < g(x) on [a,b], then (). ) < o) om o8] de
b b
| t@ da< [ g0 do / ' Ha) do < / " o) da
(viti). if g(x) 2 0 on [a,b], then (viii). [a,b] dzerinde g(x) > 0 ise,
b
/ g(x) dx > 0; /bg(x) dx > 0;
(iz). if f is an even function, then (). § ot i de,
| @ da=2 [ f@)ax [ s a=2 [ e a
and ve
(z). if f is an odd function, then (z). if f tek fonksiyon ise,
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1

Example 33.3. Suppose that /
-1

/(@) do =5, / f(x) do =

1
—2 and / h(z) dz = 7. Then
—1

/41f(w)dx/14f(x)dw

/_11 (2f(z) + 3h(x)) dz =2 /_11 f(z) dz + 3/_11 h(z) dx

=2(5)+3(7) = 31

forrm= s f o

=5+

and

1
Example 33.4. Show that / V14 cosz dz < V2.
0

solution: The maximum value of +/1+cosz on [0,1] is
V1+ 1 =+/2. Therefore

1
/ V1+cosz dr < (1—0)maxy/1+cosz =1x V2.
0

2

Example 33.5. Calculate / (2% + z) da.

—2

solution: Because (r3 + ) is an odd function, we have that

/2(m3+:r) dx = 0.

-2

1

Example 33.6. Calculate / (1 —2?) dx.

-1

solution: Because (1 — 2?) is an even function, we have that

1 1 ) 4
/ (1—x2)dx:2/ (l—a?)dz=2x2=2
. ; 373

1 4
Ornek 33.3. Varsayalim ki/ f(z)dez =5, / f(z) de = -2
-1 1

1
ve / h(z) dr ="7. O zaman

/41f(x)dx/14f(w)dfv

/_11 (2f(x) + 3h(x)) dz = 2/_11 f(x) dz + 3/_11 h(z) da

=2(5)+3(7) = 31

/ dx—/f dx+/f

=54 (—

ve

1
Ornek 33.4. Gosteriniz ki / V1 +cosz dr < V2.
0

¢Oztm: [0,1] iizerindeki +/1+ cosz’nin maksimum degeri
V1 +1 =+/2. Buradan

1
/ V1+cosz dz < (1 —0)maksv/1+cosz =1 x V2.
0

2

Ornek 33.5. / (23 + x) dx hesaplayiniz.

-2

coziim: (x® + x) tek fonksiyon oldugundan, sunu elde ederiz:

/2(x3+:c) dx = 0.

-2

1
Ornek 33.6. / (1 — 2?) dx hesaplayiniz.
1

coziim: (1 — 2?) gift fonksiyon oldugu igin,

/(1—x2)d3::2/(1—:1:2)d1::2><7:7.
A 373

-1
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Example 33.7. Calculate fob x dx for b > 0. Ornek 33.7. b > 0 ise fob x dz integralini bulunuz.

¢éziim 1: Riemann Toplami kullanacagiz. Once [0,0]'yi n

solution 1: We will use a Riemann Sum. First we cut [0, b] parcaya

in to n pieces using
b 26 3b (n—1)b

b 2b  3b (n—1)b I< - <—<—<...<———<b

I<—-<—<—<...<——=<b non n n

n o n n n

Kb b ve cr = kb kullanarak b('jleriz. Dikkat edilirse her k i¢in Axy, =

and ¢ = 7. Note that Az, = > for all k. See figure 33.2

The 5 olur. Bkz sekil 33.2. Bu durumda
n
n n n 5 n
kb b b? _ kbb b
> flen)Azy = Zk; > flew)Azy, = = Zk
k=1 k=1 k=1 k=1
b? 1 b? 1
-”2((“”%”2(“1) =2(“” ) ()
n? 2 2 n/’ n 2 2 n
Then O halde , .
b .
/0 x dr = nh_)n;OZf ck) Ay /0 x dx = nlglgozf(ck)Axk
. b2 1 b2 — 1 g 1 l — g
=n15202<1+n>=2~ e\ T

y ?/7 y y=1z
bt bt b

b
/ x dx
0

O | R

b

Figure 33.2: Approximating fob x dz by n rectangles. Fiil‘llre 33.3: ghe ;)ntegra‘l O_f z frorlr.l 0 to b.
Sekil 33.2: n dikdortgenle f; x dx ye yaklagik bulmak. Sekil 33.3: 0 dan b ye x in integrali.

X ¢oziim 2: Alternatif olarak, sekil 33.3 e bakarak

solution 2: Alternately, we can look at figure 33.3 and say
that b 1 b?
/ x dr = area of a triangle = = X b x b= —.
’ 1 b2 0 2 2
/ x dx = area of a triangle = 3 ><b><b:5.
0 Ornek 33.8.

Example 33.8.

b 0 b
X 0 X dezz/axdx+/oxdz
/scdx:/ :vdx+/£cdx a b
a a 0 :7/xdm+/xd:c
0 0
2

a b
= — xdx—i—/xdx 2
/0 0 a b



The Fundamental
Theorem of Calculus

We don’t want to have to use Riemann sums every time we need
to calculate a definite integral — we want a better way. The
following theorem is the most important theorem in Calculus.
If you can only memorise one theorem for the exams, it should
be this one.

Theorem 34.1 (The Fundamental Theorem of Calculus).
Suppose that f : [a,b] — R is a continuous function.

(¢). Then the function F : [a,b] — R defined by

F@Q:i/xf@)m

is continuous on [a,b]; differentiable on (a,b); and
its derivative is

Fm=%/ﬂmm=m»

(it). If F is any antiderivative of f on [a,b], then

b
/f@ﬁth@—Fm)

Remark. Part (i) of the theorem tells how to differentiate
[T f(t) de.
Example 34.1. Find Z—Z ify=["(t>+1) dt.

solution:
dy _ d

_ (B 1) dt =P+ 1.
dx d:c/a(—i_) Tt

Example 34.2. Find % ify= flx sint dt.

solution: .

d d
Y9 _ sint dt = sin .

d.T o @ 1
Example 34.3. Find % ify= fom sinlntanet” dt.

Kalkulusun Temel
Teoremi

Bir belirli integrali hesaplamaniz gerektiginde her defasinda
Riemann toplamlarini kullanmamiz gerekmiyor — daha iyi bir
yol istiyoruz. Asagidaki teorem Kalkiiliisiin en 6nemli teo-
remidir. Smmavlar icin bir teorem ezberleyecegim diyorsaniz,
igte bu o teoremdir.

Teorem 34.1 (Kalkiiliisiin Temel Teoremi). f : [a,b] —
R 'nin strekli bir fonksiyon oldugunu varsayalim.
(¢). Bu durumda F : [a,b] — R,
mmz/f@ﬁ
de [a,b] dizerinde sireklidir; (a,b) iizerinde

tirevlenebilir; ve tirevi f(x) tir

F@=%/U@w=m¢

(ii). Eger F de f’nin [a,b] tzerindeki herhangi bir ters
tirevi ise, bu durumda

b
/ f(z) de = F(b) — F(a).

Not. Teoremin (i) kismu [ f(t) dt’in tiirevini nasil alacagimiz
sOyler.

Ornek 34.1. y = [7(t>+1) dt ise, Z—g’i bulunuz.

cozum:
d7y _d

= t34+1) dt =2® + 1.
dx dma(+) Tt

dy s

Ornek 34.2. y = [i sint dt ise, $¥’i bulunuz.

¢oziim:
dy —d [*

= sint dt = sinx.
dr dx J;

dy s

Ornek 34.3. y = Jy sinlntan e’ dt ise, 21 bulunuz.

187
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solution:
d d [*
d—y = sinlntanet’ dt = sinlntane®
x T

Example 34.4. Find % if y = fj 3tsint dt.

solution: .
d
YW_ i/ 3tsint dt
dr dx J,
= i (—/ 3tsint dt)
dz 5
= —3zsinx.

2
Example 34.5. Find % ity = flz cost dt.

solution: This time we will need to use the Chain rule. Let

w = x2. Then

dy dydu
dr ~ dudx
d [ d
=+ tdt)(——a*
(du/1 ) (dwx)

= (cosu) (2z) = 2z cos z2.

Remark. Part (ii) of the theorem tells us how to calculate the
definite integral of f over [a, b]:

STEP 1. Find an antiderivative F' of f.
STEP 2. Calculate F(b) — F(a).

Notation. We will write

Example 34.6.

™ T
cosx dr = [Sinx}
0 0

(because % sinx = cosx)
=sin7m —sin0
=0-0
=0

Example 34.7.

’

0
secxtanx dx = [sec x]
z =z

(because “,i secr = secztan )

s
=sec( —sec——
4

=1-2.

Example 34.8.

4

3 4 474
[(G-2) e+ ]

1 \2 T rl1

d . 2 == .
<l)<(<1us< e <(1 2 4 .’1') = z\ﬁ 12>

cozium:

d d [*
&4_9 sinlntane! dt = sinln tan e®
dr dzx J,

Ornek 34.4. y = fj 3tsint dt ise, g—g’i bulunuz.

—= —/ 3tsint dt
dx (—/5 3tsmtdt>

= —3xsinx.

¢coziim:

.o 2
Ornek 34.5. y = ff cost dt ise, %’i bulunuz.

coziim: Bu sefer Zincir kurall kullanmamiz gerekecek. u = 2

diyelim. O zaman
dy dy du

de ~ dudx
d [* d o
= <du/ costdt> <dac )
= (cosu) (2z) = 2z cos z2.

Not. Teoremin (ii) kismi f’nin [a, b] lizerindeki belirli integrali
nasil hesaplayacagimizi soyler :

ADIM 1. f’nin bir ters tiirevi olan F’yi bulunuz.
Apmv 2. F(b)

Notasyon. We will write

— F(a) sayisi hesaplayiniz.

Ornek 34.6.

™ T
cosx dr = [sinx}
0 0

(¢iinkii = sinx = cos )
—blnﬂ'—blno

=0-0

=0

Ornek 34.7.

’

0
secx tanx dr = [sec x}

INE)
INE)

(clinkii {( secx = secx tan x)
T

=sec( —sec ——
4

=1-2.
Ornek 34.8.

[ (i) ae=l

3 4 3 4
ki [—’ T2 +— | = =T — —
(( inki T ( + J/_) Q\ﬂ ;1.2>
4
1

Njw

4
=)
x



189

Total Area

Example 34.9. Let f(z) = 2% — 4 and g(z) = 4 — 22
figure 34.1. We have that

See

(-3)(5)=%

The total area between the graph of y = f(x) and the z-axis,

over [—2,2], is |—=32| = 32, The total area between the graph
of y = g(x) and the z-axis, over [—2,2], is |2| = 22.

2
3
Y
\ |

y—:l:24/
L T 3
1
2
1
T
2 -1
11

Figure 34.1: Graphs showing f_22(ac2—4) dr and ffg(él—x?) d.

Sekil 34.1: f32(x2 —4) dz ve f32(4 — 22) dx integrallerini
gosteren grafikler.

Example 34.10. Let f(x) = sinz. Calculate
(i). the definite integral of f over [0, 27]; and

(ii). the total area between the graph of y = f(x) and the
x-axis over [0, 27].

solution:
(1).
27 2
/ sinz dx = [—cosx} = —cos2m + cos0
O O

=—-14+1=0.
(i).
27
/ sinz dx

T 27
:[—cosx] -I-H—COSLL':|
0

s

total area = / sinx dr +
0

= —cos + cos0 + |— cos 27 + cos 7|
=—(-)+1+[-1+(-1)]=4.

Toplam Alan

Ornek 34.9. f(z) = 2% — 4 ve g(x) = 4 — 22 olsun. Bkaz. sekil
34.1. Burada
3

2 2 " 2
[zf(x) dx = (z2 — 4) d:v:[gfélx}72

ve

(5) (4 3)-%

y = f(x) grafigi ve x-ekseni arasinda kalan, [—2, 2] {izerindeki

toplam alan, is 32| = 32 ¢y = g(x) ve z-ekseni arasinda

3

3

kalan, [—2, 2| iizerindeki toplam alan, ise |3—32| = % olur.
Yy
1 1
y =sinx
0.5
. x

—1 +

Figure 34.3: The total area between the graph y = sinz and
the z-axis over [0, 27].

Sekil 34.3: [0, 2] tizerinde y = sin z grafigiyle z-ekseni arasinda
kalan toplam alan.

Ornek 34.10. f(x) = sinz olsun.
(a). f’nin [0, 27] tizerindeki belirli integralini; ve

(b). y = f(z) grafigi ile x-ekseni arasinda [0, 2] tizerinde kalan
alani bulunuz.

¢ozim:
(a).

27 o
/ sinz dx = {fcosx} = —cos 27 + cos0
0 0

=—1+1=0.

27
/ sinx dx
T

2w

us
toplam alan = / sinx dr +
0

- [—cosx];r+’[—cos:c]

—cosT + cos0 + |— cos 2w + cos 7|
=—(-)+1+[-1+(-1)[=4
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Summary

To find the total area between the graph of y = f(z) and the
x-axis over [a, b]:

STEP 1. Divide [a, b] at the zeroes of f.
STEP 2. Integrate f over each subinterval.

STEP 3. Add the absolute values of the integrals.

Example 34.11. Find the total area between the graph of
y = 23 — 22 — 22 and the z-axis for —1 < 2 < 2.

solution:

1. Let f(z) = 2 — 2% — 2z. Since 0 = f(x) = 2% — 2% — 20 =
z(z + 1)(xr — 2) implies that z =0 or v = —1 or z = 2, we
divide [—1, 2] into [—1,0] and [0, 2].

2. We calculate that

0 4 3 0
/1(1‘3—1‘2—235) dx = {Z—g—mﬂl

_ “o-0-0-(1+10)

3. Therefore

total area o + 8 37
I = |— —_— = —.
12 3 12
Yy
5t
area — % 2
1 -05 0.5 1 1.5
—0.5
—1 area = §

Figure 34.2: The total area between the graph y = 2> — 22 — 2z
and the z-axis over [—1,2].

Sekil 34.2: [—1,2] iizerinde olan, y = 2® — 2% — 22 ve r-ekseni
arasindaki toplam alan.

Summary

[a,b] lizerindeki y = f(z) grafigi ve z-ekseni arasinda kalan
toplam alan: bulmak icin:

Apiv 1. f’nin kéklerinin oldugu yerlerde [a, b] boliiniir .
ApiM 2. Her bir alt-aralik iizerinde f integre edilir.

ADIM 3. Her bir integralin mutlak degerleri toplanir.

Ornek 34.11. —1 < z < 2 ise y = 2® — x® — 2z grafigi ve
z-ekseni arasinda kalan alani bulunuz.

cozim:

1. f(z) = 2® — 2% =2z olsun. 0 = f(z) = 2% — 2% — 22 =
x(z + 1)(x — 2) oldugundan x = 0 veya z = —1 veya = = 2
oldugundan, [—1,2]’yi [-1,0] ve [0, 2]’ye ayiririz.

2. Kolayca hesaplanacag: iizere

0 4 3 0
/1(1?3—:1:2—21:) dx = {2—2—3:2]_1

* —o-o-0-(1+11)

ve

3. Dolayisiyla

toplam alan = i +
P ~ 12

olur.
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The Average Value of a Continuous
Function

io 142424649 _ 20 _
The average of {1,2,2,6,9} is === = 2 = 4. We can

also calculate the average value of a continuous function.

Definition. If f is integrable on [a, b], then the average value
of f on [a,b] is

av(f) =

b
bia/ f(z) dz.

Example 34.12. Find the average value of f(x) =
on [—2,2].

Nz

solution: Since
2 1
/ f(z) dx = 5 x the area of a circle of radius 2
—2

1
=722 = 2,

2

we have that

1 2 2r 7
aV(f):mlzf(w) dx:zzg-

Example 34.13. Find the average value of g(z) = 23 — x on
[0,1].

solution:
1 1 1
av(g):m g(z) dx:/0 (23 — z) dx
_[x‘l_xzr_l_l__l
12, 1 2
y=3 K—\ Vi
p)
x
2 2

Figure 34.4: The average value of f(x) = v4 — 22 on [-2,2] is
av(f) = -
Sekil 34.4: [—2, 2] tizerinde f(z) = V4 — z?’nin ortalama degeri
ort(f) = 5.

Surekli Bir Fonksiyonun Ortalama
Degeri

{1,2,2,6,9} kiimesinin ortalamasi % = 4 tiir.
Siirekli bir fonksiyonun ortalama degerini de hesaplayabiliriz..

142424649 _
5 =

Tanmim. [a,b] iizerinde f integrallenebilir ise, f’nin [a,b]
tzerinde ortalama degeri

b
bia/ f(x) du.

Ornek 34.12. f(z) = V4 — 22 ’nin [-2,2] iizerindeki orta-
lama degerini bulunuz.

ort(f) =

¢oziim:

1 .
3 x 2 yaricaph ¢emberin alani

1
= §7r22 = 2m,

oldugundan,

1 2 2rom
ort(f) = m/_Qf(x) dxzizi'

Ornek 34.13. g(x) = 2 — 2 ’in [0, 1] fizerindeki ortalama
degerini bulunuz.

cozum:

y=a°—zx

Yy=-

NI
N

Figure 34.5: The average value of g(x)

av(g) = —i.

Sekil 34.5: [0,1] iizerinde g(z) = 23
ort(g) = —1.

=23 — 1z on [0,1] is

— 2’in ortalama degeri
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Indefinite Integrals & Definite Integrals

Remember that

/f(x) dx is a function.

For example
2
/ x dx = % +C

and

/cosx dr =sinz + C.

Problems

Problem 34.1 (The Fundamental Theorem of Calculus).

Remember that

b
/ f(x) dz is a number.

For example

1
1
/ T dr ==
O 2
and

z
/ cosx dr = 1.
0

Bilinmesi gereken

/f(x) dz bir fonksiyon.

Belirsiz Integral ve Belirli Integral

Bilinmesi gereken

b
/ f(x) dz bir say1.

Ornegin

1
1
/ rdr = -
0 2
z
/ cosx dr = 1.
0

Ornegin
2
/ r dx = % +C

ve ve

/cosa: dr =sinz + C.

Sorular

d xT
(a). Find % ify:/ V142 dt.
0

Soru 34.1 (Kalkiiliisiin Temel Teorem).

I d
(a). y= / V1412 dt ise d—y’i bulunuz.
0 X

_db v a db
(b). Find o if b= / Vu du. (b). b= / Vu du ise —yi bulunuz.
0 0 dt
dp (172 :E2 d
(c). Find e ifp= /2 sin(¢?) dt. (c). p= /2 sin(t%) dt ise ﬁ’i bulunuz.
_dz 0 10
(d). Find I if = :/ sin(t) dt. (d). =z =/ sin(t?) dt ise %’i bulunuz.
- ¥ N dx
Problem 34.2 (Definite Integrals). Find the following defi- Soru 34.2 (Belirli Integraller). Asagidaki belirli integralleri
nite integrals. bulunuz.
0 71— cos2t V2 g2
-2 -1 1 $

(b). /01 S da,

2
(c)/ sin 6 df,
-2

(d). /_43 (5-2) ax

dt,

(f). /13215—?

0
1+ cos2x
(g)/ #d%

™

2

-1
(h)./1 (r+1)% dr,

(). /
). /;

™

3
(1)/ 2sec? x du.
0

2] da,

sin 2x

dx.,

2sinx



The Substitution Yerine Koyma Yontemi
Method

The Substitution Method for Indefinite Be|irsizintegra|de Yerine Koyma Yontemi
Integrals

Zincir Kurali geregince,
By the Chain rule,

A (wY du
d(u”+1>_  du dz \n+1) " " dax
1 - -
de \n+ dz Bu yiizden
d n+1
So du w1 /u”—u dx = Y +C.
/uni — +C dr n+1
de n+l Biliyoruz ki
But we know that w1
/u” du = +C
noq un+1 C n+1
/u ‘= n+1 + dogrudur. Yani suna benziyor.
also. So it looks like p
U
du = — dx.
du dx
du = — dx.
dx

Ornek 35.1. /(a:3 +2)°(32% + 1) d’i bulunuz.
Example 35.1. Find /(x3 +2)°(32% 4+ 1) dx. .
coziim: u = x> +z. olsun. Oyleyse du = % dr = (322 +1) da.

. J Degisken degistirerek, sunu bulmak miimkiin
solution: Let u = x* + x. Then du = 9% dx = (32* + 1) dz.

By substitution, we have that

/(x?’ +2)°(32% + 1) do = /u5 du

2 +2)°(32% + 1 dacz/u5du 6
/( )( ) :%—FC:*(LL’B—FLE)G—FC
u® 1,4 6

Ornek 35.2. /\/Qx + 1 dz’i bulunuz.

E le 35.2. Find [ v2 1 dz.
rampie m / rhldr ¢oziim: Diyelim ki v = 22 + 1. O zaman du = % dr = 2dx
olur. Yani dz = 3 du. Béyle olunca

solution: Let v = 22 + 1. Then du = ‘;—Z dr = 2dz. So

—l 1 ]. 1
dr = 5 du. Therefore /\/ﬁdmz/uf (Ldu) :§/u§ du
1 1
2x+1d:1::/u% Ldu :f/uz du 1 3 1
/v (3du) = (L )+c=s@+1)i+C
. 2\ 3 3

193
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Theorem 35.1 (The Substitution Method). If
o u=g(z) is differentiable;
e g:R—1I; and
o f: I — R is continuous,

then

[ rtatang@) o= [ ) au
Example 35.3. Find /5se02(5t +1) dt.

solution: Let uw = 5t + 1. Then du = % dt = 5dt. So

/5se02(5t+1) dt:/seczu du
=tanu+C

(because tanu = sec? u)

au

=tan(bt+ 1)+ C.

Example 35.4. Find /cos(?é) +3) db.

solution: Let uw = 70 + 3. Then du = ‘;—’g df = 7df. So
df = %du and

/cos(70+ 3) do = %/cosu du

1 1
= ?sinu+0: ?sin(70—|—3)+0.

Example 35.5. Find /IE2 sin(z?) da.

solution: Let u = z3. Then du = % dr = 32% dz. So

%du = 22 dz and

1 1
/l‘QSin(st) dmz/gsinu du:—gcosu—FC’

1
= ——cos(x?) + C.
3
Example 35.6. Find /.Z‘\/ 2z + 1 dz.

solution: Let u = 2z + 1. Then du = % dr = 2dx. So
dr = %du and

1
/J:\/2a?+1 da;:/x\/a §du.

But we still have an x here. We can’t integrate until we change
all the z terms to u terms. Note that

1
u=2r4+1 = u—-1=2z = E(u—l):x.

Teorem 35.1 (Yerine Koyma Yontemi).
e u=g(x) tirevlenebilir;
e g:R— I; ve
o f:I— R siirekli,

bunun tzerine

[ #t@ng'@ s = [ s) du

Ornek 35.3. /55602(5t + 1) dt’yi bulunuz.

¢oztim: u = 5t + 1 diyelim. Buradan du = % dt = 5dt olur.
Yani

/55602(5t+ 1) dt = /secQu du

=tanu +C

d
<du
=tan(bt+ 1)+ C.

tan v = sec® u oldugundan)

Ornek 35.4. /cos(70 + 3) dfy1 bulunuz.

¢6ziim: u = 70+ 3 olsun. Buradan du = 9% df = 7df. Boylece

do
df = %du ve

/cos(79 +3) df = %/cosu du
1. 1.
= ?smuth’: ?51n(70+3) +C.
bulunur.

Ornek 35.5. /x2 sin(z?) d2’i bulunuz.

¢Ozim: u = 23 olsun. Yani du = 2 dx = 322 dx. Boylece
%du =22 dx ve

1 1
/x2sin(:z:3) dz:/gsinu du:—gcosu+C’
1 3
:—gcos(x )+ C.

bulunur.

Ornek 35.6. /x\/2x + 1 dz’i bulunuz.

¢oztim: u = 2x + 1 diyelim. Bu durumda du = Z—Z dx = 2dzx
olur. Yani dx = %du ve

/x\/2m+1dx:/m\/ﬂ %du

buluruz. Elimizde hala x var. Bitin z’li terimleri «’lu terim-
lere doniigtiirmedikge integre edemiyoruz. Sunu akilda tutarak,

1
u=2r+1 = u—-1=2z = §(u—1):x.
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Therefore

/mmdx—/ (u—1)Vu du

1
:Z/u%—u%du

1/2 5 2
:4(5““3“3) ¢

1 1
- 5 _ = 2 C

10“ 6" T
SETSIIETE B YU RN S
10 6 '

Example 35.7. Flnd/
P T

solution: Let uw = 22 + 1. Then du = Z—; dx = 2z dz and

Jome ]
—/u3du

=5 +C

Example 35.8. Find [ sin®z da.

solution: We use the identity

. 9 1 —cos2x
sin“z = ——
2

to calculate that

1-— 2
/siandx:/ydaﬁ

1

= 5/(1—cos2x) dx

1 1 .
—2(x—251n2x>+0
1

1
= im—zsian—i—C.

Example 35.9. Similarly

1 2 1 1
/cos%cda::/w dx:§x+zsin2x+0.

Bu yiizden

/xmdaﬁ—/2(u—l)\f —du

1/2 2

1 s 1
=qui-gui+C
= 1(2 +1)2 — 1(2 +1):+C.
10" 6"

bulunmus olur.

Ornek 35.7. dz integralini bulunuz.

/ 2z
V22 +1
cOztim: u = 22 + 1 diyelim. Buradan du = % dx = 2z dz ve
oradan da
/ 2z / du

= dz= |

vVzZ+1 u3

:/ufé du

elde edilir

Ornek 35.8. S sin? z dz integralini bulunuz.
¢oziim: Burada kullanacagimiz 6zdesglik
9 1 —cos2z

sin” x =
2

ve buradan da

/Sin2xdx:/$ dx

1
= 5/(17(3052;@ dx
1 1
- (x—sian) +C

2 2
1 1
= ix—zsin2x+0

bulunur.

Ornek 35.9. Benzer sekilde

1 2 1 1
/COSQxdx:/y dx=§x+1sin2x+0

bulunur.
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The Substitution Method for Definite In-
tegrals

Theorem 35.2 (The Substitution Method). If
o u= g(x) is differentiable on [a,b|;
e ¢’ is continuous on [a,b]; and

e f is continous on the range of g,

/f dac—/gjj)f(

1
Example 35.10. Calculate / 322V a3 4+ 1 dx.

then
u) du.

solution 1. We can use the previous theorem to solve this
example. Let u = z2 + 1. Then du = 322 dz. Moreover
r=-1 = u=0andx=1 = u=2. So

[Caveias [ =[]

0
- % (2% —O%> - 72\f 4\f

solution 2. Alternately, we can first find the indefinite inte-
gral, then find the required definite integral.
Let u = 2% 4+ 1. Then du = 322 dz. So

2
322/ a3 + 1 d:z:*/\fdufg 34

Therefore

[t [ i)

z
Example 35.11. Calculate / cot # cosec? 0 df.

™

4

solution: Let uw = cot 0. Then du = fl—g df = — cosec? 6 df. So
—du = cosec? 0 df. Moreover 0 = % — wu = cot % =1 and
=35 = u=coti =0. Hence

0=7% u=0 0
/ cot @ cosec? § df = / u (—du) = —/ u du
0== u=1 1

— 4

Belirli integralde Degisken Degistirme

Teorem 35.2 (Degisken Degistirme Yontemi). Eger
o u = g(z) fonksiyonu [a,b] de tirevliyse;
e ¢ fonksiyonu [a,b] de siirekliyse; ve
o f fonksiyonu da g’nin gérinti kiimesinde sirekliyse,

bu durumda

b
/ flg(x))g (=

g9(b)
)dm:/() f(u) du

olur.

1
Ornek 35.10. / 32%v/23 + 1 dz integralini bulunuz.

¢oztim 1. Bu soruyu yapmak i¢in onceki teoremi kullanabil-
iriz. Diyelim ki, u = 23 + 1 olsun. Bu durumda du = 3z? dx
olur. Ayricaz=-1 = u=0vez =1 = u = 2 olur.
Buradan

T
/x__l

2

de_/ Vudu = [2u3]0
(et-o) = Rava= 22

bulunmusg olur.
¢oztim 2. Degigimli olarak, énce belirsiz integrali bulur, daha
sonra da belirli integrali bulabiliriz.

Simdi u = 2% 4+ 1 olsun. Buradan du = 322% dx olur. Bu
sebeple

2 3
3z2v/a3 + 1 da:—/\fdu—g 24 0=

Baylece

1
/333 Vad+1 dx—[?)x +1)3]

-1

2 3
@ nitc

.. 2
Ornek 35.11. / cot 6 cosec® § df’y1 bulunuz.

1
¢Oziim: u = cot # olsun. Buradan du = Z—S df = — cosec? 0 df
olur. Boylece —du = cosec? @ df bulunur. Ayrica 0 = T =
u=coty =1vef =5 = u=coty =0 bulunur. Bunun
sonucu olarak da

0=1% u=0 0
/ cot A cosec® § df = / u (—du) = 7/ u du
0=2 u=1 1

bulunur
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Problems

Problem 35.1. Use a substitution to evaluate the following
indefinite integrals. You must show your working.

9r2 dr

5
(a). /2(2:3—1—4) dx. (e). —

(b). /2(E(.’IJ2 +5)71 da.
(c). /(33@ +2)(322 + 4z)? da.

(d). /sec 2t tan 2t dt.

(f). /\/Esin2(x% —1) da.

1
® [ v

(h). /'r4 <7 ;5)>3 dr.

Sorular

Soru 35.1. Yerine koyma (degigken degigtirme) yontemi kulla-
narak, asagidaki belirsiz integralleri bulunuz. Islemlerini
aciklamalisiniz.

(). 9% sin % cos % do.
(4)- /x(m — 1) da.
(k). /x3\/x2 +1 du.

). /de(ZS) dz.

Problem 35.2. Use a substitution to evaluate the following Soru 35.2. Yerine koyma (degigsken degigtirme) yontemi kulla-

definite integrals. You must show your working.

3
(a). /0 Vy+1dy.

-1

0
(b). [1 Vy+1dy.

™

i
(c)- / tan z sec® x dx
0

(d). /1 t3(1 +t1)? dt.

(e) /\/54xd
Y. BV |

(). / (1 — cos 3¢) sin 3¢ dt.
0

narak, asagidaki belirli integralleri bulunuz.  Islemlerini

aciklamalisiniz.

1
(2)- / (dy—y*+4y>+1) 75 (12> —2y+4) dy
0

0 .
sinx
h). —_
v ®) /_1 (3+2cosx)? de
2
. 2 sinx
(1)'/0 (3+2cosx)?



Area Between Curves Egriler Arasindaki
Alanlar

Tanim. Eger
o f siirekli;
e g siirekli; ve
e [a,b] lizerinde f(z) > g(x) se,

ozaman a < z < b olduk¢ca y = f(x) ve y = g(x) egriler:
araswndaki alan

alan = /ab (f(:c) — g(:c)) dz.

\/ b

Y
y=9g(x)
=2— g2

Figure 36.1: The region between the curves y = f(z) and y = i
g(x) for a < x <b. ! i
Sekil 36.1: a < z < b iken y = f(z) ve y = g(z) egrileri o o
arasmdaki alan. !

y=—r N\
Definition. If

i ti ; . .
* /s continous; Figure 36.2: The region between the curves y = 2 — 2 and

Y= —x.

* ¢ is continous; and Sekil 36.2: y = 2 — 2% ve y = —x arasindaki bolge

e f(z) > g(z) on [a, 0],

then the area of the region between the curves y = f(x)

and y = g(z) for a <z <bis Ornek 36.1. y =2 — 2? ve y = —x arasindaki alan1 bulunuz.
aresa — / b ( flz)—g (x)) di ¢oziim: Tlk olarak integrasyon sinirlarini buluruz:
: 2—1?=—z
Example 36.1. Find the area between y = 2—z? and y = —z. 0=a2’—2-2

0=(@+1)(z—-2) = z=-1veya?2.

198
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solution: First we need to find the limits of integration:

2—2° =z
0=2%—x-2

O=(z+1)(z—-2) = ax=-1lor2.

We need to integrate from « = —1 to x = 2. Therefore

area — /21 (22~ (-2) do

:/2(2+x—x2) dx

-1

[23:—&— ST —%xﬂil

4 8 11
d4-—2)—(-24=+-
5-5) (23

N © —/—

Example 36.2. Find the area bounded by y = \/z, y =z — 2
and the z-axis, for x > 0 and y > 0.

solution: First we calculate that
Vr=x-2
r=(x—-2)2=2% 4z +4

0=a2?-5x+4=(r—1)(z—4) = z=1or4

Since v/1 # 1 — 2, we must have = = 4. See figure 36.3.
Therefore

area = blue area + red area

/Ozﬁdz+/;(f(g:2)) dw

2 4
:/x%dx—l—/(x%—m—l—Q)dx
0 2

r = —1 den x = 2’ye integre ederiz. Bdylece

2
area = [1 ((2 —z?) — (,@) dx

2
:/ 24z —2?) dx
-1
[Qx—l— 5T —%xﬂ:

2o (il
2 3 2 3

Ornek 36.2. z > 0 ve y > 0 olmak iizere y = \/z, y = = — 2
ve x-ekseni ile simirli alani bulunuz.

I
NN
: I

y=x—2

7 ?

Figure 36.3: The region between the curves y = \/z, y = z — 2
and the z-axis for x > 0 and y > 0.

Sekil 36.3: « > 0 and y > 0 oldugunda y = \/z, y = x — 2 ve
x-ekseni ile sinirli bolge.

¢oziim: 1k olarak

Vi=x-2
r=(x—-2%=2?—4r+4

0=a2?-5x+4=(r—1)(z—4) = z=1veya4.

V1 # 1 — 2 oldugundan, = 4 buluruz. Bkz.

Buradan

gekil 36.3.

area — mavi alan + kirmiz1 alan

:/02\/565:5+/24(f—(x—2)) do

2 4
:/x%dx—i—/(m%—x—f—%dx
0 2

2 51° 2 1 !
= [mg] + {xz — éxz + Qx]

|
7 N\
Wl o
—
)
—
(M)
—

-5 +2))

12 1 4 1
:T\[+§6—8 8—i+2—4_§0

elde edilir.
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Problems Sorular

Problem 36.1 (Total Area). Calculate the total area between Soru 36.1 (Toplam Alan). y = 222 egrisiyle y = 2* — 222
the curve y = 22% and the curve y = 2* — 222 for -2 <z < 2. egrisi arasindaki alam1 —2 < 2 < 2 ise bulunuz.

Problem 36.2 (Total Area).  Find the total areas of the Soru 36.2 (Toplam Alan). Find the total areas of the regions
regions shown in the following figures: shown in the following figures:

(a). Figure 36.5. (b). Figure 36.6. (c). Figure 36.7. (a). Sekil 36.5. (b). Sekil 36.6. (c). Sekil 36.7.

N s

2 o, |

Figure 36.4: The total area between the curve y = 227 and the Figure 36.6: The region bounded by y = 1+ /Z, y = 3— 2 and
—d 9.2 _ e ’
curve y = x 2z, for —2 < x < 2.

Sekil 36.4: —2 < z < 2 oldugunda y = 222 ve y = 2* — 222
arasindaki alan.

y= ‘%2 in the first quadrant.
Sekil 36.6:

y = 5 (cosx)sin(m + msinx) + \

ol

Figure 36.7: The total area between the curve y = 2% — 4 and
the curve y = —x2 — 2z, for =3 < z < 1.

Sekil 36.7: —3 < z < 1 oldugunda y = 22 —4 ve y = —z> — 2z
arasindaki alan.

Figure 36.5: The total area between the curve y

5 (cos ) sin(m + 7sinx) and z-axis, for —7 < 2z <0.

Sekil 36.5:



Solutions to Selected Problems

2.1.

5.1.

5.2.

P]Q|R]|] PVQ | (PVQIVR | QVR | PV(QVR)
T T T T T T T
T T F T T T T
T F T T T T T
T F F T T F T
F T T T T T T
F T F T T T T
F F T F T T T
F F F F F F F
Pl Q| PvQ | -(PVQ) -P | -Q | -PA-Q
T T T F ¥ F ¥
T F T F F T F
F T T F F F F
F F F T T T T
PIQ[PAQ | =(PAQ) | =P | -Q | - PV -Q
T T T F ¥ F I
T F F T F T T
F T ¥ T T F T
F F F T T T T
P -P PV P true
T F T T
F T T T
Y Y
(b) 3
(d). 2
1 1
-3 -2 -1 1 2 3 -3 -2 -1 1 2 3 -
-1 -1
) -2
3 3
Y Y
(e)- 3 (8)- 3
2 2
1 E— 1
-3 -2 -1 1 2 3 -3 2 1 2 3 ’
1 1
2
-3 3

We calculate that

IAB| = /(@ —1)2 + (2 — 1)2 = /32 + 12 = V10 ~ 3.16

IBCI=v(B-4)2+(3-2)2=V(-1)2+12=+v2=x 141

lCAl = VA =38)7 + (1 -3)7 = (=27 + (-2)° = VE ~ 2.83.

Hence ||AB]|| is the largest number.

6.1.

. f(z) = 3is even.

. f(x) =2 is odd.

. f(z) = 2% 4+ 1is even.
. f(z) = 2% + z is odd.

. f(xz) = x® + 22 is neither even

nor odd.

. f(z) = 2% 41 is neither even nor

odd.

)2
(k).

M-

. f(x) = gt is even.

. f(z) = ﬁ is even.
_ 1 ;
. f(z) = 25 is neither even nor
odd.

f(x) = sinz is odd.

f(x) = 2x+1 is neither even nor
odd.

f(x) = cosx is even.

6.2.

} x
2 3
6.3.
5,,
4,,
3,,
2,,
1,,
1 1 s
6.4.
(2). -3 (e) %
(b). ¢ 0. 5
(c). 2 (g). 270°
(d). = (h). 18°
6.5.
(a). R (d)
(b). [0,00) (e)
(c). [=2,00) (f)
8.1.
(a). (3,0) (d). (1,v3)
(b). (=3,0) (e). (1,v3)
(). (=1,v3) (£). (=3,0)
8.2,
(a). (v2,45°) (d).
(b). (3,180°) (e).
(¢). (2,—30°) ().
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(i). 30°
(). 150°
(k). —36°

(1). 540° = 180°

. (—00,0] U [3,0)

. (—00,3) U (3,00)

(=00, =4) U (—4,4) U (4, 00)

(g) (_17 \/g)
(h)' (_1’ 0)

@ (2,2).

(5,m —tan" ! %) ~ (5,126.87°)

(2v/2, —135°)

(2,150°).
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8.3.
+Y Y
(c) (d)
2<
1 14
1 y IR 12
—~14
—924
R Y Y
(e). ()
\\\ 2] 2
\\1< 1
k|
N 120 €T \ €T
RO N 'WEE
—1 \\
924 ~
9.1.
(a). viii (b). iii (c). i (d). i (e). vi (f). iv
9.2.
(a). (3,0) (b). (0,-2) (c)- (0, 75
9.3.
(a). (43,0) (b). (+£3,0) (c). (0,%1) (d). §+§:1
9.4.
(a). (£v2,0) (¢). (£v10,0)
(b). (0,44) (d). 6422 — 36y* = 2304

2.0>.1. ; ;

a). The distance is
d=/(z2 —21)2 + (y2 — y1)% + (22 — 21)?

=V2--1)2+ (- 12+ (0-5)2 = /32 + 42 + 52

=9+ 16 + 25 = V50
(c). 50

(b). V2 (d). V101 (e). 6
10.2. First we rearrange the equation into standard form

2+ 9y +22 —6y+82=0

2+ (g2 —6y+9) —9+ (22 +82+16) — 16 =0
P+ (y—3)°2—9+(:=+4>-16=0

@+ (y—3)° +(z+4)° =25

(@ =0+ (y—3)*+(2+4)° =5

Then it is easy to see that the centre of the sphere is (0,3, —4) and the radius
is 5.

10.3. Centre = (v/2,v2, —v/2). Radius = V2.

11.1.

(a). 3v13 (e). 3V13 @). V10 (m). (3,%)
(b). V29 (£). (=9,6) (4)- VI3+v29  (n). VT
(c). 3V13 (g). 3V13 (k). (12,-19)

(d). (9,—6) (h). (1,3) (1). V505

11.2.

(a). We have that
5a — 3b = 5(i + 2j + 3k) — 3(2i + 5k) = 5i + 10j + 15k — 6i — 15k
— —i+10j.

(b). (0,0,0)

11.3.

(a). We require the vector
v 6i + 2j — 3k

u = — =
vl /62 +22 4+ (=3)2

(b). u=2i+1j- 2k

6i4+2i—3k 6, 2 3
= =—i+=-j— -k.
/49 T

o

Sk

(). w=358%i—

|
)

12.1.
(a). (i) —25 (i) 5 and 5 (iii) —1 (iv) —2i + 4j — Vbk

(b). (i) 25 (ii) 5 and 15 (iii) 1 (iv) L2i+ Lj— 2k

43 1

25

(¢). (i) 13 (i) 3 and 15 (iii) & (iv) £Zi+

A‘l\:
[=
-

5-i7

N

12.2. ABAC = cos™! L

= ~ 63.435°, LABC = cos™!' 2 &~ 53.130° and
ABCA = cos™!

1

5
1 ~ o
Nl 63.435°.

12.3. Yes.

12.4.
(a). If |ju]| = ||v]|, then we have that u-(u+v) = u-u+u-v = ||[ul|?+u-v=
uv+||vl]*=usv+vev=_(u+v)-v as required.

(b). Since us(u+v) = [Ju]| lu+ v|cosf and (u+v)+v = |[u+ v| ||v] cosp =
[lu+ v| |Jul| cos ¢, we can see from part (a) that cos 6 = cos ¢. Therefore

12.5. Suppose that the z-axis points to the east, that the y-axis points to
the north and that the z-axis points upwards. The vector u = (0, —5, —1) is
parallel to the northwards part of the pipe (pointing to the south). The vector
v = (10,0, 1) is parallel to the eastwards part of the pipe. Thus

0 = cos™* (

u-v ) 1 ( -1
—_— = COSs ——
llull vl V261101

The question could be interpreted in different ways, so I would accept both
91.12° and 180° — 91.12° = 88.88° as correct answers.

):91.120.

13.1.
(a). 2i+j+ 2k (d). 6i— 12k (g). O
(b). © (e). i—j+k (h). —j—k
(c). —6k (). —2k (). 4j+ 2k
13.2.
3
(a) e
(b). (25.0.—2)
13.3.
(a). no (b). yes (¢). no (d). yes (e). no
. 21
13.4. 9v3and 2
13.5. —7
14.1 r=3+t,y=—-4+t, z=-1—1t.
14.2. z=1-2t,y=2—2¢t z=—1+2t.
14.8. 2 =2-2t, y=3+4t, z = —2t.
14.4. d=7V3



203

14.5. d = 0 (the point is on the line)
14.6. (a). Yes, at the point P(9,10,7) (t =2 =s). (b). d =0.
14.7. Immediately we can see that we have P;(10,—3,0), vi = 4i + 4k,

P5(10,0,2) and v = —4i — 4k. Since vi X vy = 0, the lines are parallel. We
calculate that

P Py =P, — Py =(10,0,2) — (10, —3,0) = (0,3,2)
o
PP, x vy = (0,3,2) x (4,0,4) = (12,8, —12)

—
S PP x| e o _avm
Tal o]~ ava

14.8. First we have P;(10,0,0), vi = 4i — j + 4k, P>(10,1,2) and vy =
—4i — 4k. Note that the lines are skew because v X vo = 4i — 4k # 0. Thus

—
P1P; = P — Py = (10,1,2) — (10,0,0) = (0,1,2)
PP - (V1 X V2) = (0, 1,2) . (4,0, —4) = -8

—
d P1P2°(V1 ><V2) ‘_SI 8 \/5
T vixvell 4v2 a2 T

15.1 x+3y—z=9
15.2 r—2y+z2=26
15.3

15.4.
(a). z=1—-t,y=1+t, z=—-1

(b). =1+ 14t, y = 2t, z = 15¢

15.5.
(a). 3

(b). 22

15.6. Let n; =i+ jand ny = 2i+ j— 2k. Then we have

n; *ns

241 1
6 = cos™ ! (7) =cos™ ! (L> =cos™ ! (—) = 45°
Iy || [[nz| V219 V2

16.1.  (a). —2i+4j—4k (b). 22i+ 52j+ Bk (o). 3i— 2j— %k
16.2. (a). —2i+7j+3k (b). —Si+2j+ 22k (¢). i

16.3. (a). (8,1,1) (b). (52, 4 %) (9. (2,0,3)

16.4

(a). z=1—t,y=—-1+t z=1+4t
(b). 2 =8—6t, y=3—-2t, 2 = -2+ ¢

(©). B(1,7,3)

17.1. 12

17.2.

(a). 5-4-3=160 (b). 5-5-5=125 (c). 5-4-4=280
17.3. There are 81 -10-10 - 10 = 81000 different postcodes.

If we insist that no digits are repeated, then the first two digits can not be
11 (Bilecik), 22 (Edirne), 33 (Mersin), 44 (Malatya), 55 (Samsun), 66 (Yozgat)
or 77 (Yalova). That leaves 81 — 7 = 74 choices for the first two digits. There
are then 8 choices for the 3rd digit, 7 choices for the 4th digit and 6 choices
for the final digit. Hence there are 74 -8 - 7 - 6 = 24864 possible postcodes.

18.1. ;Cy =10

18.3.

(a). 5,Cy = 2024 (b). 16Cy = 969
18.4.

8 Pg ) (sps ) _
(@). (2P2'2P2'2P2 2Py 302400
P,
(b). (%) (:P5) = 2160
18.5. Note that a number is divisible by 5 if the its last digit is 0 or 5. Since

we don’t have a 0, we must find the number of 3 digit numbers which end in
a 5 and such that none of the digits are repeated. The answer is 5 P, = 20.

18.6. 4P, -1, Py = 40320.

19.1. The sample space is S = {HHH, HTH, THH,TTH} since the third
coin is always H.

@) 1 (b). 3 (€ 7 (d). 0 (e). % ). 1
19.2
;Cs 3001
(a). 2625 ~0.0253 (d). 32213 ~0.0128
5205 52C13
C C
(c). 4874 ~0.7187 (). 16713 ~ 88187 x 107 *°
5204 52C1s
20.1.
(a) % (©- 1 (d)- 3 ). 2
20.2.
(@) 17 (b). 3 (0 & (@) 3 (e) 35
21.1.
(a). st (b). 15 (c). 40%
21.2.
(a)- 3 (c). 0,49 (d). 3
22.1.
b ), 14 d 17 . L}
@, B @R @ @8
125 125
22.2
(). § (®). 3 () 3
23.1. One way to draw each graph is shown below, but of course there are

oo different ways to draw them.

o, (o))
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23.3. Both G and H are planar graphs as shown below.

23.4
(a). yes (b). (¢). no (d). yes
23.5. One such example is

O

This graph has 2 vertices, 0 edges and 1 face.

This example does not disprove theorem 23.3

O

So n(V

24.1.
(a). false (c). false (e). true (g). false
(b). false (d). true (f). true (h). true
24.2.
(a). (c). -5 (d). 2 (e). & (£). —1 (h).
(b). 2 (8)- 3

S8 (w—2)(*+20+4) v 420+4
(3) VB2 16 T v (0 —2) (v +2) (02 +4) vk (04 2) (02 +4)
8

24.3. =2-0°
follows by the Sandwlch Theorem that l1m g(z) = 2 also.

Clearly hm 2 — 2?2 = 2 and llrnOQcosz = 2cos0

) —n(E) +n(F) = 3.
because it is not connected.

24.4.
. 2 ). li =
(@) lim (g(2)%) =9 (). Jim of(z) =0
o g(@)
i - d). lim =3
(b). lim (g(a) +3) = 0 @ I Fay -1
25.1. First note that f is clearly continuous for all x # —2. Since f(—2) = 4b,
we require that lim f(x) = 4b also. But lim_z = —2. So we must have
z——2 T—>—2
b=—1.
25.2. R
(a). Since 22 —4 # 0 if z # £2, it follows that the rational function 22:2 is
continuous on (—oo, —2), on (—2,2) and on (2,00). Hence f(x) is also
continuous on these open intervals.
(b). Since
R z® — (z — 2)(z? + 2z + 4)
lim f(z) = lim = lim
T2 ©52 32 — 4 a2 (z —2)(z +2)
2 4 12
i 20 == =3=f(2),
z—2 x4+ 2 4
it follows that f is continuous at z = 2.
3-8
(c). Since lim_f(xz) = lim does not exist, it follows that f is
r——2 r——2 2 _4
discontinuous at x = —2.
25.3.  Since tan, cos and sin are continuous functions, we use theorem 25.3

to calculate that

ol

{c).

o

|
¥

=2 It

A e . 1 . us .1
lim tan (7 cos (smtS )) = tan lim <7 cos (smt3 ))
t—0 4 t—0\ 4

s 1
= tan | — hm cos 51nt3
4 t—0

s 1
= tan (Z cos l1m smt3 )
s 1
= tan <7 bln hm t3 )
4
s
=t — in0
an <4 0S (Sln ))
T s
= tan <7 cosO) =tan — = 1.
4 4
2z (e). —1 (i). oo
0 (). (- o
(k). oo
-0 (g). oo
(1). this limit does not
-2 (h). 2 exist
ds _a _3 8
— =28t = - —
dt t2 3
. We calculate that
d d
w=—(z+DE-1)E4+1)=—E*-1)(*+1)
dz dz
d 4 3
= — —1)=4
o (z ) z
and d
w’ = —42% = 1222
dz
We calculate that
d
(Ty = (22 +3)' (2" + 22° +11) + (22 4 3) (2" + La® 4 11)’

:2(w +§w +11)+(2a;+3)(4w +z )
2z + 22° + 22 + 82* + 22° + 122° + 327
102" + 222% + 32 + 22

by the product rule.
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28.2.

First note that
b z2 -1 (e -D(z+1)

2242 —2 (x42)(z—1)

. r+1
- x+2'

Using the quotient rule, we calculate that

(@+1)(x+2) — @+ (= +2)

db (u)’ - u'v —uv’ _
dz ~ \v/) v2 -

29.1.

(a).

(x +2)?
@42 —(e+1) 1
- (z +2)? S (@ +2)?
r_ 3 _ _ / — 1
Sy =2z 3z —1 (8)- f'(s) Vs(Votr1)?
’ 2
.y =3z +4x — 8
) ) . (h). 1)’:—zi2 +2r7%
ST =gt e
(i). r' =30"%
_ _—19
Y= (3z—2)2
G). w=-2"2-1
’ _ z24ax44
- 9'(@) = G305 (k). s =15t% — 15t*
2_op
o = t(pjt)l 0. v = _265"' ;17
3 d .
2 sec’z (b). d—;zecose.

29.2.

{b).

30.1.

30.2.

30.3.

30.4.

30.5.

30.6.

By the quotient rule, we have that

i(com):i<"°s’c)

dx dzr \sinz

(cosz)' sinz — (cosz)(sinz)’

sin? x
—sinzsinz — cosxz cosx
sin2 x
_1 R
= —5— = —cosec’ z
sin? x
as required.
. y/ = —10 — 3sinx (f) w = = cosec? z
. (1+4cot z)2
’ 2 s
. =2xcosxz —xsinx .
v (g). h'(z) = 3z%sinzcosz +
z3 cos?z — z®sin’z
.y = —coseczxcotx — %
(h). p’ =sec?t
f'(z) = sinzsec? & + sinx (). ' =sec?t
. ¢ (z) =cosz G)- 0

ds t -
Z=5(2-1

dt 2

dy . . <t t
— = ——sin | 5sin | — cos | —
dt 3 3
dy 3z —2

de ~ /322 -4z +6

dy — 3sin?

— = 3sin” z cosz.

dx

d

W tan(tan z) sec’ z sec(tan z).
dx

dy

= 2z cos(2x) cos(z?) — 2 sin(2x) sin(z?).

dx

30.7. Letu= t2t_4. Then
dy d [ ¢ 3_d<t>3
dr ~ dx \ 3 — 4t T dx \t2 —4
() e ()
dx du dx de \t2 —4
_ 3t2 () (t% — 4) — (t)(t% — 4)’
IRNGEDR (t2 —4)?
_ 3t2 (t% —4) — (£)(2t)
IRNGEOR (t2 —4)2
3t (7 +49)
@t
, 6 1 2
30.8. y'=—(1+-)(1+=).
30.9. 3.
30.10. 0.

31.1.
(a) F(z)=100z>.
(b) G(z) = 28 + ;.

222
(c) H(z) = —2% cos(wa) + cos(3z).
(d) L(z) = = — 32 + 8a.

2. . s _1
(e) M(x) = x3 is an antiderivative of m(z) = 22~ 3 because

Wl

2_
31 x

2
T3 = —x°
3

ol
Il

M'(z) = = m(x).

Wl N

d
dx
(f) P(z)=a3.

(g) R(x)=2tan§.

(h) S(z) = —2tan 3£,

31.2. It is incorrect because

31.3. It is correct. By the Chain Rule (with u = %),

—sine” = [ —sinu ) | —e* | = (cosu)(e”) = e” cose”.
dz du dz

Thus sin e® is an antiderivative of e” cose”.

31.4. It is incorrect because the “+C” is missing.

31.5.
(a). [2zde=2%>+C

(b). [(1—2?-32°) dw:x—%—%—&-c

(). [*dt= a3+t 3 dt=—202— 2473 +C
(d). [ (2cos20 — 3sin30) dO = sin20 + cos 36 + C

(e). [ 2e3% dg = %63“” +C

(). [Ldz=In|z|+C

34.1 a
(a). % =+V1+a2
db _ 445
(b). G =4t
(c). We calculate that
2

d, d [* d (v d
@ _ —/ sin(t®) dt = —/ sin(t®) dt ) [ —2?
dx dx /o du Jo dx

= sin(u®) 20 = 2z sin(wG)A

|
N
4
=]
8

3
£ (% + sinx) # 2z 4+ 1)2 + cos x.
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34.2.

(a). 6 (g)- 0 (k). -1
(@). 4§ (h). —§ 1. 2v3
(&) T3 @). vV2- ¥8+1

(). 3 G). 16

35.1.

(a). 22z +4)°¢+C.
2245)—3

(b). & 4 o

(c). (B=Ztam® 4 o

(d). Zsec2t+C.

(e). —6v1—13+4C.

(). —L(x2 —1)—Lsin(z2 —1)+C.

35.2.

(@. ¥ (b). 2 (©). 4
(d). 0

36.1. We calculate that

(g). *%ﬁ+c

5\ 4
(). -3 (1-%5) +C.
(i). —%sinz%+c.

() He-D2+ L@-1n"+C

®. 12+ —3@+ni+0
. e’ 4 C

(.0 () 3 ().
M & . -

2 2
total area = / 22° — (¢ — 22%) dao = 2/ 42° — z* do
—2

o]

((30-%)-0-0)
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paralelkenarin,
iiggenin,
ancak ve ancak, —,
and, A, 5,
angle
between planes,
between vectors,
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of a parallelogram,
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baglantili,
belirli integrali,
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for derivatives,
for limits,
continuous function, s
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Euler’s formula,
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rasyonel,
sabit,
siirekli, s
tek,
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fourth derivative,

I’
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T,

F,

function,
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average value,
continuous, s
decreasing,
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even,
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increasing,
linear,
logarithmic,
odd,
piecewise-defined,
power,
rational,
trigonometric,
fundamental theorem of calculus,
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graf,
gra‘ph7 2
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paralelyiizliiniin,

half-open interval,

her, Vv, 7,
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line,
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Monty Hall Problem,
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multigraph,

N,
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node,
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of a point onto a plane,
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proposition,
pseudograph,

Q7

quotient rule
for derivatives,
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R7
R2,
radian, 25,
radyan, 25,
range,
rasyonel fonsiyon,
rasyonel sayilar,
rational function,
rational number,
real number,
reel sayilar,
riemann sum, R
riemann toplama,
root rule

for limits,

sabit fonksiyon,
sabitle carpim kural
limitler icin,
ters tiirevi igin,
tlirev icin,
sample space,
sandwich theorem,
sanddvig teoremi,

sayilar
dogal,
rasyonel,
reel,
tam,
sec,
secant,
derivative,
second derivative,
sekant,
tiirev,

simple event,
simple graph,
sin,
sine,
derivative,
siniis,
tiirev,
slope,
sphere,
substitution method
for definite integrals,
for indefinite integrals,
sum rule
for antiderivatives,
for derivatives,
for limits,
siirekli fonksiyon, s
siireksizdir,
slireksizlik noktasi,

takma degigken,
tam sayilar,
tan,
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derivative,
tangent line,
tanjant,
tiirev,
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target,
tek fonksiyon,
teorem,
terminal point,
ters tiirevi,
there exists, 3,
third derivative,
three-dimensional graph,
toplam alan,
toplam kurali
limitler igin,
ters tiirevi igin,
tlirev igin,
total area,
trigonometric function,
trigonometrik fonksiyon,
triple scalar product,
trivial graph,
tiirevi,
tlirevlenebilir,

U,
union,
unit vector,
uzaklik

R2’de,
iiglincii tiirevi,
iistel fonksiyon,

vardir, 3,
ve, A\, 9,
vector
normal,
vector projection,
vertex,
vertical line test,
veya, V,
volume
of a parallelepiped,

walk,

wheel graph,
whispering dish,
whispering gallery,

yari-acik aralik,

yerine koyma, y6ntemi
belirli integralde,
belirsiz integralde,

yol,

Z7

zincir kurali,
z1t, O,

ornek uzay,
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