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1Sets Küme

De�nition. A set is a collection of objects, speci�ed in such
a way that we can tell whether any given object is or is not in
the collection.

Example 1.1. For example

A = {1, 2, 3, 4, 5},
B = {apple, banana, cherry}

and

C = {n, e, i, l}

are sets.

De�nition. The symbol ∈ means �is in the set�.

Example 1.2.
banana ∈ B

and
date /∈ B

De�nition. Each object in a set is called an element of the
set.

De�nition. A set without any elements is called the empty
set and is denoted by ∅.

De�nition. The symbol | means �such that�.

Example 1.3.

{x | x is a weekend day} = {Saturday, Sunday}
{x | x2 = 4} = {−2, 2}

{all the people who are > 5m tall} = ∅.

De�nition. If every element of a set A is also in a set B, then
we say that A is a subset of B, and we write A ⊆ B.

Example 1.4.

{1, 2, 3} ⊆ {1, 2, 3, 4},
{banana} ⊆ {apple, banana, cherry},

{Neil, Sezgin} ⊆ {Neil, Sezgin}.

Tan�m. Küme bir nesneler koleksiyonudur öyle ki herhangi
bir nesnenin bu içinde olup olmad�§�n� anlayabildi§imiz ³ekilde
belirlenmi³ bir koleksiyondur.

Örnek 1.1. Örne§in

A = {1, 2, 3, 4, 5},
B = {elma,muz, kiraz}

ve

C = {s, e, z, g, i, n}

koleksiyonlar� birer kümedir.

Tan�m. ∈ sembolü �kümenin eleman�d�r� anlam�na gelir.

Örnek 1.2.
muz ∈ B

ve
hurma /∈ B

Tan�m. Bir kümedeki her nesneye o kümenin bir eleman�
denir.

Tan�m. Hiç eleman� olmayan kümeye bo³ küme denir ve ∅
ile gösterilir.

Tan�m. | sembolü �öyle ki� anlam�ndad�r.

Örnek 1.3.

{x | x hafta sonu günü} = {Cumartesi, Pazar}
{x | x2 = 4} = {−2, 2}

{boyu > 5m olan insanlar} = ∅.

Tan�m. Bir A kümesinin her eleman� bir B kümesine de ait
ise, bu durumda A kümesi B'nin bir altkümesidir denir we
A ⊆ B olarak gösterilir.

Örnek 1.4.

{1, 2, 3} ⊆ {1, 2, 3, 4},
{muz} ⊆ {elma,muz, kiraz},

{Neil, Sezgin} ⊆ {Neil, Sezgin}.
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A B

U

A B
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U

A ∪B A ∩B Ac

Union and Intersection
De�nition. The universal set is the set of all elements under
consideration. We call this set U .

De�nition. Suppose that A and B are subsets of U .

(i). The union of A and B is

A ∪B = {e ∈ U | e ∈ A or e ∈ B}.

(ii). The intersection of A and B is

A ∩B = {e ∈ U | e ∈ A and e ∈ B}.

Example 1.5.

{a, b, c} ∪ {b, c, d} = {a, b, c, d}

{a, b, c} ∩ {b, c, d} = {b, c}

Birleşim Kümesi ve Kesişim Kümesi
Tan�m. Evrensel küme dikkate al�nan tüm elemanlar�n küme-
sidir. Bunu U ile gösterece§iz.

Tan�m. Suppose that A and B are subsets of U .

(i). The union of A and B is

A ∪B = {e ∈ U | e ∈ A or e ∈ B}.

(ii). The intersection of A and B is

A ∩B = {e ∈ U | e ∈ A and e ∈ B}.

Örnek 1.5.

{a, b, c} ∪ {b, c, d} = {a, b, c, d}

{a, b, c} ∩ {b, c, d} = {b, c}

Complements
De�nition. The complement of a subset A of U is

Ac = {e ∈ U | e ̸∈ A}.

Example 1.6. If U is the set {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and
A = {1, 3, 5, 7, 9}, then

Ac = {2, 4, 6, 8, 10}.

Complements
Tan�m. U 'nun bir A altkümesinin tümleyeni

Ac = {e ∈ U | e ̸∈ A}

olarak tan�ml�d�r.

Örnek 1.6. U kümesi {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} veA = {1, 3, 5, 7, 9}
oldu§unda

Ac = {2, 4, 6, 8, 10}
olur.



2Symbolic Logic Sembolik Mantık

De�nition. A proposition is a statement which is either true
or false (but not both).

Example 2.1.

� �Grass is green� (true)

� �2+5=5� (false)

� �My name is Neil� (true)

are propositions, but

� �Close the door�

� �Is it cold today?�

� �1�

are not propositions.

Notation. The symbol for or (veya) is ∨.
Example 2.2. If P is the proposition �It is snowing today�
and Q is the proposition �It is raining today�, then P ∨Q is the
proposition �It is snowing or raining today�.

Example 2.3. If M = (x ∈ A) and N = (x ∈ B), then
M ∨N = (x ∈ A ∪B)

Truth Table 2.1. (T = true, F = false)

P Q P ∨Q
T T T
T F T
F T T
F F F

Notation. The symbol for and (ve) is ∧.
Example 2.4. If P = �I am hungry� and Q = �I am sleepy�,
then P ∧Q = �I am hungry and sleepy�.

Example 2.5. If M = (x ∈ A) and N = (x ∈ B), then
M ∧N = (x ∈ A ∩B)

Truth Table 2.2.

P Q P ∧Q
T T T
T F F
F T F
F F F

Tan�m. Do§ru yada yanl�³ bir hüküm bildiren ifadeye önerme
denir.

Örnek 2.1.

� �Çim ye³ildir� (do§ru)

� �2+5=5� (yanl�³)

� �Benim ad�m Asuman� (do§ru)

hükümleri birer önermedir. Fakat

� �Kap�y� kapat�

� �Bugün so§uk mu?�

� �1�

cümleleri bir hüküm belirtmedi§inden önerme olarak kabul edilme-
zler.

Tan�m. Do§rulu§u ispat edilemeyen veya do§rulu§u ispat�na
gerek duyulmayan ancak do§rulu§u kabul edilen önermelere
aksiyom denir.

Tan�m. Do§rulu§u ispatlanabilen önermelere teorem denir.

Tan�m. �ki yada daha fazla önermeyi ve, veya(yada), ise,
ancak ve ancak gibi ba§laçlarla birle³tirerek veya bir öner-
menin sonuna de§il ekleneren elde edilen önermelere bile³ik
önerme denir.

Notasyon. veya ba§lac� ∨ ile sembolize edilir.

Örnek 2.2. E§er �Bu gün hava karl�� önermesini P ile �Bu
gün hava ya§murlu� önermesini Q ile gösterecek olursak, P ∨
Q bile³ik önermesi �Bu gün hava karl� yada(veya) ya§murlu�
olarak ifade edilir.

Örnek 2.3. E§er M = (x ∈ A) ve N = (x ∈ B) ise M ∨N =
(x ∈ A ∪B) dir.

Do§ruluk Tablosu 2.1. (D = do§ru, Y = yanl�³)

P Q P ∨Q

D D D

D Y D

Y D D

Y Y Y

5
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Notation. The symbol for not (de§il) is ¬.

Example 2.6. If P = �Sizin hocan�z kahve seviyor�, then
¬P = �Sizin hocan�z kahve sevmiyor�.

Example 2.7. If M = (x ≥ 7), then ¬M = (x < 7)

Truth Table 2.3.

P ¬P
T F
F T

Notation. The symbol for if and only if (i�/ancak ve ancak)
is ⇐⇒ .

Truth Table 2.4.

P Q P ⇐⇒ Q
T T T
T F F
F T F
F F T

Notation. The symbol for implies (ise) is =⇒ .

Example 2.8. Let P = �I am in London� and Q = �I am in
the UK.� Then P =⇒ Q.

Truth Table 2.5.

P Q P =⇒ Q
T T T
T F F
F T T
F F T

Remark. We must only write �P =⇒ Q� if both P and Q
are propositions. I don't want to see nonsense like

∫ 1

0

3x2 dx =
[
x3
]1
0

=⇒ 1

in your work. Yes, �
∫ 1

0
3x2 dx =

[
x3
]1
0
� is a proposition. In

fact, it is a true proposition. But �1� is not a proposition.
If you mean �=�, then write �=�.

Remark. If P and Q are propositions, then (P ∨Q), (P ∧Q),
(¬P ), (P =⇒ Q) and (P ⇐⇒ Q) are also propositions.

De�nition. The converse (z�t) of (P =⇒ Q) is (Q =⇒ P ).

De�nition. The contapositive (devrik) of (P =⇒ Q) is
(¬Q =⇒ ¬P ).

Example 2.9.
P = �It is raining�
Q = �I get wet�
(P =⇒ Q) = �If it is raining, then I get wet�
converse: (Q =⇒ P ) = �If I get wet, then it is raining�
contrapositive: (¬Q =⇒ ¬P ) = �If I do not get wet, then it
is not raining�

Notasyon. ve ba§lac� ∧ ile sembolize edilir.

Örnek 2.4. E§er �Ben aç�m� önermesini P ile �Uykum var�
önermesini Q ile gösterecek olursak, P ∧ Q bile³ik önermesi
�Ben aç�m ve uykum var� olarak ifade edilir.

Örnek 2.5. E§er M = (x ∈ A) ve N = (x ∈ B) ise M ∧N =
(x ∈ A ∩B) dir.

Do§ruluk Tablosu 2.2.

P Q P ∧Q

D D D

D Y Y

Y D Y

Y Y Y

Notasyon. De§il ba§lac� ∼ veya ¬ ile sembolize edilir.

Örnek 2.6. If P = �Sizin hocan�z kahve seviyor�, then ∼ P =
�Sizin hocan�z kahve sevmiyor�.

Örnek 2.7. If M = (x ≥ 7), then ∼ M = (x < 7)

Do§ruluk Tablosu 2.3.

P ∼ P

D Y

Y D

Notasyon. Ancak ve ancak ba§lac� ⇐⇒ ile sembolize edilir.

Do§ruluk Tablosu 2.4.

P Q P ⇐⇒ Q

D D D

D Y Y

Y D Y

Y Y D

Notasyon. �se ba§lac� =⇒ ile sembolize edilir.

Örnek 2.8. P = �Londraday�m.� Q = �Birle³ik Krall�ktay�m.�
P =⇒ Q.

Do§ruluk Tablosu 2.5.

P Q P =⇒ Q

D D D

D Y Y

Y D D

Y Y D

Not. E§er P ve Q birer önerme ise �P =⇒ Q� de bir öner-
medir. ∫ 1

0

3x2 dx =
[
x3
]1
0

=⇒ 1

gösterimi mant�ksal olarak yanl�³t�r. �
∫ 1

0
3x2 dx =

[
x3
]1
0
� ifadesi

bir önermedir.Fakat �1� bir önerme de§ildir.
�se ba§lac�n�n sol taraf�nda �=� ile in³a edilen bir önerme

var ise, sa§ taraf�nda da bir önerme olmal�d�r.

Not. E§er P ve Q birer önerme ise, (P ∨ Q), (P ∧ Q), (¬P ),
(P =⇒ Q) ve (P ⇐⇒ Q) ifadeleri de birer önermedir.
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The 22 Identities.
1. (P ∨ P ) = P

2. (P ∧ P ) = P

3. (P ∨Q) = (Q ∨ P )

4. (P ∧Q) = (Q ∧ P )

5. ((P ∨Q) ∨R) = (P ∨ (Q ∨R))

6. ((P ∧Q) ∧R) = (P ∧ (Q ∧R))

7. ¬(P ∨Q) = (¬P ∧ ¬Q)

8. ¬(P ∧Q) = (¬P ∨ ¬Q)

9. (P ∧ (Q ∨R)) = ((P ∧Q) ∨ (P ∧R))

10. (P ∨ (Q ∧R)) = ((P ∨Q) ∧ (P ∨R))

11. (P ∨ true) = true

12. (P ∧ false) = false

13. (P ∨ false) = P

14. (P ∧ true) = P

15. (P ∨ ¬P ) = true

16. (P ∧ ¬P ) = false

17. ¬(¬P ) = P

18. (P =⇒ Q) = (¬P ∨Q)

19. (P ⇐⇒ Q) = ((P =⇒ Q) ∧ (Q =⇒ P ))

20. ((P ∧Q) =⇒ R) = (P =⇒ (Q =⇒ R))

21. ((P =⇒ Q) ∧ (P =⇒ ¬Q)) = ¬P

22. (P =⇒ Q) = (¬Q =⇒ ¬P )

Proof of Identity 18.
P Q P =⇒ Q ¬P Q ¬P ∨Q
T T T F T T
T F F F F F
F T T T T T
F F T T F T

Note that the 3rd and 6th columns are the same:

T, F, T, T.

Therefore (P =⇒ Q) = (¬P ∨Q).

Proof of Identity 22.
P Q P =⇒ Q ¬Q ¬P ¬Q =⇒ ¬P
T T T F F T
T F F T F F
F T T F T T
F F T T T T

Therefore (P =⇒ Q) = (¬Q =⇒ ¬P ).

Tan�m. (P =⇒ Q) önermesinin z�tt� (Q =⇒ P ) d�r.

Tan�m. (P =⇒ Q) önermesinin devri§i (∼ Q =⇒ ∼ P ) dir.

Örnek 2.9.
P = �Hava ya§m�rlu�
Q = �ben �sland�m.�
(P =⇒ Q) = �E§er hava ya§murlu ise ben �sland�m.�
z�tt�: (Q =⇒ P ) = �E§er ben �slanm�s isem hava ya§-
murludur. �
devri§i: (∼ Q =⇒ ∼ P ) = �E§er ben �slanmam�³ isem hava
ya§murlu de§ildir.�

The 22 Identities.
1. (P ∨ P ) = P

2. (P ∧ P ) = P

3. (P ∨Q) = (Q ∨ P )

4. (P ∧Q) = (Q ∧ P )

5. ((P ∨Q) ∨R) = (P ∨ (Q ∨R))

6. ((P ∧Q) ∧R) = (P ∧ (Q ∧R))

7. ¬(P ∨Q) = (¬P ∧ ¬Q)

8. ¬(P ∧Q) = (¬P ∨ ¬Q)

9. (P ∧ (Q ∨R)) = ((P ∧Q) ∨ (P ∧R))

10. (P ∨ (Q ∧R)) = ((P ∨Q) ∧ (P ∨R))

11. (P ∨ true) = true

12. (P ∧ false) = false

13. (P ∨ false) = P

14. (P ∧ true) = P

15. (P ∨ ¬P ) = true

16. (P ∧ ¬P ) = false

17. ¬(¬P ) = P

18. (P =⇒ Q) = (¬P ∨Q)

19. (P ⇐⇒ Q) = ((P =⇒ Q) ∧ (Q =⇒ P ))

20. ((P ∧Q) =⇒ R) = (P =⇒ (Q =⇒ R))

21. ((P =⇒ Q) ∧ (P =⇒ ¬Q)) = ¬P
22. (P =⇒ Q) = (¬Q =⇒ ¬P )

Proof of Identity 18.
P Q P =⇒ Q ¬P Q ¬P ∨Q

D D D Y D D

D Y Y Y Y Y

Y D D D D D

Y Y D D Y D

Note that the 3rd and 6th columns are the same:

T, F, T, T.

Therefore (P =⇒ Q) = (¬P ∨Q).
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Notation. The symbol for for all (her) is ∀.

Notation. The symbol for there exists (vard�r) is ∃.

Proof of Identity 22.
P Q P =⇒ Q ¬Q ¬P ¬Q =⇒ ¬P
D D D Y Y D

D Y Y T Y Y

Y D D Y D D

Y Y D D D D

Therefore (P =⇒ Q) = (¬Q =⇒ ¬P ).

Notasyon. The symbol for for all (her) is ∀.

Notasyon. The symbol for there exists (vard�r) is ∃.

Problems

Problem 2.1 (Truth Tables). Use truth tables to prove the
following

(a). Identity 5 : ((P ∨Q) ∨R) = (P ∨ (Q ∨R))

(b). Identity 6 : ((P ∧Q) ∧R) = (P ∧ (Q ∧R))

(c). Identity 7 : ¬(P ∨Q) = (¬P ∧ ¬Q)

(d). Identity 8 : ¬(P ∧Q) = (¬P ∨ ¬Q)

(e). Identity 9 : (P ∧ (Q ∨R)) = ((P ∧Q) ∨ (P ∧R))

(f). Identity 10 : (P ∨ (Q ∧R)) = ((P ∨Q) ∧ (P ∨R))

(g). Identity 15 : (P ∨ ¬P ) = true

(h). Identity 16 : (P ∧ ¬P ) = false

(i). Identity 21 : ((P =⇒ Q) ∧ (P =⇒ ¬Q)) = ¬P

Sorular

Soru 2.1 (Truth Tables). Use truth tables to prove the
following

(a). Identity 5 : ((P ∨Q) ∨R) = (P ∨ (Q ∨R))

(b). Identity 6 : ((P ∧Q) ∧R) = (P ∧ (Q ∧R))

(c). Identity 7 : ¬(P ∨Q) = (¬P ∧ ¬Q)

(d). Identity 8 : ¬(P ∧Q) = (¬P ∨ ¬Q)

(e). Identity 9 : (P ∧ (Q ∨R)) = ((P ∧Q) ∨ (P ∧R))

(f). Identity 10 : (P ∨ (Q ∧R)) = ((P ∨Q) ∧ (P ∨R))

(g). Identity 15 : (P ∨ ¬P ) = true

(h). Identity 16 : (P ∧ ¬P ) = false

(i). Identity 21 : ((P =⇒ Q) ∧ (P =⇒ ¬Q)) = ¬P



3Numbers Sayılar

The Natural Numbers

The set

N = {1, 2, 3, 4, 5, 6, . . .}

is called the set of natural numbers. These are the �rst
numbers that children learn. For example

2 ∈ N means �2 is a natural number�

7 ∈ N means �7 is a natural number�
1
2 ̸∈ N means � 12 is not a natural number�

0 ̸∈ N means �0 is not a natural number�

−5 ̸∈ N means �−5 is not a natural number�

In the natural numbers, we can do �+� and �×�

2 + 7 = 9 ∈ N, 2× 7 = 14 ∈ N.

However we can not do �−� because

2− 7 ̸∈ N.

So we invent new numbers!

The Integers

The set

Z = {. . . ,−4,−3,−2,−1, 0, 1, 2, 3, 4, . . .}

is called the set of integers. We use a Z for the German word
`zahlen' (numbers). In Z, we can do �+�, �−� and �×� but we
can not do �÷�. For example 3 ∈ Z, 4 ∈ Z, −5 ∈ Z and

3 + 4 ∈ Z, 3− 4 ∈ Z, 3× 4 ∈ Z, 3÷ 4 ̸∈ Z,

3 + (−5) ∈ Z, 3− (−5) ∈ Z, 3× (−5) ∈ Z, 3÷ (−5) ̸∈ Z.

So we invent new numbers!

Doğal sayılar

N = {1, 2, 3, 4, 5, 6, . . .}

kümesi do§al say�lar kümesi olarak adland�r�r�l�r. Bunlar
çocuklu§umuzda ilk ö§renilen say�lard�r. Örne§in,

2 ∈ N demek �2 bir do§al say�d�r�

7 ∈ N anlam� �7 bir do§al say�d�r�
1
2 ̸∈ N anlam� � 12 bir do§al say� de§ildir�
0 ̸∈ N anlam� �0 bir do§al say� de§ildir�

−5 ̸∈ N anlam� �−5 bir do§al say� de§ildir�

Do§al say�larla �+� ve �×� i³lemlerini yapar�z.

2 + 7 = 9 ∈ N, 2× 7 = 14 ∈ N.

Ne yaz�k ki �−� i³lemini yapamay�, çünkü, örne§in

2− 7 ̸∈ N.

dir.

Bu yüzden yeni say�lar ke³federiz.!

Tam sayılar

Z = {. . . ,−4,−3,−2,−1, 0, 1, 2, 3, 4, . . .}

kümesine tam say�lar denir. Bunu Almanca `zahlen' (say�lar)
kelimesinden Z ile gösteririz. Z içerisinde, �+�, �−� ve �×�
yapabiliriz ama �÷� yapamay�z. Örne§in 3 ∈ Z, 4 ∈ Z, −5 ∈ Z
ve

3 + 4 ∈ Z, 3− 4 ∈ Z, 3× 4 ∈ Z, 3÷ 4 ̸∈ Z,

3 + (−5) ∈ Z, 3− (−5) ∈ Z, 3× (−5) ∈ Z, 3÷ (−5) ̸∈ Z.

Dolay�s�yla yeni say�lar ke³federiz!

9
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Q
−4 −3 −2 −1 0 1 2 3 4

a hole at πa hole at
√
2

Figure 3.1: The Rational Numbers
�ekil 3.1: Rasyonel Say�lar

The Rational Numbers
The set

Q = {all fractions} =
{ a

b

∣∣∣ a, b ∈ Z and b ̸= 0
}

is called the set of rational numbers. We use a Q for the
word `quotient'. For example

0 =
0

1
∈ Q

1 =
1

1
∈ Q

3

4
∈ Q

π ̸∈ Q

100

13
∈ Q

√
2 ̸∈ Q

−4 =
8

−2
∈ Q

0.12345 =
12345

100000
∈ Q.

In Q we can do �+�, �−�, �×� and �÷(by a number ̸= 0)�.

Are we happy now?

No!

Why?

Because if we draw all the rational numbers in a line, then the
line has lots of holes in it � see �gure 3.1. In fact, Q has ∞
many holes in it.

So we invent new numbers!

The Real Numbers
The set

R = {all numbers which can be written as a decimal}

is called the set of real numbers. For example

0 = 0.0 ∈ R
23

99
= 0.232323 . . . ∈ R

3

4
= 0.75 ∈ R

π = 3.141592 . . . ∈ R

100

13
= 7.692307 . . . ∈ R

√
2 = 1.414213 . . . ∈ R

123

999
= 0.123123 . . . ∈ R

12345

100000
= 0.12345 ∈ R.

The real numbers are complete � this means that if we draw
all the real numbers in a line, then there are no holes in the
line.See �gure 3.2 on page 11.

Rasyonel Sayılar

Q = {tüm kesirler} =
{ a

b

∣∣∣ a, b ∈ Z ve b ̸= 0
}

kümesine rasyonel say�lar denir. BunuQ ile gösteririz. Örne§in

0 =
0

1
∈ Q

1 =
1

1
∈ Q

3

4
∈ Q

π ̸∈ Q

100

13
∈ Q

√
2 ̸∈ Q

−4 =
8

−2
∈ Q

0.12345 =
12345

100000
∈ Q.

Q daki say�larla �+�, �−�, �×� ve (̸= 0 say�larla) �÷ yapa-
biliriz�.

�imdi oldu mu?

Hay�r!

Neden?

Çünkü rasyonel say�lar� bir say� do§rusu üzerinde gösterirsek,
o zaman � ³ekil 3.1 deki gibi bir sürü rasyonel olmayan say�n�n
kar³�l�k geldi§i nokta buluruz . Asl�nda, Q da ∞ say�da delik
bulmak mümkündür.

Hala yeni say�lara ihtiyac�m�z var!

Reel Sayılar
R = {ondal�k olarak yaz�labilen say�lar}

kümesine reel say�lar kümesi denir. Örne§in

0 = 0.0 ∈ R
23

99
= 0.232323 . . . ∈ R

3

4
= 0.75 ∈ R

π = 3.141592 . . . ∈ R

100

13
= 7.692307 . . . ∈ R

√
2 = 1.414213 . . . ∈ R

123

999
= 0.123123 . . . ∈ R

12345

100000
= 0.12345 ∈ R.

Reel say�lar tamd�r � yani bütün reel say�lar� say� eksn�nde
gösterecek olursak, eksen üzerinde reel say� kar³�l�k gelmeyen
nokta kalmad�§�n� görürüz. Sayfa 11 ³ekil 3.2i inceleyiniz.

�imdi tamam m�?

Evet!
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R
−4 −3 −2 −1 0 1 2 3 4

(no holes)

Figure 3.2: The Real Numbers
�ekil 3.2: Reel Say�lar

Are we happy now?

Yes!



4Intervals Aralık

De�nition. A subset of R is called an interval if

(i). it contains atleast 2 numbers; and

(ii). it doesn't have any holes in it.

Example 4.1. The set {x | x is a real number and x > 6} is
an interval.

6

Because 6 is not in this set, we use at 6.

Example 4.2. The set of all real numbers x such that −2 ≤
x ≤ 5 is an interval.

5−2

Because −2 and 5 are in this set, we use at −2 and 5.

Example 4.3. The set {x | x ∈ R and x ̸= 0} is not an inter-
val.

0

a hole at 0

A �nite interval is

� closed if it contains both its endpoints;

� half-open if it contains one of its endpoints;

� open if it does not contain its endpoints;

as shown in table 4.1 on page 13.
An in�nite interval is

� closed if it contains a �nite endpoint;

� open if it is not closed.

There is one exception to this rule: The whole real line is
called both open and closed.

See table 4.2 on page 13.
We can combine two (or more) intervals with the notation

∪. For example, [−8,−2]∪ [2, 8] is called the union of [−8,−2]
and [2, 8] and is shown below.

[−8,−2] ∪ [2, 8]

8−8 −2 2

R nin ³u iki özelli§ini sa§layan bir altkümesine aral�k denir

(i). en az 2 say� içeriyorsa; ve

(ii). içerisinde hiç bo³luk yoksa.

Örnek 4.1. The set {x | x reel say� ve x > 6} kümesi bir
aral�kt�r.

= 6

6 bu kümede olmad�§�ndan, 6 noktas�nda olarak gösteri-
riz.

Örnek 4.2. −2 ≤ x ≤ 5 olacak ³ekildeki tüm x reel say�lar�n�n
kümesi bir aral�kt�r.

= 5−2

−2 ve 5 bu kümede yer ald�klar�ndan, −2 ve 5 noktalar�nda
kullan�r�z.

Örnek 4.3. {x | x ∈ R ve x ̸= 0} kümesi bir aral�k de§ildir.

= 0

delik 0 da

Bir sonlu aral�k

� uç noktalar�n�n her ikisini de içeriyorsa kapal�;

� uç noktalar�n�n birisini içeriyorsa yar�-aç�k;

� uç noktalar�n�n hiçbirini içermiyorsa, aç�k olarak adland�r�l�r.

13 daki tablo 4.1 gösterilmektedir. Bir sonsuz aral�k

� bir sonlu uç noktas�n� içeriyorsa kapal�;

� kapal� de§ilse de aç�k ad�n� al�r.

Bu kural�n bir istisnas� vard�r: Tüm reel say� do§rusu hem aç�k
hem kapal�d�r. Bak�n�z sayfa 13 tablo 4.2.

�ki (veya daha fazla) aral�§�, ∪ notasyonu ile birle³tirebili-
riz. Örne§in [−8,−2] ∪ [2, 8] 'a [−8,−2] ve [2, 8] in birle³imi
denir ve a³a§�daki ³ekilde gösterilmi³tir.

[−8,−2] ∪ [2, 8]

8−8 −2 2

12
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Notation
Notasyon

Set
Aç�klama

Type
Tip

Picture
Resim

(a, b) {x|a < x < b} open / aç�k
a b

[a, b] {x|a ≤ x ≤ b} closed / kapal�
a b

[a, b) {x|a ≤ x < b} half open / yar�-aç�k
a b

(a, b] {x|a < x ≤ b} half open / yar�-aç�k
a b

Table 4.1: Types of Finite Interval
Tablo 4.1: Sonlu Aral�k Çe³itleri

Notation
Notasyon

Set
Aç�klama

Type
Tip

Picture
Resim

(a,∞) {x|a < x} open / aç�k
a

[a,∞) {x|a ≤ x} closed / kapal�
a

(−∞, b) {x|x < b} open / aç�k
b

(−∞, b] {x|x ≤ b} closed / kapal�
b

(−∞,∞) R both open and closed
hem aç�k hem kapal�

Table 4.2: Types of In�nite Interval
Tablo 4.2: Sonsuz Aral�k Çe³itleri



5Cartesian Coordinates Kartezyen Koordinatlar

x

y

−6 −5 −4 −3 −2 −1 1 2 3 4 5 6

−2

−1

1

2

3

4

5

the x-axis

the y-axis

P (4, 3)

right 4

u
p
3

Q(−2, 4)

left 2

u
p
4

the origin, O(0, 0)

De�nition. The set

{(x, y)|x, y ∈ R}

is denoted by R2.

De�nition. The point O(0, 0) is called the origin.

Example 5.1. Let A(2,−1) and B(3, 1) be points in R2. Draw
the triangle OAB.

solution:

x

y

1 2 3 4

−2

−1

1

2

Tan�m.
{(x, y)|x, y ∈ R}

kümesini R2 ile gösteririz.

Tan�m. O(0, 0) noktas� orijin olarak adland�r�l�r.

Örnek 5.2. A(1, 2) ve B(4,−2), R2 de noktalar olsun. OAB
üçgenini çiziniz.

çözüm:

x

y

1 2 3 4

−2

−1

1

2

14
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Example 5.3. Draw the region of points which satisfy 1 ≤
x ≤ 3.

solution:

x

y

1 2 3 4

−2

−1

1

2

Example 5.5. Draw the region of points which satisfy 1 ≤
x ≤ 2 and 1 ≤ y ≤ 3.

solution:

x

y

1 2 3 4

1

2

3

Örnek 5.4. −1 ≤ y ≤ 1 ko³ulunu sa§layan bölgeyi çiziniz.

çözüm:

x

y

−2 −1 1 2

−2

−1

1

2

Örnek 5.6. 1 ≤ x ≤ 3 ve 1 ≤ y ≤ 2 e³itsizliklerinin sa§lad�§�
bölgeyi çiziniz.

çözüm:

x

y

1 2 3 4

1

2

3

Distance in R2.
De�nition. The distance between P1(x1, y1) and P2(x2, y2)
is

∥P1P2∥ =
√
(x2 − x1)2 + (y2 − y1)2.

Example 5.7. The distance between A(1, 3) and B(4,−1) is

∥AB∥ =
√

(4− 1)2 + (−1− 3)2 =
√
32 + (−4)2 =

√
25 = 5.

R2 ’de Uzaklık
Tan�m. P1(x1, y1) ve P2(x2, y2) aras�ndaki uzakl�k

∥P1P2∥ =
√

(x2 − x1)2 + (y2 − y1)2.

Örnek 5.7. A(1, 3) ve B(4,−1) aras�ndaki uzakl�k

∥AB∥ =
√
(4− 1)2 + (−1− 3)2 =

√
32 + (−4)2 =

√
25 = 5.
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x

y

‖P1
P2
‖

|y2 − y1|

|x2 − x1|
P1(x1, y1)

P2(x2, y2)

Figure 5.1: The distance between P1 and P2 is easy to calculate
using Pythagoras.
�ekil 5.1: P1 ve P2 aras�ndaki uzakl�k Pisagor ba§�nt�s� kulla-
narak kolayca elde edilebilir.
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Problems

Problem 5.1. Draw the regions of points in R2 which satisfy
each of the following rules:

(a). −1 ≤ x ≤ 2,

(b). −2 ≤ x ≤ 0 and 0 ≤ y ≤ 2,

(c). −1 ≤ y ≤ 1 and −1 ≤ x ≤ 1,

(d). 3 ≤ y ≤ 3,

Problem 5.2. Let A(1, 1), B(4, 2) and C(3, 3) be points in
R2. Which of the following three numbers is largest?

(i). ∥AB∥,

(ii). ∥BC∥,

(iii). ∥CA∥.

Sorular

Soru 5.1. Draw the regions of points in R2 which satisfy each
of the following rules:

(e). 1 ≤ x ≤ 3 and y = 1,

(f). x = 4 and y ≥ 0,

(g). −2 ≤ x ≤ 1 and y ≤ 0,

(h). 0 ≤ x ≤ 1 and 0 ≤ y ≤ 1.

Soru 5.2. Let A(1, 1), B(4, 2) and C(3, 3) be points in R2.
Which of the following three numbers is largest?

(i). ∥AB∥,

(ii). ∥BC∥,

(iii). ∥CA∥.

Figure 5.2: A web comic from https://xkcd.com/435/.
�ekil 5.2: https://xkcd.com/435/ adresinden al�nan bir web çizgi roman�.

https://xkcd.com/435/
https://xkcd.com/435/


6Functions Fonksiyonlar

y = f (x)
independent variable
ba§�ms�z de§i³kenfunction

fonksiyon

dependent variable
ba§�ml� de§i³ken

�y is equal to f of x� �y e³ittir f x�

De�nition. A function from a set D to a set Y is a rule that
assigns a unique element of Y to each element of D.

De�nition. The set D of all possible values of x is called the
domain of f .

De�nition. The set Y is called the target of f .

De�nition. The set of all possible values of f(x) is called the
range of f .

If f is a function with domain D and target Y , we can write

f : D → Y
targetdomain

Example 6.1. f : R → R, f(x) = x2.

Example 6.2. f : (−∞,∞) → [0,∞), f(x) = x2.

Tan�m. D ve Y bo³ olmayan iki küme olmak üzere D nin
her bir eleman�n� Y nin sadece bir eleman�na e³leyen kurala
fonksiyon denir.

Tan�m. D kümesine f nin tan�m kümesi denir.

Tan�m. Y kümesine f nin de§er kümesi denir.

Tan�m. Bütün mümkün f(x) de§erlerinin kümesine f nin
görüntü kümesi denir.

E§er f tan�m kümesiD ve de§er kümesi Y olan bir fonksiyon
ise, bunu ³öyle gösteririz

f : D → Y
de§er kümesitan�m kümesi

Örnek 6.1. f : R → R, f(x) = x2.

Örnek 6.2. f : (−∞,∞) → [0,∞), f(x) = x2.

18
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D

Y

range of f

x
f(x)

t

f(t)

p

f(p)

Figure 6.1: A function f : D → Y .
�ekil 6.1: f : D → Y Bir Fonksiyon.

fx ∈ D
input output

f(x) ∈ Y

Figure 6.2: A function f : D → Y .
�ekil 6.2: f : D → Y Bir Fonksiyon.

function domain (x) range (y)

fonksiyon tan�m kümesi (x) görüntü kümesi (y)

y = x2 (−∞,∞) [0,∞)

y = 1
x {x | x ∈ R, x ̸= 0} {y | y ∈ R, y ̸= 0}

y =
√
x [0,∞) [0,∞)

y =
√
4− x (−∞, 4] [0,∞)

y =
√
1− x2 [−1, 1] [0, 1]

y = x2 [1, 2] [1, 4]

y = x2 [2,∞) [4,∞)

y = x2 (−∞,−2] [4,∞)

y = 1 + x2 [1, 3) [2, 10)

y = 1−√
x [0,∞) (−∞, 1]

Table 6.1: Domains and ranges of some fuctions.
Tablo 6.1: Baz� fonksiyonlar�n tan�m ve görüntü kümeleri.
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Graphs of Functions
De�nition. The graph of f is the set containing all the points
(x, y) which satisty y = f(x).

Example 6.3. Graph the function y = 1+x2 over the interval
[−2, 2].

solution:

Step 1. Make a table of (x, y) points which satisfy y = 1+x2.

x y

-2 5

-1 2

0 1

1 2
3
2

13
4 = 3 1

4

2 5

Step 2. Plot these points.

−2 −1 1 2

1

2

3

4

5
x = −2
y = 5

x = 3
2

y = 3 1
4

x

y

Step 3. Draw a smooth curve through these points.

−2 −1 1 2

1

2

3

4

5

x

y

Fonksiyonların Grafikleri
Tan�m. y = f(x) e³itli§ini sa§layan (x, y) noktalar�n�n küme-
sine f nin gra�§i denir.

Örnek 6.4. y =
√
1 + x fonksiyonunun [−1, 8] aral�§�ndaki

gra�§ini çiziniz.

çözüm:

Adim 1. y =
√
1 + x e³itli§ini sa§layan (x, y) noktalar�n�n bir

tablosunu yap�n.

x y

−1 0

− 1
2 ≈ 0.707

0 1

1 ≈ 1.414

3 2

8 3

Adim 2. Bu noktalar� koordinat sisteminde gösterin.

−1 1 3 8

0.5

1

1.5

2

2.5

3

x = 3

y = 2

x

y

Adim 3. Bu noktalardan geçen pürüzsüz bir e§ri çiziniz.

−1 1 3 8

0.5

1

1.5

2

2.5

3

x

y
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a

y = 1 + x2

x = a

1 intersection

x

y x = a

2 intersections

x

y

Figure 6.3: The Vertical Line Test.
�ekil 6.3: Dikey Do§ru Testi

The Vertical Line Test
Not every curve that you draw is a graph of a function.

A function can have only one value f(x) for each x ∈ D.
This means that a vertical line can intersect the graph of a
function at most once.

See �gure 6.3. A circle can not be the graph of a function
because some vertical lines intersect the circle at two points.

If a ∈ D, then the vertical line x = a will intersect the
graph of f : D → Y only at the point (a, f(a)).

Piecewise-Defined Functions
Example 6.5.

|x| =
{
x x ≥ 0

−x x < 0

x

y

Example 6.6.

f(x) =





−x x < 0

x2 0 ≤ x ≤ 1

1 x > 1

1

1

x

y

Düşey Doğru Testi
Çizdi§iniz her e§ri bir fonksiyonun gra�§i de§ildir. Bir fonksiyon
her x ∈ D için yaln�zca bir tane f(x) de§erine sahip olabilir.
Bu, dü³ey her do§runun, bir fonksiyonunun gra�§ini en fazla
bir kez kesebilece§i anlam�na gelir.

Bak�n�z ³ekil 6.3. Bir çember, bir fonksiyonun gra�§i ola-
maz; çünkü baz� dü³ey do§rular çemberi iki noktada keser.

a ∈ D ise, x = a dü³ey do§rusu f : D → Y 'nin gra�§ini
(a, f(a)) noktas�nda kesecektir.

Parçalı Tanımlı Fonksiyonlar

Örnek 6.7.

g(x) =





1
2 x ≤ −1

x3 −1 < x < 1

3− x x ≥ 1

−3 −2 −1 1 2 3

−2

−1

1

2

y = g(x)

x

y
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Increasing and Decreasing Functions
De�nition. Let I be an interval. Let f : I → R be a function.

(i). f is called increasing on I if

f(x1) < f(x2)

for all x1, x2 ∈ I which satisfy x1 < x2;

(ii). f is called decreasing on I if

f(x1) > f(x2)

for all x1, x2 ∈ I which satisfy x1 < x2.

Artan ve Azalan Fonksiyonlar
Tan�m. I bir aral�k ve f : I → R bir fonksiyon olsun.

(i). her x1, x2 ∈ I için x1 < x2 iken

f(x1) < f(x2)

oluyorsa f ye I da artan denir;

(ii). her x1, x2 ∈ I için x1 < x2 iken

f(x1) > f(x2)

oluyorsa f ye I da azalan denir.

an increasing
function

bir artan fonksiyon

x

y

a decreasing
function

bir azalan fonksiyon

x

y

not increasing
not decreasing

artmıyor
azalmıyor

x

y

Figure 6.4: A increasing function, a decreasing function and a function which is neither increasing nor decreasing.
�ekil 6.4:

Even Functions and Odd Functions

Recall that

� 2, 4, 6, 8, 10, . . . are even numbers; and

� 1, 3, 5, 7, 9, . . . are odd numbers.

De�nition.

(i). f : D → R is an even function if f(−x) = f(x) for all
x ∈ D;

(ii). f : D → R is an odd function if f(−x) = −f(x) for all
x ∈ D.

Example 6.8. f(x) = x2 is an even function because

f(−x) = (−x)2 = x2 = f(x).

See �gure 6.5.

Example 6.9. f(x) = x3 is an odd function because

f(−x) = (−x)3 = −x3 = −f(x).

See �gure 6.6.

Çift Fonksiyonlar ve Tek Fonsiyonlar

Hat�rlayal�m ki

� 2, 4, 6, 8, 10, . . . say�lar� çift; ve

� 1, 3, 5, 7, 9, . . . say�lar� da tek say�lard�r.

Tan�m.

(i). Bir f : D → R fonksiyona her x ∈ D için f(−x) = f(x)
oluyorsa çift fonksiyon denir ;

(ii). f : D → R fonksiyonu her x ∈ D için f(−x) = −f(x)
oluyorsa tek fonksiyon ad�n� al�r.

Örnek 6.8. f(x) = x2 bir çift fonksiyondur çünkü

f(−x) = (−x)2 = x2 = f(x).

Bak�n�z ³ekil 6.5.

Örnek 6.9. f(x) = x3 bir tek fonksiyondur çünkü

f(−x) = (−x)3 = −x3 = −f(x).

Bak�n�z ³ekil 6.6.
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−x x

y = x2

x

y

Figure 6.5: 2 is an even number and f(x) = x2 is an even
function.
�ekil 6.5: 2 bir çift say�d�r ve f(x) = x2 bir çift fonksiyondur.

Example 6.10. Is f(x) = x2 + 1 even, odd or neither?

solution: Since

f(−x) = (−x)2 + 1 = x2 + 1 = f(x),

f is an even function.

Example 6.11. Is g(x) = x+ 1 even, odd or neither?

solution: Since g(−2) = −2 + 1 = −1 and g(2) = 3, we have
g(−2) ̸= g(2) and g(−2) ̸= −g(2). Hence g is neither even nor
odd.

−x x

y = x3

x

y

Figure 6.6: 3 is an odd number and f(x) = x3 is an odd func-
tion.
�ekil 6.6: 3 bir tek say�d�r ve f(x) = x3 bir tek fonksiyon.

Örnek 6.10. f(x) = x2 + 1 fonksiyonu çift, tek yoksa hiçbiri
mi?

çözüm:
f(−x) = (−x)2 + 1 = x2 + 1 = f(x),

f oldu§undan bir çift fonksiyondur.

Örnek 6.11. g(x) = x + 1 fonksiyonu çift, tek veya hiçbirisi
mi?

çözüm: g(−2) = −2 + 1 = −1 ve g(2) = 3 oldu§undan,
g(−2) ̸= g(2) ve g(−2) ̸= −g(2) olur. Böylece g fonksiyonu
ne çift fonksiyondur ne de tek.

Linear Functions Lineer Fonksiyonlar

−2 −1 1 2

−2

−1

1

2

x

y

y = −2x+ 1 (m = −2, b = 1)

y = 1
2x+ 1 (m = 1

2 , b = 1)

y = 1
2x (m = 1

2 , b = 0)

y = − 3
2 (m = 0, b = − 3

2 )

f(x) = mx+ b

(m, b ∈ R)
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Power Functions Kuvvet Fonksiyonları

f(x) = xa“x to the power of a” (a ∈ R)

y = x

a = 1

x

y

y = x2

a = 2

x

y

y = x3

a = 3

x

y

y = x4

a = 4

x

y

y = 1
x = x−1

a = −1

x

y

y = 1
x2 = x−2

a = −2

x

y

y =
√
x = x

1
2

a = 1
2

x

y

y = 3
√
x = x

1
3

a = 1
3

x

y

y = x
3
2

a = 3
2

x

y

y = x
2
3

a = 2
3

x

y

Polynomials Polinomlar

p(x) = anx
n + an−1x

n−1 + . . .+ a2x
2 + a1x+ a0

(n ∈ N ∪ {0}, aj ∈ R).

The domain of a polynomial is always (−∞,∞). If n > 0
and an ̸= 0, then n is called the degree of p(x).

Bir polinomun tan�m kümesi (−∞,∞) dur. n > 0 ve an ̸= 0
ise, n tamsay�s�na p(x) in derecesi denir.

Rational Functions Rasyonel Fonsiyonlar

f(x) = p(x)
q(x)

polynomial
polinom fonksiyonrational function

rasyonel fonksiyon

Example 6.12.

f(x) =
2x3 − 3

7x+ 4

Örnek 6.13.

g(x) =
5x2 + 8x− 3

3x2 + 2
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Exponential Functions Üstel Fonksiyonlar

−2 −1.5 −1 −0.5 0.5 1 1.5 2

0.5

1

1.5

2

2.5

3

y = 2x

y = 2−x
=

(
1
2

)x

y = 3x
y = 5x

y = 10x

x

y

f(x) = ax

(a ∈ R, a > 0, a 6= 1)

The domain of an exponential function is (−∞,∞). Üstel fonksiyonun tan�m kümesi (−∞,∞) dur.

Logarithmic Functions Logaritmik Fonksiyonlar

1 2 3 4 5 6

−3

−2

−1

1

2

3

y =
log 2

x

y = log3 x

y = log5 x

y = log10 x

y = log
1
2 x

x

y

y = loga x ⇐⇒ x = ay

(a ∈ R, a > 0, a 6= 1)

“log base a of x”
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Angles
There are two ways to measure angles. Using degrees or using
radians.

1

1

θ radians

a circle of radius 1

We have that

π radians = 180 degrees

1 radian =
180

π
degrees

1 degree =
π

180
radians.

Remark. In Calculus, we use radians!!!! If you see an angle in
Part IV of this course, it will be in radians. Calculus doesn't
work with degrees!!

Açılar
Aç� ölçmede iki yol vard�r. Derece kullanarak veya radyan kul-
lanarak.

180◦

π radians

�u ba§�nt�lar mevcuttur.

π radyan = 180 derece

1 radyan =
180

π
derece

1 derece =
π

180
radyan.

45◦ = π
4

60◦ = π
3

90◦ = π
2

Not. Kalkülüste radyan kullan�r�z!!!! Bu dersin IV k�sm�nda
bir aç� görürseniz, o radyan cinsinden olacakt�r. Kalkülüste
derece kullanmayaca§�z!!

Trigonometric Functions

sine sin θ =
y

r
sinüs

cosine cos θ =
x

r
kosinüs

tangent tan θ =
sin θ

cos θ
tanjant

secant sec θ =
1

cos θ
sekant

cosecant cosec θ = csc θ =
1

sin θ
kosekant

cotangent cot θ =
1

tan θ
kotanjant

Trigonometrik Fonsiyonlar

x

y

r

r

θ

Remark. Note that tan θ and sec θ are only de�ned if cos θ ̸=
0; and cosec θ and cot θ are only de�ned if sin θ ̸= 0.

Not. tan θ ve sec θ n�n sadece cos θ ̸= 0 oldu§unda; ve cosec θ
ve cot θ n�n da tam olarak sin θ ̸= 0 ise tan�ml� olduklar�na
dikkat edin.
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1

1
√ 2

π
4

π
4

π
2

sin 45◦ = sin
π

4
=

1√
2

cos 45◦ = cos
π

4
=

1√
2

tan 45◦ = tan
π

4
= 1

sec 45◦ = sec
π

4
=

√
2

cosec 45◦ = cosec
π

4
=

√
2

cot 45◦ = cot
π

4
= 1

2

22

1

√
32

π
3

π
6

π
2

sin 60◦ = sin
π

3
=

√
3

2

cos 60◦ = cos
π

3
=

1

2

tan 60◦ = tan
π

3
=

√
3

sec 60◦ = sec
π

3
= 2

cosec 60◦ = cosec
π

3
=

2√
3

cot 60◦ = cot
π

3
=

1√
3

−π
2

π
4

π
3

π
2

π 3π
2

2π 5π
2

−1

1
2

1√
2

√
3
2

1
y = sinx y = cosx

x

y

Please see
Lütfen bkz.

https://tinyurl.com/ocd35mf

https://tinyurl.com/ocd35mf
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Problems

Problem 6.1 (Even and Odd Functions). State whether the
following functions are even, odd or neither.

(a) f(x) = 3

(b) f(x) = x77

(c) f(x) = x2 + 1

(d) f(x) = x3 + x

(e) f(x) = x3 + x2

(f) f(x) = x3 + 1

(g) f(x) = 1
x2−1

(h) f(x) = 1
x2+1

(i) f(x) = 1
x−1

(j) f(x) = sinx

(k) f(x) = 2x+ 1

(l) f(x) = cosx

Problem 6.2 (Pointwise-De�ned Functions). Graph the
function g : R → R de�ned by

g(x) =

{
1
x , x < 0

x x ≥ 0.

Problem 6.3 (Rational Functions). Graph the following
three functions on the same axes:

(a). f : (0,∞) → R, f(x) = x;

(b). g : (0,∞) → R, g(x) = 1
x ;

(c). h : (0,∞) → R, h(x) = x+ 1
x .

Problem 6.4 (Angles). Convert the following angles into
radians:

(a). −90◦,

(b). 135◦,

(c). 120◦,

(d). 180◦,

(e). 36◦,

(f). 20◦.

Convert the following angles into degrees:

(g). 3π
2 radians,

(h). π
10 radians,

(i). π
6 radians,

(j). 5π
6 radians,

(k). −π
5 radians,

(l). 3π radians.

Problem 6.5 (Domains). Give the largest possible set of real
numbers on which each of the following functions is de�ned:

(a). a(x) = 1 + x2,

(b). b(x) = 1−√
x,

(c). c(x) =
√
5x+ 10,

(d). d(x) =
√
x2 − 3x,

(e). e(x) = 4
3−x ,

(f). f(x) = 2
x2−16 .

Sorular

Soru 6.1 (Tek ve Ç�ft Fonksiyonlar). A³a§�daki fonksiyon-
lar�n çift, tek veya hiçbirisi olup olmad�§�n� bulunuz.

(a). f(x) = 3

(b). f(x) = x77

(c). f(x) = x2 + 1

(d). f(x) = x3 + x

(e). f(x) = x3 + x2

(f). f(x) = x3 + 1

(g). f(x) = 1
x2−1

(h). f(x) = 1
x2+1

(i). f(x) = 1
x−1

(j). f(x) = sinx

(k). f(x) = 2x+ 1

(l). f(x) = cosx

Soru 6.2 (Parçal�-Tan�ml� Fonksiyonlar).

g(x) =

{
1
x , x < 0

x x ≥ 0.

ile tan�ml� g : R → R fonksiyonunun gra�§ini çiziniz.

Soru 6.3 (Rayonel Fonksiyonlar). A³a§�daki üç fonksiyonun
gra�§ini ayn� koordinat düzleminde çiziniz:

(a). f : (0,∞) → R, f(x) = x;

(b). g : (0,∞) → R, g(x) = 1
x ;

(c). h : (0,∞) → R, h(x) = x+ 1
x .

Soru 6.4 (Aç�lar). Convert the following angles into radians:

(a). −90◦,

(b). 135◦,

(c). 120◦,

(d). 180◦,

(e). 36◦,

(f). 20◦.

Convert the following angles into degrees:

(g). 3π
2 radians,

(h). π
10 radians,

(i). π
6 radians,

(j). 5π
6 radians,

(k). −π
5 radians,

(l). 3π radians.

Soru 6.5 (Tan�m Kümeleri). Give the largest possible set
of real numbers on which each of the following functions is
de�ned:

(a). a(x) = 1 + x2,

(b). b(x) = 1−√
x,

(c). c(x) =
√
5x+ 10,

(d). d(x) =
√
x2 − 3x,

(e). e(x) = 4
3−x ,

(f). f(x) = 2
x2−16 .



7Sigma Notation Sigma Notasyonu

n∑

k=1

ak = a1 + a2 + a3 + a4 + a5 + a6 + a7 + a8 + . . .+ an−1 + an

n∑

k=1

ak
the sum starts at k = 1
indis k, k = 1'de ba³lar

the sum �nishes at k = n
indis k, k = n'de son bulurthe Greek letter Sigma

Example 7.1.

12 + 22 + 32 + 42 + 52 + 62 + 72 + 82 + 92 + 102 + 112 =

11∑

k=1

k2

f(1) + f(2) + f(3) + . . .+ f(99) + f(100) =

100∑

k=1

f(k)

5∑

k=1

k = 1 + 2 + 3 + 4 + 5 = 15

Example 7.2. Please see Örnek 7.2.

Example 7.3. I want to �nd a formula for 1+2+3+ . . .+n.
Note that

Örnek 7.1. Bkz. Example 7.1.

Örnek 7.2.

3∑

k=1

(−1)kk = (−1)(1)+(−1)2(2)+(−1)3(3) = −1+2−3 = −2

2∑

k=1

k

k + 1
=

1

1 + 1
+

2

2 + 1
=

1

2
+

2

3
=

7

6

5∑

k=4

k2

k − 1
=

42

4− 1
+

52

5− 1
=

16

3
+

25

4
=

139

12

Örnek 7.3. 1+2+3+ . . .+n için bir formül bulmak istiyoruz.
Dikkat edilirse

2
(
1 + 2 + 3 + 4 + 5 + . . .+ (n− 1) + n

)

= 1 + 2 + 3 + 4 + 5 + . . . + (n− 1) + n

+ n + (n− 1) + (n− 2) + (n− 3) + (n− 4) + . . . + 2 + 1

= (n+ 1) + (n+ 1) + (n+ 1) + (n+ 1) + (n+ 1) + . . . + (1 + n) + (1 + n)

= n(n+ 1).

29
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Therefore
n∑

k=1

k =
n(n+ 1)

2
.

Similarly (but more di�cult) we can �nd that

n∑

k=1

k2 =
n(n+ 1)(2n+ 1)

6

and
n∑

k=1

k3 =

(
n(n+ 1)

2

)2

.

Dolay�s�yla
n∑

k=1

k =
n(n+ 1)

2
.

Benzer olarak (ama daha zor) ³unu buluruz

n∑

k=1

k2 =
n(n+ 1)(2n+ 1)

6

ve
n∑

k=1

k3 =

(
n(n+ 1)

2

)2

.
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8Polar Coordinates Kutupsal Koordinatlar

x

y

r =
‖OP

‖

P (r, θ)

θ

anticlockwise = positive angle
saat yönünün tersi = pozitif aç�

clockwise = negative angle
saat yönünde = negatif aç�

x

y

-3

-3

-2

-2

-1

-1

1

1

2

2

3

3

45◦

(-5,45◦)

(-4,45◦)

(-3,45◦)

(-2,45◦)

(-1,45◦)

(0,45◦)

(1,45◦)

(2,45◦)

(3,45◦)

(4,45◦)

(5,45◦)

-5

-5

-4

-4

-3

-3

-2

-2

-1

-1

0

0

1

1

2

2

3

3

4

4

5

5T
H
E
O
K
A
N
R
U
LE
R
C
O
R
PO

R
AT

IO
N

m
ad

e
in

T
u
rk
ey

x

y

-3

-3

-2

-2

-1

-1

1

1

2

2

3

3

−30◦

(-5,−30
◦ )

(-4,−30
◦ )

(-3,−30
◦ )

(-2,−30
◦ )

(-1,−30
◦ )

(0,−30
◦ )

(1,−30
◦ )

(2,−30
◦ )

(3,−30
◦ )

(4,−30
◦ )

-5

-5

-4

-4

-3

-3

-2

-2

-1

-1

0

0 1

1

2

2

3

3

4

4

5

5

THE
OKAN

RULER
CORPORATION

m
ade

in
Turkey
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Example 8.1.

x

y

−2 −1 1 2

−2

−1

1

2

2

P (2, 30◦)=P (2,−330◦)

30◦−330◦

Örnek 8.2.

x

y

−2 −1 1 2

−2

−1

1

2

2

P (2, 210◦)=P (−2, 30◦)

30◦

210◦

Example 8.3. Find all the polar coordinates of P (2, 30◦).

solution: We can have either r = 2 or r = −2. For r = 2, we
can have

θ = 30◦, 30◦ ± 360◦, 30◦ ± 720◦, 30◦ ± 1080◦, . . .

For r = −2, we can have

θ = 210◦, 210◦ ± 360◦, 210◦ ± 720◦, 210◦ ± 1080◦, . . .

Therefore

P (2, 30◦) = P
(
2, (30 + 360n)◦

)
= P

(
− 2, (210 + 360m)◦

)

for all m,n ∈ Z.

Example 8.4.

x

y

r = a

|a|

Example 8.6.

(a). r = 1 and r = −1 are both equations for a circle of radius
1 centred at the origin.

(b). θ = 30◦, θ = 210◦ and θ = −150◦ are all equations for the
same line.

Örnek 8.3. P (2, 30◦) noktas�n�n tüm kutupsal koordinatlar�n�
bulunuz.

çözüm: Ya r = 2 ya da r = −2 olmal�d�r. r = 2 ise,

θ = 30◦, 30◦ ± 360◦, 30◦ ± 720◦, 30◦ ± 1080◦, . . .

olmal�d�r. r = −2 oldu§unda ise,

θ = 210◦, 210◦ ± 360◦, 210◦ ± 720◦, 210◦ ± 1080◦, . . .

olmal�d�r. Böylece her m,n ∈ Z için,

P (2, 30◦) = P
(
2, (30 + 360n)◦

)
= P

(
− 2, (210 + 360m)◦

)
.

Örnek 8.5.

x

y

b

θ = b

Örnek 8.6.

(a). r = 1 ve r = −1 her ikisi merkezi orijin yar�çap� 1 olan
çemberin denklemleridir.

(b). θ = 30◦, θ = 210◦ ve θ = −150◦ herbiri ayn� do§ruya ait
denklemlerdir.
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Example 8.7. Draw the sets of points whose polar coordinates
satisfy the following:

(a). 1 ≤ r ≤ 2 and 0 ≤ θ ≤ 90◦.

(b). −3 ≤ r ≤ 2 and θ = 45◦.

(c). r ≤ 0 and θ = 60◦.

(d). 120◦ ≤ θ ≤ 150◦.

solution:

Örnek 8.7. Polar koordinatlar� a³a§�dakileri sa§layan nokta-
lar� çiziniz:

(a). 1 ≤ r ≤ 2 ve 0 ≤ θ ≤ 90◦.

(b). −3 ≤ r ≤ 2 ve θ = 45◦.

(c). r ≤ 0 ve θ = 60◦.

(d). 120◦ ≤ θ ≤ 150◦.

çözüm:

x

y

−2 −1 1 2

−2

−1

1

2

(a).

x

y

−2 −1 1 2

−2

−1

1

2

(b).

x

y

−2 −1 1 2

−2

−1

1

2

(c).

x

y

−2 −1 1 2

−2

−1

1

2

(d).

Relating Polar and Cartesian
Coordinates

x = r cos θ

y = r sin θ

x2 + y2 = r2

tan θ =
y

x

Kutupsal ve Kartezyen Koordinatlar
Arasındaki İlişki

x

y

x

yr

P (x, y)=P (r, θ)

θ

Example 8.8. Convert the polar coordinates (r, θ) = (−3, 90◦)
into Cartesian coordinates.

solution:

(x, y) = (r cos θ, r sin θ) = (−3 cos 90◦,−3 sin 90◦) = (0,−3).

Örnek 8.8. (r, θ) = (−3, 90◦) kutupsal koordinatlar�n� kartezyen
koordinatlar�na dönü³türünüz.

çözüm:

(x, y) = (r cos θ, r sin θ) = (−3 cos 90◦,−3 sin 90◦) = (0,−3).
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Example 8.9. Find polar coordinates for the Cartesian coor-
dinates (x, y) = (5,−12).

solution: Choosing r > 0, we calculate that

r =
√
x2 + y2 =

√
25 + 144 =

√
169 = 13.

To �nd θ we use the equation y = r sin θ to calculate that

θ = sin−1 y

r
= sin−1 −12

13
≈ −67.38◦.

Therefore
(r, θ) = (13,−67.38◦).

x

y

−12

5

13

P

−67.38◦

Figure 8.1: The point P has Cartesian coordinates (x, y) =
(5,−12) and polar coordinates (r, θ) = (13,−67.38◦)
�ekil 8.1:

Örnek 8.9. (x, y) = (5,−12) noktas�n�n kutupsal koordinat-
lar�n� bulunuz.

çözüm: r > 0 alarak,

r =
√
x2 + y2 =

√
25 + 144 =

√
169 = 13

buluruz. �imdi θ'y� bulmak için y = r sin θ denklemi kullan�l�r
ve

θ = sin−1 y

r
= sin−1 −12

13
≈ −67.38◦

elde edilir. Dolay�s�yla

(r, θ) = (13,−67.38◦).

−360 −180 180 360

y = − 12
5

z = tan θ

θ

z

Figure 8.2: The graph of z = tan θ. Note that
tan−67.38◦ = − 12

5 = tan 112.62◦.
�ekil 8.2: z = tan θ gragi§i gösterilmektedir. Dikkat edilirse,
tan−67.38◦ = − 12

5 = tan 112.62◦.

Problems

Problem 8.1. Convert the following polar coordinates to
Cartesian coordinates.

Sorular

Soru 8.1. A³a§�daki kutupsal koordinatlar� Kartezyen koor-
dinatlara dönü³türünüz.

(a). (3, 0)

(b). (−3, 0)

(c). (2, 120◦)

(d). (2, 420◦)

(e). (2, 60◦)

(f). (−3, 360◦)

(g). (−2,−60◦)

(h). (1, 180◦)

(i). (2
√
2, 45◦).

Problem 8.2. Find polar coordinates for each of the following
sets of Cartesian coordinates.

Soru 8.2. A³a§�daki Kartezyen koordinatlar�n herbiri için bir
kutupsal koordinat bulunuz.

(a). (1, 1)

(b). (−3, 0)

(c). (
√
3,−1)

(d). (−3, 4)

(e). (−2,−2)

(f). (−
√
3, 1).

Problem 8.3. Draw the sets of points whose polar coordinates
satisfy the following:

Soru 8.3. Kutupsal koordinatlar� a³a§�dakilari sa§layan nok-
talar�n kümesini çiziniz:

(a). r = 2

(b). 0 ≤ r ≤ 2

(c). r ≥ 2

(d). 0 ≤ θ ≤ 30◦ & r ≥ 0

(e). θ = 120◦ & r ≤ −2

(f). 0 ≤ θ ≤ 90◦ & 1 ≤ |r| ≤ 2

(g). 45◦ ≤ θ ≤ 315◦ & 1 ≤ r ≤ 2

(h). −45◦ ≤ θ ≤ 45◦ & 1 ≤ r ≤ 2

(i). −45◦ ≤ θ ≤ 45◦ & −2 ≤ r ≤ 1



9Conic Sections Konik Kesitler

x y

z

(h, k)

a

a circle
çember

(x− h)2 + (y − k)2 = a2

x y

z

an ellipse
elips

x y

z

a parabola
parabol

x y

z

a hyperbola
hiperbol
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Parabolas

Figure 9.1: Clifton suspension bridge, Bristol, UK. The cables
of a suspension bridges hang in a shape which is almost (but
not exactly) a parabola.
�ekil 9.1: Clifton süspansiyon köprüsü, Bristol, Birle³ik Krall�k.
Asma köprülerin halatlar�, neredeyse (ama tam olarak de§il)
bir parabol biçiminde as�l� durmakta.

To describe a parabola, we need a point called a focus and
a line called a directrix. See �gure 9.2.

De�nition. A point P (x, y) lies on the parabola if and only
if

∥PF∥ = ∥PQ∥ .

Now

∥PF∥ = distance between P (x, y) and F (0, p)

=
√
(x− 0)2 + (y − p)2 =

√
x2 + (y − p)2

and

∥PQ∥ = distance between P (x, y) and Q(x,−p)

=
√
(x− x)2 + (y + p)2 =

√
(y + p)2 = y + p.

Therefore

∥PF∥ = ∥PQ∥
√
x2 + (y − p)2 = y + p

x2 + (y − p)2 = (y + p)2

x2 + y2 − 2py + p2 = y2 + 2py + p2

x2 − 2py = 2py

x2 = 4py

Paraboller

Figure 9.3: The motion of a tennis ball.
�ekil 9.3: Bir tenis topunun hareketi.

Figure 9.4: Satellite dishes.
�ekil 9.4: Uydu antenleri.

Bir parabolü tan�mlamak için, odak ad� verilen bir noktaya
ve do§rultman ad� verilen bir do§ruya ihtiyaç var. Bkz ³ekil
9.2.

Tan�m. Bir P (x, y) noktas� bir parabol üzerindedir ancak ve
ancak

∥PF∥ = ∥PQ∥ .

�imdi

∥PF∥ = P (x, y) ile F (0, p) aras�ndaki uzakl�k

=
√

(x− 0)2 + (y − p)2 =
√
x2 + (y − p)2

ve

∥PQ∥ = P (x, y) ile Q(x,−p) aras�ndaki uzakl�k

=
√
(x− x)2 + (y + p)2 =

√
(y + p)2 = y + p.
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focus
odak

F (0, p)

directrix y = −p
doğrultman

P (x, y)

Q(x,−p)

parabola

‖PF‖ = ‖PQ‖

x

y

Figure 9.2: A parabola with focus at F (0, p) and directrix y =
−p.
�ekil 9.2: Odak noktas� F (0, p) ve do§rultman� y = −p olan
parabol.

Bu nedenle

∥PF∥ = ∥PQ∥
√

x2 + (y − p)2 = y + p

x2 + (y − p)2 = (y + p)2

x2 + y2 − 2py + p2 = y2 + 2py + p2

x2 − 2py = 2py

x2 = 4py

graph
graf

x

y

x

y

x

y

x

y

equation
denklem

x2 = 4py x2 = −4py y2 = 4px y2 = −4px

focus
odak

F (0, p) F (0,−p) F (p, 0) F (−p, 0)

directrix
do§rultman

y = −p y = p x = −p x = p

Example 9.1. Find the focus and directrix of the parabola
y2 = 10x.

solution: Our equation y2 = 10x looks like y2 = 4px with
p = 10

4 = 2.5.

Therefore the focus is at the point F (2.5, 0) and the directrix
is the line x = −2.5.

Example 9.2. Find the equation for the parabola which has
focus F (0,−10) and directrix y = 10.

solution: Clearly p = 10 and x2 = −4py. Therefore the answer
is x2 = −40y.

Örnek 9.1. y2 = 10x parabolünün odak noktas�n� ve do§rult-
man�n� bulunuz.

çözüm: y2 = 10x denklemimiz olmak üzere y2 = 4px biçi-
mindedir. Yani odak noktas� F (2.5, 0) ve do§rultman� da x =
−2.5 olur.

Örnek 9.2. Oda§� F (0,−10) noktas� ve do§rultman� y = 10
do§rusu olan parabolün denklemini yaz�n�z.

çözüm: �uras� aç�k ki p = 10 ve x2 = −4py dir. Bu nedenle
yan�t x2 = −40y olur.
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Ellipses

Figure 9.5: Our solar system.
�ekil 9.5: Güne³ sistemimiz.

focus
odak

F1(−c, 0)

focus
odak

F2(c, 0)

P (x, y)
ell
ip
se

‖PF1‖+ ‖PF2‖ = 2a

x

y

Figure 9.7: An ellipse with foci at F1(−c, 0) and F2(c, 0).
�ekil 9.7: Odaklar� F1(−c, 0) ve F2(c, 0) olan elips.

Elipsler

Figure 9.6: Tycho Brahe Planetarium, Copenhagen, Denmark.
�ekil 9.6: Tycho Brahe Planetaryumu, Kopenhag, Danimarka.

Figure 9.8: Drawing an ellipse with a pencil, two pins and a
piece of string.
�ekil 9.8: �ki toplu i§ne, bir kalem ve biraz ip kullanarak elips
çizmek.

To describe an ellipse, we need two foci. See �gure 9.7.

De�nition. A point P (x, y) is on the ellipse if and only if

∥PF1∥+ ∥PF2∥ = 2a.

So √
(x+ c)2 + y2 +

√
(x− c)2 + y2 = 2a.

This rearranges to

x2

a2
+

y2

a2 − c2
= 1.

Elipsi tan�mlamak için, we need two foci. Bkz. ³ekil 9.7.

Tan�m. Bir P (x, y) noktas� ellips üzerindedir ancak ve ancak

∥PF1∥+ ∥PF2∥ = 2a.

Buradan hareketle
√
(x+ c)2 + y2 +

√
(x− c)2 + y2 = 2a.

Bunu da düzenlersek

x2

a2
+

y2

a2 − c2
= 1
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If we set b =
√
a2 − c2, then we have

x2

a2
+

y2

b2
= 1 (0 < b < a).

buluruz. b =
√
a2 − c2 dersek, o zaman

x2

a2
+

y2

b2
= 1 (0 < b < a).

graph
−a a

−b

b

focus focuscentre
ve
rt
ex

vertexc
x

y

−b b

−a

a

focus

focus

centre

ve
rt
ex

vertex

c

x

y

graf

equation
x2

a2
+

y2

b2
= 1 (0 < b < a)

x2

b2
+

y2

a2
= 1 (0 < b < a) denklem

centre-
to-focus
distance

c =
√

a2 − b2 c =
√

a2 − b2
merkez-
odak
uzakl�§�

foci F1(−c, 0) & F2(c, 0) F1(0,−c) & F2(0, c) odaklar

vertices (−a, 0) & (a, 0) (0,−a) & (0, a) tepe nok-
talar�

Example 9.3. The ellipse
x2

16
+

y2

9
= 1 has

� a = 4 and b = 3;

� centre-to-focus distance c =
√
a2 − b2 =

√
16− 9 =

√
7;

� centre at (0, 0);

� foci at (−
√
7, 0) and (

√
7, 0); and

� vertices at (−4, 0) and (4, 0).

Example 9.4. The ellipse
x2

16
+

y2

25
= 1 has

� a = 5 and b = 4;

� centre-to-focus distance
c =

√
a2 − b2 =

√
25− 16 =

√
9 = 3;

� centre at (0, 0);

� foci at (0,−3) and (0, 3); and

� vertices at (0,−5) and (0, 5).

Örnek 9.3.
x2

16
+

y2

9
= 1 elipsinin

� a = 4 ve b = 3;

� merkez-odak uzakl�§� c =
√
a2 − b2 =

√
16− 9 =

√
7;

� merkezi (0, 0);

� odaklar� (−
√
7, 0) ve (

√
7, 0); and

� tepe noktalar� (−4, 0) ve (4, 0).

Örnek 9.4.
x2

16
+

y2

25
= 1 elipsi

� a = 5 ve b = 4;

� merkez-odak uzakl�§�
c =

√
a2 − b2 =

√
25− 16 =

√
9 = 3;

� merkezi (0, 0);

� odaklar� (0,−3) ve (0, 3); ve

� tepe noktalar� da (0,−5) ve (0, 5).
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Hyperbolas

Figure 9.9: Cooling towers.
�ekil 9.9:

focus
odak

F1(−c, 0)

focus
odak

F2(c, 0)

P (x, y)

hyperbola
∣∣∣ ‖PF1‖ − ‖PF2‖

∣∣∣ = 2a

x

y

Figure 9.11: A hyperbola with foci at F1(−c, 0) and F2(c, 0).
�ekil 9.11:

Hiperboller

Figure 9.10: Twin Arch 138, Ichinomiya City, Japan.
�ekil 9.10:

To describe a hyperbola, we again need two foci. See �gure
9.11.

De�nition. A point P (x, y) is on the hyperbola if and only
if ∣∣∣ ∥PF1∥ − ∥PF2∥

∣∣∣ = 2a.

So √
(x+ c)2 + y2 −

√
(x− c)2 + y2 = ±2a.

This rearranges to

x2

a2
+

y2

a2 − c2
= 1

where c > a > 0. If we set b =
√
c2 − a2, then

x2

a2
− y2

b2
= 1.

Hiperbolü tan�mlamak için, yine iki odak noktas�na ihtiyaç
var. Bkz. ³ekil 9.11.

Tan�m. Bir P (x, y) noktas� bir hiperbol üzerindedir ancak ve
ancak ∣∣∣ ∥PF1∥ − ∥PF2∥

∣∣∣ = 2a.

Bundan hareketle,
√

(x+ c)2 + y2 −
√
(x− c)2 + y2 = ±2a.

Düzenlersek,
x2

a2
+

y2

a2 − c2
= 1

buluruz ki burada c > a > 0. �imdi b =
√
c2 − a2 dersek, o

zaman
x2

a2
− y2

b2
= 1.
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graph −a afocus focuscentre
ve
rt
ex

vertex

c

x

y

−a

a

focus

focus

centre

ve
rt
ex

vertex c

x

y

graf

equation
x2

a2
− y2

b2
= 1

y2

a2
− x2

b2
= 1 denklem

centre-
to-focus
distance

c =
√

a2 + b2 c =
√

a2 + b2
merkez-
odak
uzakl�§�

foci F1(−c, 0) & F2(c, 0) F1(0,−c) & F2(0, c) odaklar

vertices (−a, 0) & (a, 0) (0,−a) & (0, a) tepe
noktalar�

Example 9.5. The hyperbola
x2

4
− y2

5
= 1 has

� a = 2 and b =
√
5;

� centre at (0, 0);

� centre-to-focus distance c =
√
a2 + b2 =

√
4 + 5 = 3;

� foci at (−3, 0) and (3, 0); and

� vertices at (−2, 0) and (2, 0).

Example 9.6. The hyperbola
y2

9
− x2

16
= 1 has

� a = 3 and b = 4;

� centre at (0, 0);

� centre-to-focus distance c =
√
a2 + b2 =

√
9 + 16 = 5;

� foci at (0,−5) and (0, 5); and

� vertices at (0,−3) and (0, 3).

Örnek 9.5. Hiperbol olarak
x2

4
− y2

5
= 1 al�rsak,

� a = 2 ve b =
√
5;

� merkezi (0, 0);

� merkez-odak uzakl�§� c =
√
a2 + b2 =

√
4 + 5 = 3;

� odaklar� (−3, 0) ve (3, 0); ve

� tepe noktalar� da (−2, 0) ve (2, 0).

Örnek 9.6.
y2

9
− x2

16
= 1 hiperbolü için

� a = 3 ve b = 4;

� merkez (0, 0);

� merkez-odak uzakl�§� c =
√
a2 + b2 =

√
9 + 16 = 5;

� odaklar (0,−5) ve (0, 5); ve

� tepe noktalar� (0,−3) ve (0, 3).
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Reflective Properties
Parabolas, ellipses and hyperbolas are useful in architecture
and engineering because of their re�ective properties.

Yansıma Özellikleri
Paraboller, elipsler ve hiperboller, yans�ma özellikleri nedeniyle
mimaride ve mühendislikte kullan�³l�d�rlar.

focus

Figure 9.12: Rays originating at the focus of a parabola are
re�ected out of the parabola as parallel lines.
�ekil 9.12: Parabolün oda§�ndan ç�kan �³�nlar parabolün
d�³�nda paralel do§rular olarak yoluna devam ederler

Figure 9.14: A car headlight
�ekil 9.14: Bir araba far�.

Figure 9.13: One of a pair of whispering dishes in San Fran-
cisco, USA.
�ekil 9.13: A.B.D. San Fransisko'daki bir çift akustik çanak.

pa
ra
bo
lic

m
irr
or

light at focus

Figure 9.15: A car headlight
�ekil 9.15: Bir araba far�.
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parabolic
dish

receiver at focus

Figure 9.16: A satellite dish.
�ekil 9.16: Bir çanak anten

focus focus

Figure 9.18: Rays originating from one focus of an ellipse are
re�ected toward the other focus.
�ekil 9.18: Elipsin bir oda§�ndan ç�kan �³�nlar di§er oda§a yan-
s�yorlar.

Figure 9.20: A whispering gallery.
�ekil 9.20:

Figure 9.17: A satellite dish.
�ekil 9.17: Bir çanak anten

y
x
x

xy

xyy xx

x x

yy
y

y
y x

Figure 9.19: A whispering gallery.
�ekil 9.19:

Figure 9.21: A whispering gallery.
�ekil 9.21:
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focus

focus

Figure 9.22: One half of a hyperbola. Rays aimed at one focus are re�ected to the second focus.
�ekil 9.22: Hiperbolün bir yar�s�. Odaklardan birine gelen �³�nlar ikinci oda§a yans�yorlar.

Figure 9.23: A telescope using a parabola and a hyperbola.
�ekil 9.23: Bir parabol ve bir hiperbol kullan�lan teleskop
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Problems

Problem 9.1 (Identifying Graphs). Match the the following
equations with the conic sections shown in �gure 9.24.

Sorular

Soru 9.1 (Gra�kleri Belirlemek). Match the the following
equations with the conic sections shown in �gure 9.24.

(a). y2 = −4x

(b). x2 = 2y

(c). x2

4 + y2

9 = 1

(d). x2

16 + y2

9 = 1

(e). y2

4 − x2 = 1

(f). x2

4 − y2

9 = 1

Problem 9.2 (Parabolas).

(a). Find the focus of the parabola y2 = 12x.

(b). Find the focus of the parabola x2 = −8y.

(c). Find the focus of the parabola y = 4x2.

Problem 9.3 (Ellipses).

(a). Find the foci of the ellipse 7x2 + 16y2 = 112.

(b). Find the foci of the ellipse 16x2 + 25y2 = 400.

(c). Find the foci of the ellipse 2x2 + y2 = 2.

(d). An ellipse has foci (±
√
2, 0) and vertices (±2, 0). Find an

equation for the ellipse.

Problem 9.4 (Hyperbolas).

(a). Find the foci of the hyperbola x2 − y2 = 1.

(b). Find the foci of the hyperbola y2 − x2 = 8.

(c). Find the foci of the hyperbola 8x2 − 2y2 = 16.

(d). A hyperbola has foci (±10, 0) and vertices (±6, 0). Find
an equation for the hyperbola.

Soru 9.2 (Paraboller).

(a). y2 = 12x parabolünün oda§�n� bulunuz.

(b). x2 = −8y parabolünün oda§�n� bulunuz.

(c). y = 4x2 parabolünün oda§�n� bulunuz.

Soru 9.3 (Elipsler).

(a). 7x2 + 16y2 = 112 elipsinin odaklar�n� bulunuz.

(b). 16x2 + 25y2 = 400 elipsinin odaklar�n� bulunuz.

(c). 2x2 + y2 = 2 elipsinin odaklar�n� bulunuz.

(d). An ellipse has foci (±
√
2, 0) and vertices (±2, 0). Find an

equation for the ellipse.

Soru 9.4 (Hiperboller).

(a). x2 − y2 = 1 hyperbolünün odaklar�n� bulunuz.

(b). y2 − x2 = 8 hyperbolünün odaklar�n� bulunuz.

(c). 8x2 − 2y2 = 16 hyperbolünün odaklar�n� bulunuz.

(d). A hyperbola has foci (±10, 0) and vertices (±6, 0). Find
an equation for the hyperbola.

(i).

x

y

(ii).

x

y

(iii).

x

y

(iv).

x

y

(v).

x

y

(vi).

x

y

(vii).

x

y

(viii).

x

y

Figure 9.24: Eight conic sections.
�ekil 9.24:



10Three Dimensional
Cartesian Coordinates

Üç Boyutlu Kartezyen
Koordinatlar

x

y

z

x

y

z

O(0, 0, 0)
the origin

orijin

2

-1

A(2,−1, 0)
1

1

2

B(1, 1, 2)
C(1, 0, 2)

D(0, 2, 0)

2

R3

Figure 10.1: The Left-Handed Coordinate System
�ekil 10.1:

x

y

z

x

y

z

x = 0
the yz-plane
yz-düzlemi

y = 0
the xz-plane
xz-düzlemi

z = 0
the xy-plane
xy-düzlemi

Figure 10.2: The planes x = 0, y = 0 and z = 0.
�ekil 10.2: x = 0, y = 0 ve z = 0 düzlemleri.

x

y

zz

y3

5
z = 5

y
=
3

the line y = 3, z = 5
y = 3 döğrusu, z = 5

Figure 10.3: The planes y = 3 and z = 5, and the line y = 3,
z = 5.
�ekil 10.3:

48
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Example 10.1. Which points P (x, y, z) satisfy x2 + y2 = 4
and z = 3?

solution: We know that z = 3 is a horizontal plane and we
recognise that x2 + y2 = 4 is the equation of a circle of radius
2. Putting these together, we obtain �gure 10.4.

x

y

zz

2

y

3
z = 3

z = 3
and

x2 + y2 = 1

Figure 10.4: The circle x2 + y2 = 4 in the plane z = 3.
�ekil 10.4: z = 3 düzlemindeki x2 + y2 = 4 çemberi.

Örnek 10.1. Hangi P (x, y, z) noktalar� x2+y2 = 4 ve z = 3'ü
sa§lar?

çözüm: Biliyoruz ki z = 3 yatay bir düzlem ve x2 + y2 = 4
denklemi 2 yar�çapl� bir çemberdir. Bunlar� bir araya getirirsek,
³ekil 10.4'yi elde ederiz.

x

y

z

a

P0(x0, y0, z0)

P (x, y, z)

‖P0P‖ = a

Figure 10.5: The sphere of radius a centred at P0(x0, y0, z0).
�ekil 10.5: Yar�çap� a ver merkez� P0(x0, y0, z0) noktas� olan
küre.

Distance in R3

De�nition. The set

{(x, y, z) | x, y, z ∈ R}

is denoted by R3.

De�nition. The distance between P1(x1, y1, z1) and
P2(x2, y2, z2) is

∥P1P2∥ =
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.

Example 10.2. The distance betweenA(2, 1, 5) andB(−2, 3, 0)
is

∥AB∥ =
√

((−2)− 2)2 + (3− 1)2 + (0− 5)2

=
√
16 + 4 + 25 =

√
45

= 3
√
5 ≈ 6.7.

R3 de Uzaklık
Tan�m.

{(x, y, z) | x, y, z ∈ R}
kümesini R3 ile gösteririz.

Tan�m. P1(x1, y1, z1) ve P2(x2, y2, z2) noktalar� aras�ndaki
uzakl�k

∥P1P2∥ =
√

(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.

Örnek 10.3. C(1, 2, 3) ve D(3, 2, 1) noktalar� aras�ndaki uza-
kl�k a³a§�dak� gibidir;

∥AB∥ =
√
(3− 1)2 + (2− 2)2 + (1− 3)2

=
√
4 + 0 + 4 =

√
8

= 2
√
2 ≈ 2.8.
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Spheres
See �gure 10.5.

De�nition. The standard equation for a sphere of radius
a centred at P0(x0, y0, z0) is

(x− x0)
2 + (y − y0)

2 + (z − z0)
2 = a2.

Example 10.4. Find the centre and radius of the sphere

x2 + y2 + z2 + 3x− 4z + 1 = 0.

solution:We need to put this equation into the standard form.
Since (x− b)2 = x2 − 2b+ b2 we have that

x2 + y2 + z2 + 3x− 4z + 1 = 0

(x2 + 3x) + y2 + (z2 − 4z) = −1
(
x2 + 3x+

9

4

)
− 9

4
+ y2 + (z2 − 4z + 4)− 4 = −1

(
x2 + 3x+

9

4

)
+ y2 + (z2 − 4z + 4) = −1 +

9

4
+ 4

(
x+

3

2

)2

+ y2 + (z − 2)2 =
21

4
.

The centre is at P0(x0, y0, z0) = P0(− 3
2 , 0, 2) and the radius is

a =
√

21
4 =

√
3
√
7

2 .

Spheres
Bkz. ³ekil 10.5.

Tan�m. Yar�çap� a ve merkezi P0(x0, y0, z0) olan Bir kürenin
standart denklemi

(x− x0)
2 + (y − y0)

2 + (z − z0)
2 = a2.

Örnek 10.5. Verilen kürenin merkez ve yar�çap�n� bulunuz:

x2 + y2 + z2 + 6x− 6y + 6z = 22.

çözüm: Bu denklemi standart forma getirmemiz gerek. �imdi
(x− b)2 = x2 − 2b+ b2 oldu§undan

x2 + y2 + z2 + 6x− 6y + 6z = 22

(x2 + 6x) + (y2 − 6y) + (z2 + 6z) = 22

(x2 + 6x+ 9)− 9 + (y2 − 6y + 9)− 9 + (z2 + 6z + 9)− 9 = 22

(x2 + 6x+ 9) + (y2 − 6y + 9) + (z2 + 6z + 9) = 49

(x+ 3)2 + (y − 3)2 + (z + 3)2 = 49

Merkezi P0(x0, y0, z0) = P0(−3, 3,−3) olup yar�çap� a =
√
49 = 7.

Problems

Problem 10.1. Find the distance between the following pairs
of points.

(a). P1(−1, 1, 5) and P2(2, 5, 0).

(b). A(1, 0, 0) and B(0, 0, 1).

(c). C(10, 5,−8) and D(10,−25, 32).

(d). E(8, 9, 7) and F (2, 2, 3).

(e). G(−4, 2,−4) and O(0, 0, 0).

Problem 10.2. Find the centre and the radius of the sphere

x2 + y2 + z2 − 6y + 8z = 0.

Problem 10.3. Find the centre and the radius of the sphere

x2 + y2 + z2 − 2
√
2x− 2

√
2y + 2

√
2z + 4 = 0.

Sorular

Soru 10.1. A³a§�saki nokta çiftleri aras�ndaki uzakl�§� bu-
lunuz.

(a). P1(−1, 1, 5) ve P2(2, 5, 0).

(b). A(1, 0, 0) ve B(0, 0, 1).

(c). C(10, 5,−8) ve D(10,−25, 32).

(d). E(8, 9, 7) ve F (2, 2, 3).

(e). G(−4, 2,−4) ve O(0, 0, 0).

Soru 10.2. Verilen denklemdeki kürenin merkezini ve yar�çap�n�
bulunuz

x2 + y2 + z2 − 6y + 8z = 0.

Soru 10.3. Verilen denklemdeki kürenin merkezini ve yar�çap�n�
bulunuz

x2 + y2 + z2 − 2
√
2x− 2

√
2y + 2

√
2z + 4 = 0.



11Vectors Vektörler

For some quantities (mass, time, distance, . . . ) we only need
a number. For some quantities (velocity, force, . . . ) we need a
number and a direction.

direction of vector

len
gt
h
=
siz
e o

f v
ec
to
r

A vector is an object which has a size (length) and a di-
rection.

A

initial point
başlangıç noktası

B

terminal point
bitiş noktası

Figure 11.1: The initial point and terminal point of a vector.
�ekil 11.1:

De�nition. The vector
−−→
AB has initial point A and terminal

point B.

The length of
−−→
AB is written

∥∥∥−−→AB
∥∥∥.

Two vectors are equal if they have the same length and the
same direction. In �gure 11.2, we can say that

−−→
AB =

−−→
CD =

−−→
EF =

−−→
OP.

Note that
−−→
AB ̸= −−→

GH because the lengths are di�erent, and−−→
AB ̸= −→

IJ because the directions are di�erent.

Baz� büyüklükler (kütle, zaman, mesafe, ldots) sadece bir say�
yeterli oluyor. Ancak baz� büyüklükler için (h�z, kuvvet, ldots)
bir say�yla bir de yöne ihtiyac�m�z var.

vektör yönü

uz
un
luk

=
ve
kt
ör
ün

bo
yu
tu

Vektör bir büyüklü§ü (uzunlu§u) ve bir yönü olan nesnedir.

Tan�m.
−−→
AB vektörünün ba³lang�ç noktas� A ve biti³ nok-

tas� B dir.
−−→
AB'nin uzunlu§u

∥∥∥−−→AB
∥∥∥ ile gösterilir.

�ki vektörün e³it olmalar� için gerek ve yeter ³art uzunluk-
lar� ve boylar�n�n ayn� olmas�d�r. �ekil 11.2 de, ³unu söylemek
mümkün −−→

AB =
−−→
CD =

−−→
EF =

−−→
OP.

Unutmay�n�z ki
−−→
AB ̸= −−→

GH çünkü uzunluklar farkl� ve
−−→
AB ̸= −→

IJ
çünkü yönleri farkl�.

x

y

O

P

A

B

C

D

E

F

G

H

I

J

Figure 11.2: Six vectors.
�ekil 11.2: Alt� vektör.
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Notation
When we use a computer, we use bold letters for vectors: u,
v, w, . . . . When we use a pen, we use underlined letters for
vectors: u, v, w, . . . .

If we type au+ bv or write au+ bv, then

� a and b are numbers; and

� u, v, u and v are vectors.

De�nition. In R2: If v has initial point (0, 0) and terminal
point (v1, v2), then the component form of v is v = (v1, v2).

In R3: If v has initial point (0, 0, 0) and terminal point
(v1, v2, v3), then the component form of v is v = (v1, v2, v3).

Notasyon
Bilgisayar kullan�rken, vektör için kal�n har�er kullan�r�z: u,
v, w, . . . . Kalemle yazarken, vektör için alt� çizili har�er kul-
lan�r�z: u, v, w, . . . .

au+ bv olarak yazarsak veya au+ bv yazarsak,

� a ve b say�lar; ve

� u, v, u ve v vektörler.

Tan�m. R2 de: v'nin ba³lang�ç noktas� (0, 0) ve son noktas�
(v1, v2) ise bu durumda v için bile³en formu v = (v1, v2)
olur.

R3 de: v'nin ba³lang�ç noktas� (0, 0, 0) ve biti³ noktas�
(v1, v2, v3) ise, o zaman v için bile³en formu v = (v1, v2, v3)
olur.

x

y

z

P (x1, y1, z1)

Q(x2, y2, z2)v =
−−→
PQ

Figure 11.3: The vector (v1, v2, v3) = v = (x2 − x1, y2 − y1, z2 − z1).
�ekil 11.3:

De�nition. In R2: The norm (or length) of v = (v1, v2) is

∥v∥ =
√
v21 + v22

In R3: The norm of v =
−−→
PQ is

∥v∥ =
√

v21 + v22 + v23

=
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.

The vectors 0 = (0, 0) and 0 = (0, 0, 0) have norm ∥0∥ = 0.
If v ̸= 0, then ∥v∥ > 0.

Example 11.1. Find (a) the component form; and (b) the
norm of the vector with initial point P (−3, 4, 1) and terminal
point Q(−5, 2, 2).

solution:
(a). v = (v1, v2, v3) = Q− P = (−5, 2, 2)− (−3, 4, 1)

= (−2,−2, 1).

(b). ∥v∥ =
√
v21 + v22 + v23 =

√
(−2)2 + (−2)2 + 12 =

√
9 = 3.

Tan�m. R2: The norm (ya da uzunluk) v = (v1, v2) ise

∥v∥ =
√

v21 + v22

olarak verilir.
R3: norm tan�m� v =

−−→
PQ için

∥v∥ =
√

v21 + v22 + v23

=
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2.

olaur.

0 = (0, 0) ve 0 = (0, 0, 0) vektörlerinin normu ∥0∥ = 0 d�r.
v ̸= 0 ise, bu durumda ∥v∥ > 0 olur.

Örnek 11.1. (a) bile³en formu ve (b) normu ba³lang�ç noktas�
P (−3, 4, 1) ve biti³ noktas�Q(−5, 2, 2) olan vektör için bulunuz.

çözüm:
(a). v = (v1, v2, v3) = Q− P = (−5, 2, 2)− (−3, 4, 1)

= (−2,−2, 1).

(b). ∥v∥ =
√

v21 + v22 + v23 =
√
(−2)2 + (−2)2 + 12 =

√
9 = 3.
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Vector Algebra Vektör Cebri

u

v
u+ v

u

v

u+ v

u

1.5u

2u

−2u 0.5u

u

v

u− v

v + (u− v) = u

u

−v

u+ (−v)

Figure 11.4: u+v considered in two ways.
�ekil 11.4:

Figure 11.5: Constant multiples of u.
�ekil 11.5:

Figure 11.6: u−v considered in two ways.
�ekil 11.6:

Let u = (u1, u2, u3) and v = (v1, v2, v3) be vectors. Let k
be a number. Then

u+ v = (u1 + v1, u2 + v2, u3 + v3)

and
ku = (ku1, ku2, ku3).

Note that

∥ku∥ = ∥(ku1, ku2, ku3)∥ =
√

(ku1)2 + (ku2)2 + (ku3)2

=
√

k2u2
1 + k2u2

2 + k2u2
3 =

√
k2(u2

1 + u2
2 + u2

3)

=
√
k2
√
u2
1 + u2

2 + u2
3 = |k| ∥u∥ .

The vector −u = (−1)u has the same length as u, but
points in the opposite direction.

Example 11.2. Let u = (−1, 3, 1) and v = (4, 7, 0). Find (a)
2u+ 3v, (b) u− v, and (c)

∥∥ 1
2u
∥∥.

solution:
(a) 2u+3v = 2(−1, 3, 1)+3(4, 7, 0) = (−2, 6, 2)+(12, 21, 0) =

(10, 27, 2);

(b) u− v = (−1, 3, 1)− (4, 7, 0) = (−5,−4, 1);

(c)
∥∥ 1
2u
∥∥ = 1

2 ∥u∥ = 1
2

√
(−1)2 + 32 + 12 = 1

2

√
11.

Varsayal�m ki u = (u1, u2, u3) ve v = (v1, v2, v3) vektörler
olsun. Varsayal�m ki k bir say� olsun. O zaman

u+ v = (u1 + v1, u2 + v2, u3 + v3)

ve
ku = (ku1, ku2, ku3).

�unu not ediniz

∥ku∥ = ∥(ku1, ku2, ku3)∥ =
√
(ku1)2 + (ku2)2 + (ku3)2

=
√

k2u2
1 + k2u2

2 + k2u2
3 =

√
k2(u2

1 + u2
2 + u2

3)

=
√
k2
√

u2
1 + u2

2 + u2
3 = |k| ∥u∥ .

−u = (−1)u vektörünün u ile uzunlu§u ayn� ama z�t yön-
lüdür.

Örnek 11.2. u = (−1, 3, 1) ve v = (4, 7, 0) olsun. Hesaplay�n�z
ki (a) 2u+ 3v, (b) u− v ve (c)

∥∥ 1
2u
∥∥.

çözüm:
(a) 2u+3v = 2(−1, 3, 1)+3(4, 7, 0) = (−2, 6, 2)+(12, 21, 0) =

(10, 27, 2);

(b) u− v = (−1, 3, 1)− (4, 7, 0) = (−5,−4, 1);

(c)
∥∥ 1
2u
∥∥ = 1

2 ∥u∥ = 1
2

√
(−1)2 + 32 + 12 = 1

2

√
11.

Properties of Vector Operations

Let u, v and w be vectors. Let a and b be numbers. Then

(i). u+ v = v + u;

(ii). (u+ v) +w = u+ (v +w);

(iii). u+ 0 = u;

(iv). u+ (−u) = 0;

(v). 0u = 0;

Vektörlerle işlem Özellikleri

u, v ve w vektörler olsun. a ve b say�lar olsun. O zaman

(i). u+ v = v + u;

(ii). (u+ v) +w = u+ (v +w);

(iii). u+ 0 = u;

(iv). u+ (−u) = 0;

(v). 0u = 0;
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(vi). 1u = u;

(vii). a(bu) = (ab)u;

(viii). a(u+ v) = au+ av;

(ix). (a+ b)u = au+ bu.

Remark. We can not multiply vectors. Never never never
never write �uv�.

(vi). 1u = u;

(vii). a(bu) = (ab)u;

(viii). a(u+ v) = au+ av;

(ix). (a+ b)u = au+ bu.

Not. Vektörlerle çarpma yapamay�z. Asla asla ve asla �uv�
yazmay�z.

Unit Vectors
De�nition. u is called a unit vector ⇐⇒ ∥u∥ = 1.

Example 11.3. u = (2−
1
2 , 1

2 ,− 1
2 ) is a unit vector because

∥u∥ =

√(
1√
2

)2

+

(
1

2

)2

+

(
−1

2

)2

=

√
1

2
+

1

4
+

1

4
= 1.

In R2: The standard unit vectors are i = (1, 0) and
j = (0, 1).

In R3: The standard unit vectors are i = (1, 0, 0), j =
(0, 1, 0) and k = (0, 0, 1). Any vector v ∈ R3 can be written

v = (v1, v2, v3) = (v1, 0, 0) + (0, v2, 0) + (0, 0, v3)

= v1i+ v2j+ v3k.

If ∥v∥ ≠ 0, then v
∥v∥ is a unit vector because

∥∥∥∥
v

∥v∥

∥∥∥∥ =

∥∥∥∥
1

∥v∥v
∥∥∥∥ =

1

∥v∥ ∥v∥ = 1.

Clearly v
∥v∥ and v point in the same direction.

Example 11.4. Find a unit vector u which points in the same
direction as

−−−→
P1P2, where P1(1, 0, 1) and P2(3, 2, 0).

solution:
We calculate that

−−−→
P1P2 = P2 − P1 = (3, 2, 0) − (1, 0, 1) =

(2, 2,−1) = 2i+2j−k and that
∥∥∥−−−→P1P2

∥∥∥ =
√

22 + 22 + (−1)2 =

3. The required unit vector is

u =

−−−→
P1P2∥∥∥−−−→P1P2

∥∥∥
=

2i+ 2j− k

3
=

2

3
i+

2

3
j− 1

3
k.

v

v
‖v‖

Figure 11.7: v
∥v∥ is a unit vector which points in the same

direction as v.
�ekil 11.7:

Birim Vektör
Tan�m. u vektörü birim vektördür ancak ve ancak ∥u∥ = 1.

Örnek 11.3. u = (2−
1
2 , 1

2 ,− 1
2 ) birim vektördür çünkü

∥u∥ =

√(
1√
2

)2

+

(
1

2

)2

+

(
−1

2

)2

=

√
1

2
+

1

4
+

1

4
= 1.

R2: The standart birim vektörler i = (1, 0) ve j = (0, 1)
olarak ifade edilir.

R3'te: The standart birim vektörler i = (1, 0, 0), j =
(0, 1, 0) ve k = (0, 0, 1) vektörleridir. Herhangi bir v ∈ R3

vektörü ³öyle yaz�labilir

v = (v1, v2, v3) = (v1, 0, 0) + (0, v2, 0) + (0, 0, v3)

= v1i+ v2j+ v3k.

∥v∥ ≠ 0 ise, o zaman v
∥v∥ bir birim vektör olur çünkü

∥∥∥∥
v

∥v∥

∥∥∥∥ =

∥∥∥∥
1

∥v∥v
∥∥∥∥ =

1

∥v∥ ∥v∥ = 1.

A³ikar olarak v
∥v∥ ve v ayn� yönü gösterirler.

Örnek 11.4. P1(1, 0, 1) ve P2(3, 2, 0) olmak üzere
−−−→
P1P2 ile ayn�

yönde bir u birim vektör bulunuz.

çözüm:
�lk olarak

−−−→
P1P2 = P2 − P1 = (3, 2, 0) − (1, 0, 1) = (2, 2,−1) =

2i+ 2j− k ve
∥∥∥−−−→P1P2

∥∥∥ =
√

22 + 22 + (−1)2 = 3. �stenen birim

vektör

u =

−−−→
P1P2∥∥∥−−−→P1P2

∥∥∥
=

2i+ 2j− k

3
=

2

3
i+

2

3
j− 1

3
k.
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Problems

Problem 11.1. Let u = (3,−2) and v = (−2, 5). Find the
following:

Sorular

Soru 11.1. Let u = (3,−2) and v = (−2, 5). Find the follow-
ing:

(a). ∥u∥

(b). ∥v∥

(c). 3 ∥u∥

(d). 3u

(e). ∥3u∥

(f). −3u

(g). ∥−3u∥

(h). u+ v

(i). ∥u+ v∥

(j). ∥u∥+ ∥v∥

(k). 2u− 3v

(l). ∥2u− 3v∥

(m). 3
5u+ 4

5v

(n).
∥∥ 3
5u+ 4

5v
∥∥

(o).
∥∥− 5

13u+ 12
13v
∥∥

Problem 11.2.

(a). Find (5a− 3b) if a = i+ 2j+ 3k and b = 2i+ 5k.

(b). Find
−−→
AB +

−−→
CD, where A(1,−1, 1), B(2, 0, 0), C(−1, 3, 0)

and D(−2, 2, 1).

Problem 11.3 (Unit Vectors).

(a). Find a unit vector which points in the same direction as
v = 6i+ 2j− 3k.

(b). Find a unit vector which points in the same direction as
v = 2i+ j− 2k.

(c). Find a vector w which points in the same direction as
v = 12i− 5k and which satis�es ∥w∥ = 7.

Soru 11.2.

(a). Find (5a− 3b) if a = i+ 2j+ 3k and b = 2i+ 5k.

(b). Find
−−→
AB +

−−→
CD, where A(1,−1, 1), B(2, 0, 0), C(−1, 3, 0)

and D(−2, 2, 1).

Soru 11.3 (Unit Vectors).

(a). Find a unit vector which points in the same direction as
v = 6i+ 2j− 3k.

(b). Find a unit vector which points in the same direction as
v = 2i+ j− 2k.

(c). Find a vector w which points in the same direction as
v = 12i− 5k and which satis�es ∥w∥ = 7.

Figure 11.8: A web comic.
�ekil 11.8: Bir web çizgi roman�.



12The Dot Product Nokta Çarpım

De�nition. In R2, the dot product of u = (u1, u2) = u1i+u2j
and v = (v1, v2) = v1i+ v2j is

u • v = u1v1 + u2v2.

De�nition. In R3, the dot product of u = (u1, u2, u3) =
u1i+ u2j+ u3k and v = (v1, v2, v3) = v1i+ v2j+ v3k is

u • v = u1v1 + u2v2 + u3v3.

u

v

θ

Theorem 12.1. The angle between u and v is

θ = cos−1

(
u • v

∥u∥ ∥v∥

)
.

Example 12.1.

(1,−2,−1) • (−6, 2,−3) = (1×−6) + (−2× 2) + (−1×−3)

= −6− 4 + 3 = −7.

Example 12.2.

( 12 i+ 3j+ k) • (4i− j+ 2k) = (12 × 4) + (3×−1) + (1× 2)

= 2− 3 + 2 = 1.

Example 12.3. Find the angle between u = i − 2j − 2k and
v = 6i+ 3j+ 2k.

solution: Since u • v = (1,−2,−2) • (6, 3, 2) = (1× 6) + (−2×
3)+(−2×2) = 6−6−4 = −4, ∥u∥ =

√
12 + (−2)2 + (−2)2 =√

9 = 3 and ∥v∥ =
√
62 + 32 + 22 =

√
49 = 7, we have that

θ = cos−1

(
u • v

∥u∥ ∥v∥

)
= cos−1

(
− 4

21

)
≈ 1.76 radians ≈ 98.5◦.

Example 12.4. IfA(0, 0), B(3, 5) and C(5, 2), �nd θ = ∡ACB.

Tan�m. R2'de, the nokta çarp�m u = (u1, u2) = u1i+u2j ve
v = (v1, v2) = v1i+ v2j is

u • v = u1v1 + u2v2

ise olarak tan�mlan�r.

Tan�m. R3'de, the nokta çarp�m u = (u1, u2, u3) = u1i +
u2j+ u3k ve v = (v1, v2, v3) = v1i+ v2j+ v3k ise

u • v = u1v1 + u2v2 + u3v3

olarak tan�mlan�r.

Teorem 12.1. u ve v aras�ndaki aç�

θ = cos−1

(
u • v

∥u∥ ∥v∥

)
.

Örnek 12.1.

(1,−2,−1) • (−6, 2,−3) = (1×−6) + (−2× 2) + (−1×−3)

= −6− 4 + 3 = −7.

Örnek 12.2.

( 12 i+ 3j+ k) • (4i− j+ 2k) = (12 × 4) + (3×−1) + (1× 2)

= 2− 3 + 2 = 1.

Örnek 12.3. u = i − 2j − 2k ve v = 6i + 3j + 2k aras�ndaki
aç�y� bulunuz.

çözüm: u •v = (1,−2,−2) •(6, 3, 2) = (1×6)+(−2×3)+(−2×
2) = 6 − 6 − 4 = −4, ∥u∥ =

√
12 + (−2)2 + (−2)2 =

√
9 = 3

ve ∥v∥ =
√
62 + 32 + 22 =

√
49 = 7, buradan

θ = cos−1

(
u • v

∥u∥ ∥v∥

)
= cos−1

(
− 4

21

)
≈ 1.76 radians ≈ 98.5◦.

Örnek 12.4. A(0, 0), B(3, 5) ve C(5, 2) ise, θ = ∡ACB nedir?

A

B

C
θ
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solution: θ is the angle between
−→
CA and

−−→
CB. We calcu-

late that
−→
CA = A − C = (0, 0) − (5, 2) = (−5,−2),

−−→
CB =

B − C = (3, 5) − (5, 2) = (−2, 3),
−→
CA •

−−→
CB = (−5,−2) •

(−2, 3) = 4,
∥∥∥−→CA

∥∥∥ =
√

(−5)2 + (−2)2 =
√
29 and

∥∥∥−−→CB
∥∥∥ =

√
(−2)2 + 32 =

√
13. Therefore

θ = cos−1




−→
CA •

−−→
CB∥∥∥−→CA

∥∥∥
∥∥∥−−→CB

∥∥∥


 = cos−1

(
4√

29
√
13

)

≈ 78.1◦ ≈ 1.36 radians.

De�nition. u and v are orthogonal ⇐⇒ u • v = 0.

Remark. Note that

u • v = ∥u∥ ∥v∥ cos θ

by Theorem 12.1. Therefore

u and v are orthogonal ⇐⇒




u = 0

or

v = 0

or

θ = 90◦.




Example 12.5. u = (3,−2) and v = (4, 6) are orthogonal
because u •v = (3,−2) •(4, 6) = (3×4)+(−2×6) = 12−12 = 0.

Example 12.6. u = 3i−2j+k and v = 2j+4k are orthogonal
because u • v = (3× 0) + (−2× 2) + (1× 4) = 0− 4 + 4 = 0.

Example 12.7. 0 is orthogonal to every vector u because
0 • u = (0, 0, 0) • (u1, u2, u3) = 0u1 + 0u2 + 0u3 = 0.

çözüm: θ aç�s�
−→
CA ve

−−→
CB aras�ndad�r. Buradan

−→
CA = A −

C = (0, 0) − (5, 2) = (−5,−2),
−−→
CB = B − C = (3, 5) −

(5, 2) = (−2, 3),
−→
CA •

−−→
CB = (−5,−2) • (−2, 3) = 4,

∥∥∥−→CA
∥∥∥ =

√
(−5)2 + (−2)2 =

√
29 ve

∥∥∥−−→CB
∥∥∥ =

√
(−2)2 + 32 =

√
13.

Yani

θ = cos−1




−→
CA •

−−→
CB∥∥∥−→CA

∥∥∥
∥∥∥−−→CB

∥∥∥


 = cos−1

(
4√

29
√
13

)

≈ 78.1◦ ≈ 1.36 radians.

Tan�m. u ve v ortogonaldir ancak ve ancak u • v = 0.

Not. Not ediniz ki

u • v = ∥u∥ ∥v∥ cos θ

Teorem 12.1 gere§ince do§rudur. Buradan

u ve v ortogonalancakveancak




u = 0

ya da

v = 0

ya da

θ = 90◦.




Örnek 12.5. u = (3,−2) ve v = (4, 6) ortogonaldir çünkü
u • v = (3,−2) • (4, 6) = (3× 4) + (−2× 6) = 12− 12 = 0.

Örnek 12.6. u = 3i− 2j+ k ve v = 2j+ 4k ortogonal çünkü
u • v = (3× 0) + (−2× 2) + (1× 4) = 0− 4 + 4 = 0.

Örnek 12.7. 0 ortogonaldir her u vektörüne çünküm
0 • u = (0, 0, 0) • (u1, u2, u3) = 0u1 + 0u2 + 0u3 = 0.

Properties of the Dot Product
Let u, v and w be vectors. Let k be a number. Then

(i). u • v = v • u;

(ii). (ku) • v = u • (kv) = k(u • v);

(iii). u • (v +w) = (u • v) + (u • w);

(iv). u • u = ∥u∥2; and

(v). 0 • u = 0.

Nokta Çarpım Özellikleri
u, v ve w vektörler olsun. k bir say� olsun. O zaman

(i). u • v = v • u;

(ii). (ku) • v = u • (kv) = k(u • v);

(iii). u • (v +w) = (u • v) + (u • w);

(iv). u • u = ∥u∥2; ve

(v). 0 • u = 0.
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‖projv u‖ = ‖u‖ cos θ

‖u‖

θ

P

Q

R

S

v

u

projv
u P

Q

R

S

v

u

projv
u

Figure 12.1: Vector Projections
�ekil 12.1: Vektör �zdü³ümleri

Vector Projections
See �gure 12.1.

De�nition. The vector projection of u onto v is the vector

projv u =
−→
PR.

Now

projv u =
(
length of projv u

) (a unit vector in the
same direction as v

)

= ∥projv u∥
(

v

∥v∥

)

= ∥u∥ (cos θ)
(

v

∥v∥

)

=

(
∥u∥ ∥v∥ cos θ

∥v∥2

)
v

=

(
u • v

∥v∥2

)
v.

Since this is an important formula, we write it as a theorem.

Theorem 12.2. The vector projection of u onto v is

projv u =

(
u • v

∥v∥2

)
v.

Example 12.8. Find the vector projection of u = 6i+3j+2k
onto v = i− 2j− 2k.

solution:

projv u =

(
u • v

∥v∥2

)
v =

(
6− 6− 4

1 + 4 + 4

)
(i− 2j− 2k)

= −4

9
i+

8

9
j+

8

9
k.

Example 12.9. Find the vector projection of F = 5i+2j onto
v = i− 3j.

solution:

projv F =

(
F • v

∥v∥2

)
v =

(
5− 6

1 + 9

)
(i− 3j)

= − 1

10
i+

3

10
j.

Vector Projections
See �gure 12.1.

Tan�m. u'nun v üzerine vektör izdü³ümü

projv u =
−→
PR.

�imdi

projv u =
(
uzunluk projv u

) ( v ile ayn� yöne
birim vektördür.

)

= ∥projv u∥
(

v

∥v∥

)

= ∥u∥ (cos θ)
(

v

∥v∥

)

=

(
∥u∥ ∥v∥ cos θ

∥v∥2

)
v

=

(
u • v

∥v∥2

)
v.

Bu önemli bir formül oldu§undan, bir teorem olarak yaza-
l�m.

Teorem 12.2. u'nun v üzerine vektör izdü³ümü

projv u =

(
u • v

∥v∥2

)
v.

Örnek 12.8. u = 6i+3j+2k'nin v = i− 2j− 2k üzerine olan
vektör izdü³ümünü bulunuz.

çözüm:

projv u =

(
u • v

∥v∥2

)
v =

(
6− 6− 4

1 + 4 + 4

)
(i− 2j− 2k)

= −4

9
i+

8

9
j+

8

9
k.

Örnek 12.9. F = 5i+2j vektörünün v = i−3j vektörü üzerine
olan vektör izdü³ümünü bulunuz.
çözüm:

projv F =

(
F • v

∥v∥2

)
v =

(
5− 6

1 + 9

)
(i− 3j)

= − 1

10
i+

3

10
j.
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Problems

Problem 12.1. For each pair of vectors below, �nd

(i). u • v;

(ii). ∥u∥ and ∥v∥;

(iii). cos θ (where θ is the angle between u and v); and

(iv). projv u.

Sorular

Soru 12.1. For each pair of vectors below, �nd

(i). u • v;

(ii). ∥u∥ and ∥v∥;

(iii). cos θ (where θ is the angle between u and v); and

(iv). projv u.

(a). u = −2i+ 4j−
√
5k

v = 2i− 4j+
√
5k

(b). u = 3j+ 4k
v = 10i+ 11j− 2k

(c). u = 2i+ 2j+ k
v = 2i+ 10j− 11k

Problem 12.2. A triangle has vertices at A(−1, 0), B(2, 1)
and C(1,−2). Find the internal angles of the triangle.

Problem 12.3. LetA(1, 1, 1), B(2, 3, 2), C(1, 4, 4) andD(0, 2, 3)

be four points in R3. Are the vectors
−→
AC and

−−→
BD orthogonal?

Problem 12.4. Let u and v be vectors. Let θ denote the
angle between u and u+v; and let ϕ denote the angle between
u+ v and v. See �gure 12.2.

(a). Show that if ∥u∥ = ∥v∥, then u • (u+ v) = (u+ v) • v

(b). Show that if ∥u∥ = ∥v∥, then θ = ϕ.

Problem 12.5. A water pipe runs due north then due east.
The northwards part slopes upwards with a slope of 20%. The
eastwards part slopes upwards with a slope of 10%. See �gure
12.3. Find the angle θ required at the turn from north to east.

θ

φ

v

u

u+ v

Figure 12.2: The vectors considered in Exercise 12.4.
�ekil 12.2:

Soru 12.2. A triangle has vertices at A(−1, 0), B(2, 1) and
C(1,−2). Find the internal angles of the triangle.

Soru 12.3. Let A(1, 1, 1), B(2, 3, 2), C(1, 4, 4) and D(0, 2, 3)

be four points in R3. Are the vectors
−→
AC and

−−→
BD orthogonal?

Soru 12.4. Let u and v be vectors. Let θ denote the angle
between u and u+v; and let ϕ denote the angle between u+v
and v. See �gure 12.2.

(a). Show that if ∥u∥ = ∥v∥, then u • (u+ v) = (u+ v) • v

(b). Show that if ∥u∥ = ∥v∥, then θ = ϕ.

Soru 12.5. A water pipe runs due north then due east. The
northwards part slopes upwards with a slope of 20%. The
eastwards part slopes upwards with a slope of 10%. See �gure
12.3. Find the angle θ required at the turn from north to east.

north
(kuzey

) east (doğu)

θ = ?

slo
pe=

0.
2

slope=0.1

Figure 12.3: A water pipe.
�ekil 12.3:



13The Cross Product Vektörel Çarpım

u

v

u× v

n

θ
u

v

n

Let n be a unit vector which satis�es

(i). n is orthogonal to u ( u

n

);

(ii). n is orthogonal to v ( v

n

); and
(iii). the direction of n is chosen using the left-hand rule.

De�nition. The cross product of u and v is

u× v = ∥u∥ ∥v∥ (sin θ)n.

Remark.

� u • v is a number.

� u× v is a vector.

Remark.
(

u and v
are parallel

)
⇐⇒ θ = 0◦ or 180◦

=⇒ sin θ = 0 =⇒ u× v = 0.

n birim vektör öyle ki

(i). n dik u ( u

n

);

(ii). n dik v ( v

n

); ve
(iii). n'nin yönü is sol-el kural� ile belirlenir.

Tan�m. u ile v'nin vektör çarp�m�

u× v = ∥u∥ ∥v∥ (sin θ)n.

Not.

� u • v bir say�d�r.

� u× v bir vektördür.

Not.
(

u ve v
paraleldir

)
⇐⇒ θ = 0◦ ya da 180◦

=⇒ sin θ = 0 =⇒ u× v = 0.

60
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Properties of the Cross Product
Let u, v and w be vectors. Let r and s be numbers. Then

(i). (ru)× (sv) = (rs)(u× v);

(ii). u× (v +w) = (u× v) + (u×w);

(iii). v × u = −u× v;

(iv). (v +w)× u = (v × u) + (w × u);

(v). 0× u = 0; and

(vi). u× (v ×w) = (u • w)v − (u • v)w.

Vektör Çarpım Özellikleri
u, v ve w vektörler olsun. r ve s say�lar olsun. Bu durumda

(i). (ru)× (sv) = (rs)(u× v);

(ii). u× (v +w) = (u× v) + (u×w);

(iii). v × u = −u× v;

(iv). (v +w)× u = (v × u) + (w × u);

(v). 0× u = 0; ve

(vi). u× (v ×w) = (u • w)v − (u • v)w.

Property (iii) Özellik (iii)

u

v

n

u

v

u× v

u

v

v × u

u

v

n

Area of a Parallelogram Paralelkenarın Alanı

u

v

h = ‖v‖ sin θ

θ

area = (base) (height) = ∥u∥ ∥v∥ sin θ = ∥u× v∥ .

alan = (taban) (yükseklik) = ∥u∥ ∥v∥ sin θ = ∥u× v∥ .

Area of a Triangle Üçgenin Alanı

u

v

θ

area of triangle = 1
2 (area of parallelogram)

= 1
2 ∥u× v∥ .

üçgenin alan� = 1
2 (paralelkenar�n alan�)

= 1
2 ∥u× v∥ .
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A Formula for u× v ???

x

y

z

i = (1, 0, 0)

j = (0, 1, 0)

k = (0, 0, 1)

Figure 13.1: The standard unit vectors in R3.
�ekil 13.1:

Note �rst that

i× i = ∥i∥ ∥i∥ sin 0◦n = 0.

Similarly j× j = 0 and k× k = 0 also.
Next note that i× j must point in the same direction at k

by the left-hand rule. Thus

i× j = ∥i∥ ∥j∥ sin 90◦k = k.

We then immediately also have

j× i = − (i× j) = −k.

It is left for you to check that

j× k = i, k× j = −i, i× k = −j and k× i = j.

Now suppose that u = u1i+u2j+u3k and v = v1i+v2j+v3k.
Then we can calculate that

Öncelikle
i× i = ∥i∥ ∥i∥ sin 0◦n = 0

d�r. Benzer ³ekilde j× j = 0 ve k×k = 0 oldu§u elde edilebilir.
Daha sonra, sol el kural� yard�m�yla i × j 'n�n k ile ayn�

yönde oldu§una dikkat edin. Böylece

i× j = ∥i∥ ∥j∥ sin 90◦k = k.

Hemen ard�ndan

j× i = − (i× j) = −k

e³itli§ini elde ederiz.

j× k = i, k× j = −i, i× k = −j ve k× i = j

e³itsizliklerini benzer ³ekilde bizzat elde ediniz.
�imdi, varsay�n�z ki u = u1i+ u2j+ u3k ve v = v1i+ v2j+

v3k. O halde aia§�daki e³itli§i elde ederiz;

u× v = (u1i+ u2j+ u3k)× (v1i+ v2j+ v3k)

= u1v1i× i+ u1v2i× j+ u1v3i× k+ u2v1j× i+ u2v2j× j+ u2v3j× k+ u3v1k× i+ u3v2k× j+ u3v3k× k

= 0+ u1v2k− u1v3j− u2v1k+ 0+ u2v3i+ u3v1j− u3v2i+ 0

= (u2v3 − u3v2)i− (u1v3 − u3v1)j+ (u1v2 − u2v1)k.

Theorem 13.1. If u = u1i + u2j + u3k and v = v1i +
v2j+ v3k, then

u× v = (u2v3 − u3v2)i− (u1v3 − u3v1)j+ (u1v2 − u2v1)k

If you studied matrices and determinants at high school,
then you may prefer to use the following symbolic determinant
formula instead.

u× v =

∣∣∣∣∣∣∣∣∣∣

i j k

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣∣∣∣∣

.

Teorem 13.1. If u = u1i+u2j+u3k and v = v1i+v2j+
v3k, then

u× v = (u2v3 − u3v2)i− (u1v3 − u3v1)j+ (u1v2 − u2v1)k

If you studied matrices and determinants at high school,
then you may prefer to use the following symbolic determinant
formula instead.

u× v =

∣∣∣∣∣∣∣∣∣∣

i j k

u1 u2 u3

v1 v2 v3

∣∣∣∣∣∣∣∣∣∣

.
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Example 13.1. Find u × v and v × u if u = 2i + j + k and
v = −4i+ 3j+ k.

solution:

u× v = (1− 3)i− (2−−4)j+ (6−−4)k = −2i− 6j+ 10k

and
v × u = −u× v = 2i+ 6j− 10k.

Example 13.2. Find a vector perpendicular to the plane con-
taining the three points P (1,−1, 0), Q(2, 1,−1) andR(−1, 1, 2).

P

Q

R

?

solution: The vector
−−→
PQ× −→

PR is perpendicular to the plane

because
−−→
PQ

−−→
PQ ×

−−→
PR

and
−−→
PR

−−→
PQ ×

−−→
PR

. We calculate that
−−→
PQ = Q− P = (2, 1,−1)− (1,−1, 0)

= (2− 1, 1 + 1,−1− 0) = i+ 2j− k
−→
PR = R− P = (−1, 1, 2)− (1,−1, 0)

= (−1− 1, 1 + 1, 2− 0) = −2i+ 2j+ 2k
−−→
PQ×−→

PR = (4 + 2)i− (2− 2)j+ (2 + 4)k = 6i+ 6k.

Example 13.3. Find the area of triangle PQR.

solution: The area of the triangle is

area =
1

2

∥∥∥−−→PQ×−→
PR
∥∥∥ =

1

2
∥6i+ 6k∥

=
1

2

√
62 + 02 + 62 = 3

√
2.

Example 13.4. Find a unit vector perpendicular to the plane
containing P , Q and R.

solution: We know that
−−→
PQ × −→

PR is perpendicular to the
plane. We just need to normalise this vector to �nd a unit
vector.

n =

−−→
PQ×−→

PR∥∥∥−−→PQ×−→
PR
∥∥∥
=

6i+ 6k

6
√
2

=
1√
2
i+

1√
2
k.

Example 13.5. A triangle is inscribed inside a cube of side 2
as shown in �gure 13.2. Use the cross product to �nd the area
of the triangle.

solution: First we draw coordinate axes and assign coordinates
to the vertices of the triangle. See �gure 13.3.

Then we can calculate
−−→
AB = B −A = (2, 2, 0)− (2, 0, 0) = (0, 2, 0) = 2j

Örnek 13.1. Find u × v and v × u if u = 2i + j + k and
v = −4i+ 3j+ k.

çözüm:

u× v = (1− 3)i− (2−−4)j+ (6−−4)k = −2i− 6j+ 10k

and
v × u = −u× v = 2i+ 6j− 10k.

Örnek 13.2. Find a vector perpendicular to the plane contain-
ing the three points P (1,−1, 0), Q(2, 1,−1) and R(−1, 1, 2).
çözüm: The vector

−−→
PQ × −→

PR is perpendicular to the plane

because
−−→
PQ

−−→
PQ ×

−−→
PR

and
−−→
PR

−−→
PQ ×

−−→
PR

. We calculate that
−−→
PQ = Q− P = (2, 1,−1)− (1,−1, 0)

= (2− 1, 1 + 1,−1− 0) = i+ 2j− k
−→
PR = R− P = (−1, 1, 2)− (1,−1, 0)

= (−1− 1, 1 + 1, 2− 0) = −2i+ 2j+ 2k
−−→
PQ×−→

PR = (4 + 2)i− (2− 2)j+ (2 + 4)k = 6i+ 6k.

Örnek 13.3. Find the area of triangle PQR.

P

Q

R

çözüm: The area of the triangle is

area =
1

2

∥∥∥−−→PQ×−→
PR
∥∥∥ =

1

2
∥6i+ 6k∥

=
1

2

√
62 + 02 + 62 = 3

√
2.

Örnek 13.4. Find a unit vector perpendicular to the plane
containing P , Q and R.

çözüm:We know that
−−→
PQ×−→

PR is perpendicular to the plane.
We just need to normalise this vector to �nd a unit vector.

n =

−−→
PQ×−→

PR∥∥∥−−→PQ×−→
PR
∥∥∥
=

6i+ 6k

6
√
2

=
1√
2
i+

1√
2
k.

Örnek 13.5. A triangle is inscribed inside a cube of side 2 as
shown in �gure 13.2. Use the cross product to �nd the area of
the triangle.

çözüm: First we draw coordinate axes and assign coordinates
to the vertices of the triangle. See �gure 13.3.

Then we can calculate
−−→
AB = B −A = (2, 2, 0)− (2, 0, 0) = (0, 2, 0) = 2j

and
−→
AC = C −A = (0, 0, 2)− (2, 0, 0) = (−2, 0, 2) = −2i+ 2k.
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2
2

2

Figure 13.2: A triangle inscribed inside a cube of side 2.
�ekil 13.2:

and

−→
AC = C −A = (0, 0, 2)− (2, 0, 0) = (−2, 0, 2) = −2i+ 2k.

It follows that

−−→
AB ×−→

AC = (2j)× (−2I × 2k) =

∣∣∣∣∣∣∣∣∣∣

i j k

0 2 0

−2 0 2

∣∣∣∣∣∣∣∣∣∣

= i(4− 0)− j(0− 0) + k(0−−4) = 4i+ 4k.

Therefore

area of triangle =
1

2

∥∥∥−−→AB ×−→
AC
∥∥∥ =

1

2

√
42 + 02 + 42

=
1

2

√
32 =

1

2

√
4
√
8 =

√
8 = 2

√
2.

x

y

z

A(2, 0, 0)

B(2, 2, 0)

C(0, 0, 2)

Figure 13.3: A triangle inscribed inside a cube of side 2.
�ekil 13.3:

It follows that

−−→
AB ×−→

AC = (2j)× (−2I × 2k) =

∣∣∣∣∣∣∣∣∣∣

i j k

0 2 0

−2 0 2

∣∣∣∣∣∣∣∣∣∣

= i(4− 0)− j(0− 0) + k(0−−4) = 4i+ 4k.

Therefore

area of triangle =
1

2

∥∥∥−−→AB ×−→
AC
∥∥∥ =

1

2

√
42 + 02 + 42

=
1

2

√
32 =

1

2

√
4
√
8 =

√
8 = 2

√
2.
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The Triple Scalar Product
De�nition. The triple scalar product of u, v and w is

(u× v) • w.

The Triple Scalar Product
Tan�m. The triple scalar product of u, v and w is

(u× v) • w.

The Volume of a Parallelepiped Paralelyüzlünün Hacmi

u

v

w

u× v

θ

h
ei
gh

t
=
‖w
‖c

o
s
θ

area
of b

ase
= ‖u

× v‖

volume =
(
area of base

)(
height

)

= ∥u× v∥ ∥w∥ cos θ
= |(u× v) • w|

hacim =
(
taban alan�

)(
yükseklik

)

= ∥u× v∥ ∥w∥ cos θ
= |(u× v) • w|

One Final Comment
We can do the dot product in both R2 and R3. But we can
only do the cross product in R3. There is no cross product in
R2.

One Final Comment
We can do the dot product in both R2 and R3. But we can
only do the cross product in R3. There is no cross product in
R2.

Figure 13.4: A web comic taken from https://www.gocomics.com/foxtrot/2006/02/10 .
�ekil 13.4: https://www.gocomics.com/foxtrot/2006/02/10 adresinden al�nan bir web çizgi roman�.

https://www.gocomics.com/foxtrot/2006/02/10
https://www.gocomics.com/foxtrot/2006/02/10
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Problems

Problem 13.1. For each pair of vectors below, �nd u× v.

Sorular

Soru 13.1. For each pair of vectors below, �nd u× v.

(a). u = 2i− 2j− k
v = i− k

(b). u = 2i− 2j+ 4k
v = −i+ j− 2k

(c). u = 2i
v = −3j

(d). u = −8i− 2j− 4k
v = 2i+ 2j+ k

(e). u = i− k
v = j+ k

(f). u = i+ j
v = i− j

(g). u = i+ j− k
v = 0

(h). u = i+ j− k
v = i

(i). u = 3
2 i− 1

2 j+ k
v = i+ j− 2k

Problem 13.2.

(a). Find the area of the triangle with vertices at A(0, 0, 0),
B(−1, 1,−1) and C(3, 0, 3).

(b). Find a unit vector which is perpendicular to the plane
containing A, B and C.

Problem 13.3. Let u, v and w be vectors. Which of the
following make sense? Give reasons for your answers. b

(a). 1 • u.

(b). (u× v) • w

(c). u× (v • w)

(d). u× (v ×w)

(e). u • (v • w)

Problem 13.4. Use the cross product to calculate the area of
the triangles shown in �gures 13.5 and 13.6.

6
6

6

Figure 13.5: Another triangle inscribed inside a cube.
�ekil 13.5:

Problem 13.5. Calculate the triple scalar product of u =
2i+ j, v = 2i− j+ k and w = i+ 2k.

Soru 13.2.

(a). Find the area of the triangle with vertices at A(0, 0, 0),
B(−1, 1,−1) and C(3, 0, 3).

(b). Find a unit vector which is perpendicular to the plane
containing A, B and C.

Soru 13.3. Let u, v and w be vectors. Which of the following
make sense? Give reasons for your answers.

(a). 1 • u.

(b). (u× v) • w

(c). u× (v • w)

(d). u× (v ×w)

(e). u • (v • w)

Soru 13.4. Use the cross product to calculate the area of the
triangles shown in �gures 13.5 and 13.6.

1

6
6

6

Figure 13.6: Yet another triangle inscribed inside a cube.
�ekil 13.6:

Soru 13.5. Calculate the triple scalar product of u = 2i + j,
v = 2i− j+ k and w = i+ 2k.



14Lines Doğrular

x

y

z

L
v = (v1, v2, v3)

P0(x0, y0, z0)

O(0, 0, 0)

P (x, y, z)

Figure 14.1: A line in R3 passing through the point P0 parallel
to v.
�ekil 14.1:

Lines
To describe a line in R3, we need

� a point P0(x0, y0, z0) which the line passes through; and

� a vector v which gives the direction of the line.

Let r0 =
−−→
OP0 and r =

−−→
OP .

De�nition. The line L passing through P0(x0, y0, z0) par-
allel to v = (v1, v2, v3) has the vector equation

r = r0 + tv, −∞ < t < ∞.

This equation is equivalent to

(x, y, z) = (x0, y0, z0) + t(v1, v2, v3)

or to the set of three equations

x = x0 + tv1, y = y0 + tv2, z = z0 + tv3.

Doğrular
R3'te bir do§ruyu tan�mlamak için, ihtiyaç duyulan

� do§runun geçti§i P0(x0, y0, z0) noktas� ve

� do§ru yönünde bir v vektörü.

Let r0 =
−−→
OP0 and r =

−−→
OP .

Tan�m. L do§rusu P0(x0, y0, z0) noktas�ndan geçen v =
(v1, v2, v3) vektörüne paralel olan ve vektör denklemi

r = r0 + tv, −∞ < t < ∞.

Bu denklem ³öyle ifade edilebilir:

(x, y, z) = (x0, y0, z0) + t(v1, v2, v3)

ya da ³u üç denklem elde edilir:

x = x0 + tv1, y = y0 + tv2, z = z0 + tv3.

Tan�m. P0(x0, y0, z0) noktas�ndan geçen ve v = (v1, v2, v3)
vektörüne paralel olan L do§rusunun parametrik denklem-
leri:

x = x0 + tv1, y = y0 + tv2, z = z0 + tv3.

Örnek 14.1. P0(−2, 0, 4) noktas�ndan geçen ve v = 2i+4j−2k
vektörüne paralel olan do§runun parametrik denklemlerini bu-
lunuz.

çözüm: �öyle yazabiliriz

x = −2 + 2t, y = 4t, z = 4− 2t.

�ekide görebilirsiniz 14.3.

Örnek 14.2. P (−3, 2,−3) ve Q(1,−1, 4) noktalar�ndan geçen
do§runun parametrik denklemlerini bulunuz.

çözüm: P0 = P ve v =
−−→
PQ = (4,−3, 7) = 4i− 3j+ 7k alal�m.

O zaman ³unu buluruz:

x = −3 + 4t, y = 2− 3t, z = −3 + 7t.

67
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De�nition. The parametric equations for the line L passing
through P0(x0, y0, z0) parallel to v = (v1, v2, v3) are

x = x0 + tv1, y = y0 + tv2, z = z0 + tv3.

Example 14.1. Find parametric equations for the line passing
through P0(−2, 0, 4) parallel to v = 2i+ 4j− 2k.

solution: We can write

x = −2 + 2t, y = 4t, z = 4− 2t.

See �gure 14.3.

Example 14.2. Find parametric equations for the line passing
through P (−3, 2,−3) and Q(1,−1, 4).

solution: Choose P0 = P and v =
−−→
PQ = (4,−3, 7) = 4i−3j+

7k. Then we can write

x = −3 + 4t, y = 2− 3t, z = −3 + 7t.

De�nition. The vector equation

r = r0 + tv, a ≤ t ≤ b

denotes a line segment.

Example 14.3. Parametrise the line segment joining
P (−3, 2,−3) and Q(1,−1, 4).

solution:We know that x = −3+4t, y = 2−3t and z = −3+7t.
The line passes through P then t = 0 and passed through Q
when t = 1. Therefore

x = −3 + 4t, y = 2− 3t, z = −3 + 7t, 0 ≤ t ≤ 1

denotes the line segment from P to Q. See �gure 14.2.

x

y

z

L

v = 2i+ 4j− 2k

P0(−2, 0, 4), t = 0

t = 1
2

t = 1

t = 3
2

Figure 14.3: A line in R3 passing through the point P0 parallel
to v.
�ekil 14.3: R3 te P0 noktas�ndan geçen v vektörüne paralel
olan do§ru.

Tan�m. Vektör denklemi

r = r0 + tv, a ≤ t ≤ b

bir do§ru parças�d�r.

Örnek 14.3.
P (−3, 2,−3) veQ(1,−1, 4) noktalar�� birle³tiren do§ru parças�n�
parametrize ediniz.

çözüm: x = −3 + 4t, y = 2 − 3t ve z = −3 + 7t oldu§unu
biliyoruz. t = 0 iken bu do§ru P noktas�ndan ve t = 1 iken de
Q noktas�ndan geçmektedir. Dolay�s�yla

x = −3 + 4t, y = 2− 3t, z = −3 + 7t, 0 ≤ t ≤ 1

denklemleriP den Q ya do§ru parças�n� belirtir . See �gure
14.2.
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x

y

z

P (−3, 2,−3)

Q(1,−1, 4)

t = 0

t = 1

Figure 14.2: The line segment R3 joining P (−3, 2,−3) and
Q(1,−1, 4).
�ekil 14.2: R3 te P (−3, 2,−3) ve Q(1,−1, 4) noktalar�n� bir-
le³tiren do§ru parças�.

The Distance from a Point to a Line
Let d be the shortest distance from the point S to the line Las
shown in �gure 14.4. We can see from this �gure that

d =
∥∥∥−→PS

∥∥∥ sin θ.

But remember that
−→
PS × v =

∥∥∥−→PS
∥∥∥ ∥v∥ sin θ n. Therefore

d =

∥∥∥−→PS × v
∥∥∥

∥v∥ .

Example 14.4. Find the distance from the point S(1, 1, 5) to
the line

x = 1 + t, y = 3− t, z = 2t.

solution: The line passes through the point P (1, 3, 0) in the
direction v = i− j+ 2k. Thus

−→
PS = S − P = (1, 1, 5)− (1, 3, 0) = (0,−2, 5) = −2j+ 5k

and

−→
PS × v = (−4 + 5)i− (0− 5)j+ (0 + 2)k = i+ 5j+ 2k.

Therefore

d =

∥∥∥−→PS × v
∥∥∥

∥v∥ =

√
12 + 52 + 22√
12 + 12 + 22

=

√
30√
6

=
√
5.

Bir Noktadan Bir Doğruya Uzaklık
S noktas�ndan Ldo§rusuna ³ekildeki gibi en k�sa uzakl�k d ol-
sun. 14.4. Görülebilir ki this �gure ³unu verir

d =
∥∥∥−→PS

∥∥∥ sin θ.

Fakat
−→
PS × v =

∥∥∥−→PS
∥∥∥ ∥v∥ sin θ n. Yani

d =

∥∥∥−→PS × v
∥∥∥

∥v∥ .

Örnek 14.4. S(1, 1, 5) noktas� ile

x = 1 + t, y = 3− t, z = 2t.

do§rusu aras�ndaki uzakl�§� bulunuz.

çözüm: bu do§ru P (1, 3, 0) noktas�ndan geçip v = i − j + 2k
vektörü yönündedir. Yani

−→
PS = S − P = (1, 1, 5)− (1, 3, 0) = (0,−2, 5) = −2j+ 5k

ve

−→
PS × v = (−4 + 5)i− (0− 5)j+ (0 + 2)k = i+ 5j+ 2k.

Buradan

d =

∥∥∥−→PS × v
∥∥∥

∥v∥ =

√
12 + 52 + 22√
12 + 12 + 22

=

√
30√
6

=
√
5.

S

L

−→PS

P

d

v

What is d?

θ

Figure 14.4: The distance from a point S to a line L.
�ekil 14.4: S noktas�ndan L do§rusuna uzakl�k.
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Points of Intersection
De�nition. Two lines intersect at a point P if and only if P
lies on both lines.

Example 14.5. Do the following two lines intersect? Is yes,
where?

Line 1: x = 7− t, y = 3 + 3t, z = 2t.

Line 2: x = −1 + 2s, y = 3s, z = 1 + s.

solution: The two lines intersect if and only if there exist s, t ∈
R such that

7− t = x = −1 + 2s =⇒ t = 8− 2s

3 + 3t = y = 3s =⇒ s = t+ 1

2t = z = 1 + s

The �rst equation tells us that t = 8 − 2s. Putting this into
the second equation gives s = t + 1 = (8 − 2s) + 1 = 9 − 2s
which implies that s = 3 and t = 2. We must check the third
equation: 2t = 2 × 2 = 4 = 1 + 3 = 1 + s. Because the third
equation is also true, we know that they two lines intersect at
P (5, 9, 4).

Example 14.6. Do the following two lines intersect? If yes,
where?

Line 1: x = 1 + t, y = 3t, z = 3 + 3t.

Line 2: x = −1 + 2s, y = 3s, z = 1 + s.

solution: Can we �nd s, t ∈ R such that

1 + t = x = −1 + 2s

3t = y = 3s =⇒ s = t

3 + 3t = z = 1 + s

are all true?
The second equation gives s = t. Thus 1+ t = −1+2t =⇒

2 + t = 2t =⇒ t = 2. However 3 + 3t = 1 + t =⇒ 2 + 2t =
0 =⇒ t = −2 ̸= 2. Therefore it is not possible to �nd an s
and a t. Hence the lines do not intersect.

Kesişim Noktaları
Tan�m. �ki do§ru bir P noktas�nda kesi³irler ancak ve ancak
P her iki do§runun üzerindedir.

Örnek 14.5. A³a§�daki do§rular kesi³ir mi? Öyleyse, nerede
kesi³irler?

Do§ru 1: x = 7− t, y = 3 + 3t, z = 2t.

Do§ru 2: x = −1 + 2s, y = 3s, z = 1 + s.

çözüm: The two lines intersect if and only if there exist s, t ∈ R
such that

7− t = x = −1 + 2s =⇒ t = 8− 2s

3 + 3t = y = 3s =⇒ s = t+ 1

2t = z = 1 + s

The �rst equation tells us that t = 8 − 2s. Putting this into
the second equation gives s = t + 1 = (8 − 2s) + 1 = 9 − 2s
which implies that s = 3 and t = 2. We must check the third
equation: 2t = 2 × 2 = 4 = 1 + 3 = 1 + s. Because the third
equation is also true, we know that they two lines intersect at
P (5, 9, 4).

Örnek 14.6. Do the following two lines intersect? If yes,
where?

Do§ru 1: x = 1 + t, y = 3t, z = 3 + 3t.

Do§ru 2: x = −1 + 2s, y = 3s, z = 1 + s.

çözüm: Can we �nd s, t ∈ R such that

1 + t = x = −1 + 2s

3t = y = 3s =⇒ s = t

3 + 3t = z = 1 + s

are all true?
The second equation gives s = t. Thus 1+ t = −1+2t =⇒

2 + t = 2t =⇒ t = 2. However 3 + 3t = 1 + t =⇒ 2 + 2t =
0 =⇒ t = −2 ̸= 2. Therefore it is not possible to �nd an s
and a t. Hence the lines do not intersect.

The Distance Between Two Lines
There are three cases to consider:

� the lines intersect;

� the lines do not intersect and are parallel (v1 = kv2 for
some k ∈ R); or

� the lines do not intersect and are skew (v1 ̸= kv2 for all
k ∈ R).

The Distance Between Two Lines
There are three cases to consider:

� the lines intersect;

� the lines do not intersect and are parallel (v1 = kv2 for
some k ∈ R); or

� the lines do not intersect and are skew (v1 ̸= kv2 for all
k ∈ R).

L2

L1intersecting lines

d = 0

L2

L1

parallel lines

d =?

L2

L1

skew lines

d =?
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x

y

z

d L1

v1

P1

L2

v2

P2

Figure 14.5: The distance between parallel lines.
�ekil 14.5:

x

y

z

d L1

v1

P1

Q1

L2

v2
P2

Q2

Figure 14.6: The distance between skew lines.
�ekil 14.6:

Intersecting Lines

Clearly the distance between intersecting lines is zero. Hence

d = 0.

Parallel Lines (v1 × v2 = 0)

Next we consider parallel lines. We can see from �gure 14.5
that the distance between the two parallel lines is the same as
the distance between P2 and the line L1. Hence

d =

∥∥∥−−−→P1P2 × v1

∥∥∥
∥v1∥

.

Skew Lines (v1 × v2 ̸= 0)

Finally we consider skew lines. See �gure 14.6. Let n = v1×v2.
Then n is orthogonal to both v1 and v2. So

d =
∥∥∥−−−→Q1Q2

∥∥∥ =
∥∥∥projn

−−−→
P1P2

∥∥∥ =

∣∣∣−−−→P1P2 • n
∣∣∣

∥n∥ .

Thus

d =

∣∣∣−−−→P1P2 • (v1 × v2)
∣∣∣

∥v1 × v2∥
.

Intersecting Lines

Clearly the distance between intersecting lines is zero. Hence

d = 0.

Parallel Lines (v1 × v2 = 0)

Next we consider parallel lines. We can see from �gure 14.5
that the distance between the two parallel lines is the same as
the distance between P2 and the line L1. Hence

d =

∥∥∥−−−→P1P2 × v1

∥∥∥
∥v1∥

.

Skew Lines (v1 × v2 ̸= 0)

Finally we consider skew lines. See �gure 14.6. Let n = v1×v2.
Then n is orthogonal to both v1 and v2. So

d =
∥∥∥−−−→Q1Q2

∥∥∥ =
∥∥∥projn

−−−→
P1P2

∥∥∥ =

∣∣∣−−−→P1P2 • n
∣∣∣

∥n∥ .

Thus

d =

∣∣∣−−−→P1P2 • (v1 × v2)
∣∣∣

∥v1 × v2∥
.
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Example 14.7. Find the distance between the following two
lines.
line 1: x = 0, y = −t, z = t,
line 2: x = 1 + 2s, y = s, z = −3s.

solution:We have that P1(0, 0, 0), v1 = −j+k, P2(1, 0, 0) and
v2 = 2i+ j− 3k. Since

v1 × v2 = 2i+ 2j+ 2k ̸= 0,

the lines are skew. (Recall that we have v1×v2 = 0 for parallel
vectors.) Moreover note that

−−−→
P1P2 = i. Then we calculate that

d =

∣∣∣−−−→P1P2 • (v1 × v2)
∣∣∣

∥v1 × v2∥
=

|(i) • (2i+ 2j+ 2k)|
∥2i+ 2j+ 2k∥

=
|2 + 0 + 0|√
22 + 22 + 22

=
1√
3
.

Örnek 14.7. Find the distance between the following two
lines.
do§ru 1: x = 0, y = −t, z = t,
do§ru 2: x = 1 + 2s, y = s, z = −3s.

çözüm: We have that P1(0, 0, 0), v1 = −j+ k, P2(1, 0, 0) and
v2 = 2i+ j− 3k. Since

v1 × v2 = 2i+ 2j+ 2k ̸= 0,

the lines are skew. (Recall that we have v1×v2 = 0 for parallel
vectors.) Moreover note that

−−−→
P1P2 = i. Then we calculate that

d =

∣∣∣−−−→P1P2 • (v1 × v2)
∣∣∣

∥v1 × v2∥
=

|(i) • (2i+ 2j+ 2k)|
∥2i+ 2j+ 2k∥

=
|2 + 0 + 0|√
22 + 22 + 22

=
1√
3
.

Problems

Problem 14.1. Find parametric equations for the line through
P (3,−4,−1) which is parallel to the vector v = i+ j− k.

Problem 14.2. Find parametric equations for the line through
the points P (1, 2,−1) and Q(−1, 0, 1).

Problem 14.3. Find parametric equations for the line through
the point P (2, 3, 0) which is perpendicular to the vectors u =
i+ 2j+ 3k and v = 3i+ 4j+ 5k.

Problem 14.4. Find the distance from the point S(−1, 4, 3)
to the line x = 10 + 4t, y = −3, z = 4t.

Problem 14.5. Find the distance from the point S(2, 1, 3) to
the line x = 2 + 2t, y = 1 + 6t, z = 3.

Problem 14.6. Consider the following two lines:
line 1: x = 7 + t, y = 8 + t, z = 9− t,
line 2: x = 15− 3s, y = 16− 3s, z = 7.

(a). Do these lines intersect? If yes, where?

(b). Find the distance between these two lines.

Problem 14.7. The following two lines do not intersect. Find
the distance between them.
line 1: x = 10 + 4t, y = −3, z = 4t,
line 2: x = 10− 4s, y = 0, z = 2− 4s.

Problem 14.8. The following two lines do not intersect. Find
the distance between them.
line 1: x = 10 + 4t, y = −t, z = 4t,
line 2: x = 10− 4s, y = 1, z = 2− 4s.

Sorular

Soru 14.1. Find parametric equations for the line through
P (3,−4,−1) which is parallel to the vector v = i+ j− k.

Soru 14.2. Find parametric equations for the line through the
points P (1, 2,−1) and Q(−1, 0, 1).

Soru 14.3. Find parametric equations for the line through
the point P (2, 3, 0) which is perpendicular to the vectors u =
i+ 2j+ 3k and v = 3i+ 4j+ 5k.

Soru 14.4. Find the distance from the point S(−1, 4, 3) to the
line x = 10 + 4t, y = −3, z = 4t.

Soru 14.5. Find the distance from the point S(2, 1, 3) to the
line x = 2 + 2t, y = 1 + 6t, z = 3.

Soru 14.6. Consider the following two lines:
do§ru 1: x = 7 + t, y = 8 + t, z = 9− t,
do§ru 2: x = 15− 3s, y = 16− 3s, z = 7.

(a). Do these lines intersect? If yes, where?

(b). Find the distance between these two lines.

Soru 14.7. The following two lines do not intersect. Find the
distance between them.
do§ru 1: x = 10 + 4t, y = −3, z = 4t,
do§ru 2: x = 10− 4s, y = 0, z = 2− 4s.

Soru 14.8. The following two lines do not intersect. Find the
distance between them.
do§ru 1: x = 10 + 4t, y = −t, z = 4t,
do§ru 2: x = 10− 4s, y = 1, z = 2− 4s.



15Planes Düzlemler

To describe a plane, we need

� a point P0(x0, y0, z0) which the plane passes through; and

� a vector n = Ai+Bj+Ck which is perpendicular to the
plane.

The vector n is said to be normal to the plane.

P0(x0, y0, z0)

P (x, y, z)

n

Figure 15.1: A plane passing through the point P0(x0, y0, z0)
with normal vector n = Ai+Bj+ Ck.
�ekil 15.1:

De�nition. The plane passing through the point P0(x0, y0, z0)
with normal vector n = Ai+Bj+Ck has the vector equation

n •
−−→
P0P = 0.

Writing this equation in coordinates, we have

A(x− x0) +B(y − y0) + C(z − z0) = 0

or
Ax+By + Cz = D

where D = Ax0 +By0 + Cz0 is a constant.

Example 15.1. Find an equation for the plane passing through
P0(−3, 0, 7) normal to n = 5i+ 2j− k.

solution:

A(x− x0) +B(y − y0) + C(z − z0) = 0

5(x− (−3)) + 2(y − 0) + (−1)(z − 7) = 0

5x− 15 + 2y − z + 7 = 0

5x+ 2y − z = −22.

To describe a plane, we need

� a point P0(x0, y0, z0) which the plane passes through; and

� a vector n = Ai+Bj+Ck which is perpendicular to the
plane.

The vector n is said to be normal to the plane.

Tan�m. The plane passing through the point P0(x0, y0, z0)
with normal vector n = Ai + Bj + Ck has the vector equa-
tion

n •
−−→
P0P = 0.

Writing this equation in coordinates, we have

A(x− x0) +B(y − y0) + C(z − z0) = 0

or
Ax+By + Cz = D

where D = Ax0 +By0 + Cz0 is a constant.

Örnek 15.1. Find an equation for the plane passing through
P0(−3, 0, 7) normal to n = 5i+ 2j− k.

çözüm:

A(x− x0) +B(y − y0) + C(z − z0) = 0

5(x− (−3)) + 2(y − 0) + (−1)(z − 7) = 0

5x− 15 + 2y − z + 7 = 0

5x+ 2y − z = −22.

Not. The vector n = Ai + Bj + Ck is normal to the plane
Ax+By + Cz = D.

Örnek 15.2. Find a vector normal to the plane x+2y+3z = 4.

çözüm: We can immediately write down n = i+ 2j+ 3k.

Örnek 15.3. Find an equation for the plane containing the
points E(0, 0, 1), F (2, 0, 0) and G(0, 3, 0).

çözüm: First we need to �nd a vector normal to the plane.
Since

−−→
EF = 2i− k and

−−→
EG = 3j− k, we have that

n =
−−→
EF ×−−→

EG = (0−−3)i− (−2− 0)j+ (6− 0)k

= 3i+ 2j+ 6k

73
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Remark. The vector n = Ai+Bj+Ck is normal to the plane
Ax+By + Cz = D.

Example 15.2. Find a vector normal to the plane x+2y+3z =
4.

solution: We can immediately write down n = i+ 2j+ 3k.

Example 15.3. Find an equation for the plane containing the
points E(0, 0, 1), F (2, 0, 0) and G(0, 3, 0).

solution: First we need to �nd a vector normal to the plane.
Since

−−→
EF = 2i− k and

−−→
EG = 3j− k, we have that

n =
−−→
EF ×−−→

EG = (0−−3)i− (−2− 0)j+ (6− 0)k

= 3i+ 2j+ 6k

is normal to the plane. See �gure ??. Using P0 = E(0, 0, 1),
the equation for the plane is

3(x− 0) + 2(y − 0) + 6(z − 1) = 0

3x+ 2y + 6z = 6.

is normal to the plane. See �gure ??. Using P0 = E(0, 0, 1),
the equation for the plane is

3(x− 0) + 2(y − 0) + 6(z − 1) = 0

3x+ 2y + 6z = 6.

Lines of Intersection

n2

n1

Figure 15.2: Two planes are parallel ⇐⇒ n1 = kn2 for some
k ∈ R.
�ekil 15.2:

Example 15.4. Find a vector parallel to the line of intersec-
tion of the planes 3x− 6y − 2z = 15 and 2x+ y − 2z = 5.

solution: We can immediately write down n1 = 3i − 6j − 2k
and n2 = 2i+j−2k. A vector parallel to the line of intersection
is

n1 × n2 = (12 + 2)i− (−6 + 4)j+ (3 + 12)k = 14i+ 2j+ 15k.

Example 15.5. Find the point where the line x = 8
3 + 2t,

y = −2t, z = 1 + t intersects the plane 3x+ 2y + 6z = 6.

Kesişim Doğruları

line of intersection

n1 × n2

n2

n1

Figure 15.3: Two planes intersect in a line ⇐⇒ n1 ̸= kn2 for
all k ∈ R.
�ekil 15.3:

Örnek 15.4. Find a vector parallel to the line of intersection
of the planes 3x− 6y − 2z = 15 and 2x+ y − 2z = 5.

çözüm:We can immediately write down n1 = 3i−6j−2k and
n2 = 2i+ j− 2k. A vector parallel to the line of intersection is

n1 × n2 = (12 + 2)i− (−6 + 4)j+ (3 + 12)k = 14i+ 2j+ 15k.

Örnek 15.5. Find the point where the line x = 8
3+2t, y = −2t,

z = 1 + t intersects the plane 3x+ 2y + 6z = 6.
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solution: We calculate that

3x+ 2y + 6z = 6

3
(
8
3 + 2t

)
+ 2(−2t) + 6(1 + t) = 6

8 + 6t− 4t+ 6 + 6t = 6

8t = −8

t = −1.

The point of intersection is

P (x, y, z)|t=−1 = P

(
8

3
+ 2t,−2t, 1 + t

)∣∣∣∣
t=−1

= P

(
2

3
, 2, 0

)
.

çözüm: We calculate that

3x+ 2y + 6z = 6

3
(
8
3 + 2t

)
+ 2(−2t) + 6(1 + t) = 6

8 + 6t− 4t+ 6 + 6t = 6

8t = −8

t = −1.

The point of intersection is

P (x, y, z)|t=−1 = P

(
8

3
+ 2t,−2t, 1 + t

)∣∣∣∣
t=−1

= P

(
2

3
, 2, 0

)
.

The Distance from a Point to a Plane Bir Noktadan Bir Düzleme Olan Uzaklık

n

d

S

P

n

d

S
projn

−→
PS

P

Figure 15.4: The distance from a Point to a Place.
�ekil 15.4: Bir Noktadan Bir Düzleme Olan Uzakl�k.

We can see from �gure 15.4 that d =
∥∥∥projn

−→
PS
∥∥∥. Therefore

the distance from a point S to a plane containing the point P
is

d =

∣∣∣−→PS • n
∣∣∣

∥n∥ .

Example 15.6. Find the distance from the point S(1, 2, 3) to
the plane x+ 2y + 3z = 4.

solution: First we need a point in the plane. Setting y = 0 and
z = 0 we must have x = 4− 2y − 3z = 4. Therefore P (4, 0, 0)
is in the plane. Clearly n = i+ 2j+ 3k.

Therefore the required distance is

d =

∣∣∣−→PS • n
∣∣∣

∥n∥ =
|(−3i+ 2j+ 3k) • (i+ 2j+ 3k)|

∥i+ 2j+ 3k∥

=
|−3 + 4 + 9|√
12 + 22 + 32

=
10√
14

.

We can see from �gure 15.4 that d =
∥∥∥projn

−→
PS
∥∥∥. Therefore

the distance from a point S to a plane containing the point P
is

d =

∣∣∣−→PS • n
∣∣∣

∥n∥ .

Örnek 15.6. Find the distance from the point S(1, 2, 3) to the
plane x+ 2y + 3z = 4.

çözüm: First we need a point in the plane. Setting y = 0 and
z = 0 we must have x = 4− 2y − 3z = 4. Therefore P (4, 0, 0)
is in the plane. Clearly n = i+ 2j+ 3k.

Therefore the required distance is

d =

∣∣∣−→PS • n
∣∣∣

∥n∥ =
|(−3i+ 2j+ 3k) • (i+ 2j+ 3k)|

∥i+ 2j+ 3k∥

=
|−3 + 4 + 9|√
12 + 22 + 32

=
10√
14

.
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Angles Between Planes
There are two possible angles that can be measured between
planes. We are interested in the smaller angle. See �gure 15.5.

De�nition. The angle between two planes is de�ned to be
equal to whichever of the following angles is smaller

� the angle between n1 and n2;

� 180◦ minus the angle between n1 and n2.

The angle between two planes will always be between 0◦ and
90◦.

Example 15.7. Find the angle between the planes 3x− 6y −
2z = 15 and −2x− y + 2z = 5.

solution: We have normal vectors n1 = 3i− 6j− 2k and n2 =
−2i− j+ 2k. The angle between n1 and n2 is

θ = cos−1

(
n1 • n2

∥n1∥ ∥n2∥

)
= cos−1

(−4

21

)
≈ 101◦.

Because 101◦ > 90◦, the angle between the two planes is ap-
proximately 180◦ − 101◦ = 79◦.

Düzlemler Arasındaki Açı
There are two possible angles that can be measured between
planes. We are interested in the smaller angle. See �gure 15.5.

Tan�m. The angle between two planes is de�ned to be equal
to whichever of the following angles is smaller

� the angle between n1 and n2;

� 180◦ minus the angle between n1 and n2.

The angle between two planes will always be between 0◦ and
90◦.

Örnek 15.7. Find the angle between the planes 3x−6y−2z =
15 and −2x− y + 2z = 5.

çözüm: We have normal vectors n1 = 3i − 6j − 2k and n2 =
−2i− j+ 2k. The angle between n1 and n2 is

θ = cos−1

(
n1 • n2

∥n1∥ ∥n2∥

)
= cos−1

(−4

21

)
≈ 101◦.

Because 101◦ > 90◦, the angle between the two planes is ap-
proximately 180◦ − 101◦ = 79◦.

θ

180◦ − θ

θ
n2

n1

Figure 15.5: The angle between two planes is either θ or
(180◦ − θ), whichever is smaller.
�ekil 15.5:
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Problems

Problem 15.1. Find an equation for the plane passing through
the points E(2, 4, 5), F (1, 5, 7) and G(−1, 6, 8).

Problem 15.2. Let O(0, 0, 0) be the origin. Find an equation
for the plane through the point A(1,−2, 1) which is perpendic-
ular to the vector

−→
OA.

Problem 15.3. Find the point where the line intersects the
plane.

(a). Line: x = 1− t, y = 3t, z = 1 + t,
Plane: 2x− y + 3z = 6.

(b). Line: x = 2, y = 3 + 2t, z = −2− 2t,
Plane: 6x+ 3y − 4z = −12.

Problem 15.4. Find parametric equations for the lines in
which the following pairs of planes intersect.

(a). Plane 1: x+ y + z = 1,
Plane 2: x+ y = 2.

(b). Plane 1: 3x− 6y − 2z = 3,
Plane 2: 2x+ y − 2z = 2.

Problem 15.5.
(a). Find the distance from the point S(2,−3, 4) to the plane

x+ 2y + 2z = 13.

(b). Find the distance from the point S(1, 0,−1) to the plane
−4x+ y + z = 4.

Problem 15.6. Find the angle between the plane x + y = 1
and the plane 2x+ y − 2x = 2.

Problem 15.7. Find a formula for the distance between two
planes.

Sorular

Soru 15.1. Find an equation for the plane passing through
the points E(2, 4, 5), F (1, 5, 7) and G(−1, 6, 8).

Soru 15.2. Let O(0, 0, 0) be the origin. Find an equation for
the plane through the point A(1,−2, 1) which is perpendicular
to the vector

−→
OA.

Soru 15.3. Find the point where the line intersects the plane.

(a). Line: x = 1− t, y = 3t, z = 1 + t,
Plane: 2x− y + 3z = 6.

(b). Line: x = 2, y = 3 + 2t, z = −2− 2t,
Plane: 6x+ 3y − 4z = −12.

Soru 15.4. Find parametric equations for the lines in which
the following pairs of planes intersect.

(a). Plane 1: x+ y + z = 1,
Plane 2: x+ y = 2.

(b). Plane 1: 3x− 6y − 2z = 3,
Plane 2: 2x+ y − 2z = 2.

Soru 15.5.
(a). Find the distance from the point S(2,−3, 4) to the plane

x+ 2y + 2z = 13.

(b). Find the distance from the point S(1, 0,−1) to the plane
−4x+ y + z = 4.

Soru 15.6. Find the angle between the plane x + y = 1 and
the plane 2x+ y − 2x = 2.

Soru 15.7. Find a formula for the distance between two
planes.



16Projections İzdüşümler

Recall that in chapter 12 we de�ned the projection of a vector
u onto a vector v to be

projv u =

(
u • v

∥v∥2

)
v.

Recall that in chapter 12 we de�ned the projection of a vector
u onto a vector v to be

projv u =

(
u • v

∥v∥2

)
v.

Projection of a Vector onto a Line
De�nition. Let L be the line passing through the point P in
the direction v. The projection of a vector u onto the line L is

projL u = projv u.

Example 16.1. Find the projection of the vector u = 2i− j+
3k onto the line x = 1 + 2t, y = 2− t, z = 4− 4t.

solution: Clearly v = 2i− j− 4k is parallel to the line. Thus

projL u = projv u =

(
u • v

∥v∥2

)
v

=

(
4 + 1− 12

22 + (−1)2 + (−4)2

)
(2i− j− 4k)

=

(−7

21

)
(2i− j− 4k)

= −1

3
(2i− j− 4k)

= −2

3
i+

1

3
j+

4

3
k.

Vektörün Doğru Üzerine İzdüşümü
Tan�m. L do§rusu P noktas�ndan geçip v ile ayn� yönde olsun.
u vektörünün L do§rusu üzerine izdü³ümü

projL u = projv u.

Örnek 16.1. u = 2i− j+3k vektörünün x = 1+2t, y = 2− t,
z = 4− 4t do§rusu üzerine izdü³ümünü bulunuz.

çözüm: A³ikar olarak v = 2i − j − 4k vektörü do§ruya par-
aleldir. Yani

projL u = projv u =

(
u • v

∥v∥2

)
v

=

(
4 + 1− 12

22 + (−1)2 + (−4)2

)
(2i− j− 4k)

=

(−7

21

)
(2i− j− 4k)

= −1

3
(2i− j− 4k)

= −2

3
i+

1

3
j+

4

3
k.

= L

v

S

P

−→PS

pro
jL
−→
PS

Figure 16.1: The projection of a vector onto a line.
�ekil 16.1: Vektörün Do§ruya �zdü³ümü.
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Projection of a Vector onto a Plane
De�nition. The projection of a vector u onto a plane with
normal vector n is

projplane u = u− projn u = u−
(
u • n

∥n∥2

)
n.

See �gure 16.2.

Example 16.2. Find the projection of the vector u = i+2j+
3k onto the plane 3x− y + 2z = 7.

solution: Clearly n = 3i− j+ 2k and

projn u =

(
u • n

∥n∥2

)
n =

(
3− 2 + 6

32 + (−1)2 + 22

)
(3i− j+ 2k)

=
1

2
(3i− j+ 2k) =

3

2
i− 1

2
j+ k.

Therefore

projplane u = u− projn u

= (i+ 2j+ 3k)−
(
3

2
i− 1

2
j+ k

)

= −1

2
i+

5

2
j+ 2k.

n
P

−−→
QP

p
ro
j n
−−→ Q
P

projplane
−−→
QP

Q

Figure 16.2: The projection of a vector onto a plane.
�ekil 16.2:

Projection of a Vector onto a Plane
Tan�m. The projection of a vector u onto a plane with normal
vector n is

projdüzlem u = u− projn u = u−
(
u • n

∥n∥2

)
n.

See �gure 16.2.

Örnek 16.2. Find the projection of the vector u = i+2j+3k
onto the plane 3x− y + 2z = 7.

çözüm: Clearly n = 3i− j+ 2k and

projn u =

(
u • n

∥n∥2

)
n =

(
3− 2 + 6

32 + (−1)2 + 22

)
(3i− j+ 2k)

=
1

2
(3i− j+ 2k) =

3

2
i− 1

2
j+ k.

Therefore

projdüzlem u = u− projn u

= (i+ 2j+ 3k)−
(
3

2
i− 1

2
j+ k

)

= −1

2
i+

5

2
j+ 2k.

n

Q

projplane P

−−→
PQ

p
ro
j n
−−→ P
Q

P

Figure 16.3: The projection of a point onto a plane.
�ekil 16.3:
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Projection of a Point onto a Plane
De�nition. Let P be a point and let Ax+By+Cz = D be a
plane. Let Q be a point on the plane and let n = Ai+Bj+Ck
denote a vector normal to the plane.

The projection of the point P onto this plane is

projplane P = P + projn
−−→
PQ

as shown in �gure 16.3.

Example 16.3. Find the projection of the point P (1, 2,−4)
on the plane 2x+ y + 4z = 2.

solution: Note �rst that n = 2i + j + 4k and that the point
Q(1, 0, 0) lies on the plane. Since

−−→
PQ = Q− P = (1, 0, 0)− (1, 2,−4) = (0,−2, 4) = −2j+ 4k,

we have

projn
−−→
PQ =

(−−→
PQ • n

∥n∥2

)
n

=

(
0− 2 + 16

22 + 12 + 42

)
(2i+ j+ 4k)

=

(
14

21

)
(2i+ j+ 4k)

=
2

3
(2i+ j+ 4k)

=
4

3
i+

2

3
j+

8

3
k.

Therefore

projplane P = P + projn
−−→
PQ

= (1, 2,−4) +

(
4

3
,
2

3
,
8

3

)

=

(
7

3
,
8

3
,−4

3

)
.

We should double check that the point
(
7
3 ,

8
3 ,− 4

3

)
is on the

plane 2x+ y + 4z = 2.

2x+y+4z = 2

(
7

3

)
+

(
8

3

)
+4

(
−4

3

)
=

14

3
+
8

3
−16

3
=

6

3
= 2✓

Projection of a Point onto a Plane
Tan�m. Let P be a point and let Ax + By + Cz = D be a
plane. Let Q be a point on the plane and let n = Ai+Bj+Ck
denote a vector normal to the plane.

The projection of the point P onto this plane is

projdüzlem P = P + projn
−−→
PQ

as shown in �gure 16.3.

Örnek 16.3. Find the projection of the point P (1, 2,−4) on
the plane 2x+ y + 4z = 2.

çözüm: Note �rst that n = 2i + j + 4k and that the point
Q(1, 0, 0) lies on the plane. Since

−−→
PQ = Q− P = (1, 0, 0)− (1, 2,−4) = (0,−2, 4) = −2j+ 4k,

we have

projn
−−→
PQ =

(−−→
PQ • n

∥n∥2

)
n

=

(
0− 2 + 16

22 + 12 + 42

)
(2i+ j+ 4k)

=

(
14

21

)
(2i+ j+ 4k)

=
2

3
(2i+ j+ 4k)

=
4

3
i+

2

3
j+

8

3
k.

Therefore

projdüzlem P = P + projn
−−→
PQ

= (1, 2,−4) +

(
4

3
,
2

3
,
8

3

)

=

(
7

3
,
8

3
,−4

3

)
.

We should double check that the point
(
7
3 ,

8
3 ,− 4

3

)
is on the

plane 2x+ y + 4z = 2.

2x+y+4z = 2

(
7

3

)
+

(
8

3

)
+4

(
−4

3

)
=

14

3
+
8

3
−16

3
=

6

3
= 2✓
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Projection of a Line onto a Plane
Let L be a line passing through the point P in the direction
v. Let Ax + By + Cz = D be a plane with normal vector
n = Ai+Bj+ Ck.

There are three cases to consider:

(i). The line is orthogonal to the plane (v × n = 0);

(ii). The line is parallel to the plane (v • n = 0); and

(iii). The line is not parallel to the plane and is not orthogonal
to the plane (v • n ̸= 0 and v × n ̸= 0).

Doğrunun düzlem üzerine izdüşümü
L do§rusu P noktas�ndan geçip v ile ayn� yönde olsun. Ax +
By + Cz = D düzleminin normal vektörü n = Ai+Bj+ Ck.

Üç durum söz konusu:

(i). Do§runun düzleme dik olmas� (v × n = 0);

(ii). Do§runun düzleme paralel olmas� (v • n = 0); ve

(iii). Do§runun düzleme ne dik ne de paralel olmas� (v • n ̸= 0
ve v × n ̸= 0).

(i)
n

L

projplane L

P
v

(ii)
n

L

L

projplane L

projplane P

Q

Pv

v

(iii)
n

L

projplane L

B

projplane P

P
v

Figure 16.4: The projection of a line onto
an orthogonal plane.
�ekil 16.4:

Figure 16.5: The projection of a line onto
a parallel plane.
�ekil 16.5:

Figure 16.6: The projection of a line onto
a plane which is neither orthogonal to,
nor parallel to, the line.
�ekil 16.6:

A Line Orthogonal to a Plane (v × n = 0)

This is the easiest case: The projection of the line onto the
plane is just the point where they intersect. See �gure 16.4.
Therefore

projplane L = projplane P.

A Line Parallel to a Plane (v • n = 0)

From �gure 16.5, we can see that

projplane L =

(
the line passing through the point

projplane P in the direction v.

)

A Line which is Neither Parallel to nor Or-
thogonal to the Plane

See �gure 16.6. Since v • n ̸= 0, then the line must intersect
the plane at some point B. Assuming B ̸= P , we have

projplane L =

(
the line passing through the
points B and projplane P .

)

Düzleme Dik Do§ru (v × n = 0)

Bu en kolay durum: Do§runun düzleme izdü³ümü sadece ke-
si³tikleri noktaysa. See �gure 16.4. Bu durumda

projdüzlem L = projdüzlem P.

Do§ru Düzleme Paralelse (v • n = 0)

From �gure 16.5, we görülen

projdüzlem L =

(
the line passing through the point
projdüzlem P in the direction v.

)

Do§ru düzleme ne Paralel ne de dik ise

See �gure 16.6. If v • n ̸= 0, then the line must intersect the
plane at some point B. Assuming B ̸= P , we have

projdüzlem L =

(
the line passing through the
points B and projdüzlem P .

)
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Example 16.4. Find the projection of the line x = 7 + 6t,
y = −3 + 15t, z = 10− 12t onto the plane 2x+ 5y − 4z = 13.

solution:

Step 1. Find v and n.

v = 6i+ 15j− 12k

n = 2i+ 5j− 4k

Step 2. Does the line intersect the plane?

Since
v • n = 12 + 75 + 48 = 135 ̸= 0,

the answer is yes, the line does intersect the plane.

Step 3. Find the point of intersection.

We calculate that

13 = 2x+ 5y − 4z

= 2(7 + 6t) + 5(−3 + 15t)− 4(10− 12t)

= 14 + 12t− 15 + 75t− 40 + 48t

= −41 + 135t

54 = 135t

2 = 5t

2

5
= t.

Hence the point of intersection is

B(x, y, z)|t= 2
5
= B(7 + 6t,−3 + 15t, 10− 12t)|t= 2

5

= B(9.4, 3, 5.2)

Step 4. Is the line orthogonal to the plane?

Since

v × n =

∣∣∣∣∣∣∣∣∣∣

i j k

6 15 −12

2 5 −4

∣∣∣∣∣∣∣∣∣∣

= 0i+ 0j+ 0k = 0,

the answer is yes, the line is orthogonal to the plane.

n

L

projplane L

P
v

Örnek 16.4. x = 7+ 6t, y = −3 + 15t, z = 10− 12t do§rusu-
nun 2x+ 5y − 4z = 13 düzlemi üzerine izdü³ümünü bulunuz.

çözüm:

Ad�m 1. v ve n'yi bulunuz.

v = 6i+ 15j− 12k

n = 2i+ 5j− 4k

Ad�m 2. Do§ru düzlemi keser mi?

v • n = 12 + 75 + 48 = 135 ̸= 0,

oldu§undan yan�t�m�z evet, do§ru düzlemle kesi³ir.

Ad�m 3. Kesim noktas�n� bulunuz.

�unu hesaplarsak

13 = 2x+ 5y − 4z

= 2(7 + 6t) + 5(−3 + 15t)− 4(10− 12t)

= 14 + 12t− 15 + 75t− 40 + 48t

= −41 + 135t

54 = 135t

2 = 5t

2

5
= t.

Kesi³im noktas�

B(x, y, z)|t= 2
5
= B(7 + 6t,−3 + 15t, 10− 12t)|t= 2

5

= B(9.4, 3, 5.2)

olarak bulunur.

Ad�m 4. Do§ru düzleme dik midir?

Burada

v × n =

∣∣∣∣∣∣∣∣∣∣

i j k

6 15 −12

2 5 −4

∣∣∣∣∣∣∣∣∣∣

= 0i+ 0j+ 0k = 0,

oldu§undan sorunun yan�t� olumlu olup, do§ru dü-
zleme dik olur.

Ad�m 5. Bulunuz ki projdüzlem L.

Dorunun düzleme izdü³ümü bir nokta olup ve

projdüzlem L = B(9.4, 3, 5.2).

noktas� olarak kar³�m�za ç�kar.
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Step 5. Find projplane L.

The projection of the line on the plane is the point

projplane L = B(9.4, 3, 5.2).

Example 16.5. Find the projection of the line x = 1 + 4t,
y = 2 + 4t, z = 3 + 4t onto the plane 3x+ 4y − 7z = 27.

solution:

Step 1. Find v and n.
v = 4i+ 4j+ 4k

n = 3i+ 4j− 7k

Step 2. Does the line intersect the plane?

Since
v • n = 12 + 16− 28 = 0,

the line does not intersect the plane. Therefore the line
is parallel to the plane.

n

L

L

projplane L

projplane P

Pv

Step 3. Find a point on projplane L.

P (1, 2, 3) lies on the original line and Q(9, 0, 0) lies on
the plane. So

−−→
PQ = Q− P = (9, 0, 0)− (1, 2, 3) = (8,−2,−3)

= 8i− 2j− 3k

and

projn
−−→
PQ =

(−−→
PQ • n

∥n∥2

)
n =

(
24− 8 + 21

9 + 16 + 49

)
n

=

(
37

74

)
n =

1

2
n.

Therefore

projplane P = P + projn
−−→
PQ

= (1, 2, 3) +

(
3

2
, 2,−7

2

)

=

(
5

2
, 4,−1

2

)
.

Örnek 16.5. x = 1 + 4t, y = 2 + 4t, z = 3 + 4t do§rusunun
3x+ 4y − 7z = 27 düzlemine izdü³ümünü bulunuz.

çözüm:

Ad�m 1. v ve n'yi bulunuz.

v = 4i+ 4j+ 4k

n = 3i+ 4j− 7k

Ad�m 2. Do§ru düzlemle kesi³ir mi?

�imdi
v • n = 12 + 16− 28 = 0,

yani do§ru düzlemle kesi³miyor. Yani do§ru düzleme
paraleldir.

Ad�m 3. Bir nokta bulunuz ki projdüzlem L olsun.

P (1, 2, 3) noktas� do§ru üzerindedir ve Q(9, 0, 0) nok-
tas� da düzlem üzerindedir. Yani

−−→
PQ = Q− P = (9, 0, 0)− (1, 2, 3) = (8,−2,−3)

= 8i− 2j− 3k

ve

projn
−−→
PQ =

(−−→
PQ • n

∥n∥2

)
n =

(
24− 8 + 21

9 + 16 + 49

)
n

=

(
37

74

)
n =

1

2
n.

Dolay�s�yla

projdüzlem P = P + projn
−−→
PQ

= (1, 2, 3) +

(
3

2
, 2,−7

2

)

=

(
5

2
, 4,−1

2

)
.

H�zl� bir ³ekilde iki kez kontrol etmeliyiz projdüzlem P
gerçekten de düzlem üzerindedir:

3x+ 4y − 7z = 3

(
5

2

)
+ 4(4)− 7

(
−1

2

)

=
15

2
+ 16 +

7

2
= 27. ✓

Ad�m 4. Bulunuz ki projdüzlem L.

Verilen do§runun verilen düzleme izdü³ümünün geçti§i
nokta projdüzlem P =

(
5
2 , 4,− 1

2

)
ve paralel oldu§u yön

v = 4i+ 4j+ 4k, ³u denklemlerle parametrize edilir

x =
5

2
+ 4t, y = 4 + 4t, z = −1

2
+ 4t.
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We should quickly double check that our projplane P really is
on the plane:

3x+ 4y − 7z = 3

(
5

2

)
+ 4(4)− 7

(
−1

2

)

=
15

2
+ 16 +

7

2
= 27. ✓

Step 4. Find projplane L.

The projection of the original line on the plane is the
line passing through the point projplane P =

(
5
2 , 4,− 1

2

)

in the direction v = 4i+4j+4k, which has parametrised
equations

x =
5

2
+ 4t, y = 4 + 4t, z = −1

2
+ 4t.

Example 16.6. Find the projection of the line x = 15 + 15t,
y = −12−15t, z = 17+11t onto the plane 13x−9y+16z = 69.

solution:

Step 1. Find v and n.

v = 15i− 15j+ 11k

n = 13i− 9j+ 16k

Step 2. Does the line intersect the plane?

Since
v • n = 506 ̸= 0,

the line intersects the plane.

Step 3. Find the point of intersection.

We calculate that

69 = 13x− 9y + 16z

= 13(15 + 15t)− 9(−12− 15) + 16(17 + 11t)

= 195 + 195t+ 108 + 135t+ 272 + 176t

= 575 + 506t

−506 = 506t

−1 = t.

Thus the line intersects the plane at

B(x, y, z)|t=−1 = B(15 + 15t,−12− 15t, 17 + 11t)|t=−1

= B(0, 3, 6).

Step 4. Is the line orthogonal to the plane?

Since

v × n =

∣∣∣∣∣∣∣∣∣∣

i j k

15 −15 11

13 −9 16

∣∣∣∣∣∣∣∣∣∣

= −141i− 97j+ 60k ̸= 0,

the line is not orthogonal to the plane.

Örnek 16.6. x = 15 + 15t, y = −12 − 15t, z = 17 + 11t
do§rusunun 13x − 9y + 16z = 69 düzlemine izdü³ümünü bu-
lunuz.

çözüm:

Ad�m 1. v ve n bulunur.

v = 15i− 15j+ 11k

n = 13i− 9j+ 16k

Ad�m 2. Do§ru düzlemle kesi³ir mi?

Ayn� ³ekilde
v • n = 506 ̸= 0,

oldu§undan do§ru düzlemle kesi³ir.

Ad�m 3. Kesi³im noktalar�n� bulal�m.

Öncelikle

69 = 13x− 9y + 16z

= 13(15 + 15t)− 9(−12− 15) + 16(17 + 11t)

= 195 + 195t+ 108 + 135t+ 272 + 176t

= 575 + 506t

−506 = 506t

−1 = t.

Böylece do§runun üzlemle kesi³ti§i nokta

B(x, y, z)|t=−1 = B(15 + 15t,−12− 15t, 17 + 11t)|t=−1

= B(0, 3, 6).

Ad�m 4. Do§ru düzleme dik midir?

v × n =

∣∣∣∣∣∣∣∣∣∣

i j k

15 −15 11

13 −9 16

∣∣∣∣∣∣∣∣∣∣

= −141i− 97j+ 60k ̸= 0,

oldu§undan verilen do§ru düzleme dik de§ildir.

Ad�m 5. Bir ba³ka nokta bulunuz ki projdüzlem L.

P (15,−12, 17) noktas� verilen do§ru üzerinde olur.
−−→
PB =

(−15, 15,−11) ve

projn
−−→
PB =

(−−→
PB • n

∥n∥2

)
n =

(−506

506

)
n = −n

oldu§u için

projdüzlem P = P + projn
−−→
PB

= (15,−12, 17) + (−13, 9,−16) = (2,−3, 1).

Ad�m 6. projdüzlem L bulunuz.

Burada

v2 = B den projdüzlem P bir vektör = 2i− 6j− 5k.

O zaman projdüzlem L do§rusu B(0, 3, 6) noktas�ndan
geçer ve yönü de v2 = 2i − 6j − 5k paralel olup
parametrik denklemleri de ³unlard�r:

x = 2t, y = 3− 6t, z = 6− 5t.
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n

L

projplane L

B

projplane P

P
v

Step 5. Find another point on projplane L.

The point P (15,−12, 17) lies on the original line. Since−−→
PB = (−15, 15,−11) and

projn
−−→
PB =

(−−→
PB • n

∥n∥2

)
n =

(−506

506

)
n = −n

we have that

projplane P = P + projn
−−→
PB

= (15,−12, 17) + (−13, 9,−16) = (2,−3, 1).

Step 6. Find projplane L.

Let

v2 = the vector from B to projplane P = 2i− 6j− 5k.

Then projplane L is the line passing through B(0, 3, 6)
in the direction v2 = 2i−6j−5k which has parametrised
equations

x = 2t, y = 3− 6t, z = 6− 5t.
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Problems

Problem 16.1.
(a). Find the projection of the vector u = −2i+ 5j− 3k onto

the line x = 2 + t, y = 1− 2t, z = 3 + 2t.

(b). Find the projection of the vector u = i+2j+3k onto the
line x = 20 + 3t, y = 1 + 4t, z = −10 + 5t.

(c). Find the projection of the vector u = i − k onto the line
x = 1− t, y = 1 + t, z = 1 + t.

Problem 16.2.
(a). Find the projection of the vector u = i+7j+5k onto the

plane 6x+ 4z = 100.

(b). Find the projection of the vector u = i+2j+3k onto the
plane 3x+ 2y + z = −7.

(c). Find the projection of the vector u = i onto the plane
7y + 4z = 13.

Problem 16.3.
(a). Find the projection of the point P (38,−59, 4) onto the

plane 10x− 20y + z = 61.

(b). Find the projection of the point P (13, 13, 13) onto the
plane 2x− 3y + 5z = 5.

(c). Find the projection of the point P (65, 70,−4) onto the
plane 9x+ 10y − z = 15.

Problem 16.4.
(a). Find the projection of the line x = −48 − t, y = 6 + t,

z = −13 + 4t onto the plane 7x− y + 2z = 10.

(b). Find the projection of the line x = 2+30t, y = 29− 130t,
z = 104

5 − 114t onto the plane 7y + 5z = 11.

(c). Find the projection of the line x = −t, y = 14 + t, z =
− 23

4 − t onto the plane 8x− 8y + 8z = 10.

Problem 16.5. Find a formula for the projection of a point
P onto a line L.

Sorular

Soru 16.1.
(a). Find the projection of the vector u = −2i+ 5j− 3k onto

the line x = 2 + t, y = 1− 2t, z = 3 + 2t.

(b). Find the projection of the vector u = i+2j+3k onto the
line x = 20 + 3t, y = 1 + 4t, z = −10 + 5t.

(c). Find the projection of the vector u = i − k onto the line
x = 1− t, y = 1 + t, z = 1 + t.

Soru 16.2.
(a). Find the projection of the vector u = i+7j+5k onto the

plane 6x+ 4z = 100.

(b). Find the projection of the vector u = i+2j+3k onto the
plane 3x+ 2y + z = −7.

(c). Find the projection of the vector u = i onto the plane
7y + 4z = 13.

Soru 16.3.
(a). Find the projection of the point P (38,−59, 4) onto the

plane 10x− 20y + z = 61.

(b). Find the projection of the point P (13, 13, 13) onto the
plane 2x− 3y + 5z = 5.

(c). Find the projection of the point P (65, 70,−4) onto the
plane 9x+ 10y − z = 15.

Soru 16.4.
(a). Find the projection of the line x = −48 − t, y = 6 + t,

z = −13 + 4t onto the plane 7x− y + 2z = 10.

(b). Find the projection of the line x = 2+30t, y = 29− 130t,
z = 104

5 − 114t onto the plane 7y + 5z = 11.

(c). Find the projection of the line x = −t, y = 14 + t, z =
− 23

4 − t onto the plane 8x− 8y + 8z = 10.

Soru 16.5. Find a formula for the projection of a point P
onto a line L.
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17Combinatorics :
Basic Counting
Principles

Kombinatorik :
Temel Sayma
Prensipleri

The Addition Principle

Theorem 17.1. For any two sets A and B,

n(A ∪B) = n(A) + n(B)− n(A ∩B)

where n(A) denotes the number of elements in set A.

Example 17.1.

A = {1, 2, 3}
B = {2, 3, 4}

A ∩B = {2, 3}
A ∪B = {1, 2, 3, 4}

n(A) = 3

n(B) = 3

n(A ∩B) = 2

n(A ∪B) = n(A) + n(B)− n(A ∩B) = 3 + 3− 2 = 4.

Example 17.2. Ali has three yellow shirts and two blue shirts.
How many shirts does Ali have?

solution: Ali has 3 + 2 = 5 shirts. If we let S denote the set
of Ali's yellow shirts, and M denote the set of Ali's blue shirts,
then we have

n(S ∪M) = n(S) + n(M)− n(S ∩M) = 3 + 2− 0 = 5,

since S and M are discrete sets.

S M

Figure 17.1: Ali's yellow and blue shirts.
�ekil 17.1: Ali'nin sar� ve mavi gömlekleri.

Toplam Prensibi

Teorem 17.1. A ve B herhagi iki küme olsun. n(A) A
eleman�n� say�s�n� belirtmek üzere

n(A ∪B) = n(A) + n(B)− n(A ∩B)

dir.

Örnek 17.1. Ali'nin 3 sar�, iki de mavi gömle§i vard�r. Ali
gömleklerini kaç farkl� ³ekilde giyinir?

çözüm: Ali, gömleklerini 3 + 2 = 5 farkl� ³ekilde giyinir. Sar�
gömlekleri S, mavi gömlekleri M kümesi ile gösterirsek;

n(S ∪M) = n(S) + n(M) = 3 + 2 = 5

elde edilir.
Burada S ve M kümelerinin ayr�k oldu§una dikkatinizi çek-

mek isterim.

M F

Figure 17.2: Mathematics and Physics students.
�ekil 17.2: Matematik ve Fizik e§itimi alan ö§renciler.

Örnek 17.2. Bir okulda matematik dersine kay�tl� 8, �zik der-
sine kay�tl� 12, kimya ve her iki derse de kay�tl� 5 ö§renci bu-
lunmaktad�r. Bu okulda matematik veya �zik dersine kay�tl�
ö§renci say�s� kaçt�r?

89
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Example 17.3. In a college, there are 8 students studying
Mathematics, 12 students studying Physics, and 5 students
enrolled in a joint Chemistry-Physics-Mathematics program.
How many students are studying either Mathematics or Physics?

solution: Let M and F denote the sets of students studying
Mathematics and Physics respectively. Then M ∩ F will be
the set of students who are studying both Mathematics and
Physics. The answer is

n(M ∪ F ) = n(M) + n(F )− n(M ∩ F ) = 8 + 12− 5 = 15.

çözüm: Matematik dersini alan ö§rencilerin kümesini M , �zik
dersini alanlar� ise F ile gösterirsek hem matematik hem �zik
dersini alan ö§renciler M ∩F ile gösterilir. Sorunun yan�t� ise;

n(M ∪ F ) = n(M) + n(F )− n(M ∩ F ) = 8 + 12− 5 = 15

dir.

A B

C D

start

end

Figure 17.3: Roads linking four cities.
�ekil 17.3:

The Multiplication Principle

Theorem 17.2. If operation O1 can be done n ways, and
operation O2 can be done m ways, then there are

n ·m

possible ways to do O1 followed by O2.

Example 17.4. A man has �ve di�erent shirts, three di�erent
ties and two di�erent pairs of trousers. How many di�erent
ways can this person wear a shirt, a tie and a pair of trousers
combination?

solution: Once the person has chosen a pair of trousers, he
has a choice of 5 di�erent shirts. For each shirt there are 3
di�erent ties. Therefore he has 2 · 5 · 3 = 30 choices of out�t.

Example 17.5. Four cities, called Aberdeen (A), Birmingham
(B), Coventry (C) and Derby (D), are joined by roads as shown
in �gure 17.3. By how many di�erent routes can a vehicle travel
from A to D, without going back on itself.

solution: A vehicle that wants to travel from A to D must
pass through either B or C.

If it passes through B, it can travel from A to B in 4 di�erent
ways, then from B to D in only one way � thus it can arrive at
D along 4 · 1 = 4 di�erent routes.

Çarpma Prensibi

Teorem 17.2. O1 i³lemi n yoldan, O2 i³lemi m yoldan
yap�labiliyorsa, O1O2 i³lemlerinin ard�³�k olarak yap�lmas�
ile n ·m sonuç ortaya ç�kar.

Örnek 17.3. Bir adam�n 5 farkl� gömle§i, 3 farkl� kravat�, 2
farkl� pantolonu olsun. Bu ki³i gömlek-kravat-pantolon kom-
binini kaç farkl� ³ekilde giyinebilir?

çözüm: Ki³inin bir pantolon seçtikten sonra o pantolon için 5
farkl� gömlek seçimi vard�r. Her gömlek için ise 3 farkl� kravat
seçimi olur. Bunu matematiksek olarak ifade edecek olursak,
2 · 5 · 3 = 30 farkl� ³ekilde giyinir.

Örnek 17.4. Antalya (A), Bursa (B), Ceyhan (C) ve Denizli
(D) kentlerini baa§layan yollar yukar�daki ³ekildeki gibi olsun:
A noktas�ndan ç�k�p D noktas�na gitmek isteyen bir araç gitti§i
yolu geri dönmemek üzere kaç farkl� yoldan gidebilir?

çözüm: A dan D ye gitmek isteyen biri B yada C den geçmek
zorundad�r.

B üzerinden giderse A dan B ye 4 farkl� ³ekilde B den D ye 1
tek yoldan gidebilece§ilden en nihayetinde A dan D ye 4 ·1 = 4
farkl� yoldan gidebilir.

C üzer,nden giderse A dan C ye 2, C den D ye 3 farkl� yol
oldu§undan A dan D ye 2 · 3 = 6 farkl� yoldan gidebilir.

Sonuç olarak A dan D ye 4+ 6 = 10 farkl� yoldan gidebilir.
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If the vehicle passes through C, it can travel from A to C
in 2 di�erent ways, then from C to D in 3 di�erent ways � thus
it can arrive at D along 2 · 3 = 6 di�erent routes.

Hence the total number of di�erent routes from A to D is
4 + 6 = 10.

Example 17.6. How many divisors does 2800 have?

solution: Note �rst that

2800 = 24 · 52 · 7 = 1 · 2 · 2 · 2 · 2 · 5 · 5 · 7.

To create a divisor of 2800, we can use between zero and four
of the 2s (so there are 4+1 choices of how many 2s to use). We
can also use zero, one or both of the 5s (2+1 choices) and we
can either use or not use the 7 (1+1 choices). So there are

(4 + 1)(2 + 1)(1 + 1) = 30

divisors of 2800. In fact, the divisors of 2800 are: 1, 2, 4, 5, 7,
8, 10, 14, 16, 20, 25, 28, 35, 40, 50, 56, 70, 80, 100, 112, 140,
175, 200, 280, 350, 400, 560, 700, 1400 and 2800.

In general, suppose that p1, p2, . . . , pn are prime numbers
and suppose that x = pk1

1 pk2
2 . . . pkn

n . Then x has

(k1 + 1)(k2 + 1) . . . (kn + 1)

divisors.

Örnek 17.5. 2800 say�s�n�n kaç böleni vard�r?

çözüm: 2800 = 24 · 52 · 7 oldu§undan 2,2,2,2,5,5,7 çarpan-
lar�ndan en az bir tane olmak üzere çarpanlar seçilip bunlar�n
çarp�lmas� ile 2800 in bir böleni elde edilir. 1 say�s� her say�y�
bölebilece§inden 1 d�³�ndaki farkl� bölenlerin say�s�:
(4 + 1)(2 + 1)(1 + 1)− 1 = 29
dur.
Genel olarak bir p1p2 . . . pn asal say�lar olmak üzere bir say�n�n
çarpanlara ayr�l�³� pk1

1 , pk2
2 , . . . , pkn

n ise bu say�n�n �1� dahil bölen-
lerinin say�s�:

(k1 + 1)(k2 + 1) . . . (kn + 1)

ile bulunur.

Problems

Problem 17.1 (A coin and a die). A coin is tossed with
possible outcomes of heads (H) or tails (T). Then a die is rolled
with possible outcomes of 1, 2, 3, 4, 5 or 6. How many di�erent
outcomes in total are there?

Problem 17.2 (Code words).

(a). How many 3-letter code words can be formed from the
letters A,B,C,D,E if no letter is repeated?

(b). How many many 3-letter code words can be formed from
the letters A,B,C,D,E if letters can be repeated?

(c). How many 3-letter code words can be formed from the
letters A,B,C,D,E if adjacent letters must be di�erent?

Problem 17.3 (Postcodes). The postcode for Okan Univer-
sity is 34959. Suppose that the �rst two digits of a postcode
are between 01 (Adana) and 81 (Düzce), and the �nal three
digits can be any number. How many di�erent postcodes are
possible? How many have no repeated digits?

Sorular

Soru 17.1 (A coin and a die). A coin is tossed with possible
outcomes of heads (H) or tails (T). Then a die is rolled with
possible outcomes of 1, 2, 3, 4, 5 or 6. How many di�erent
outcomes in total are there?

Soru 17.2 (Code words).

(a). How many 3-letter code words can be formed from the
letters A,B,C,D,E if no letter is repeated?

(b). How many many 3-letter code words can be formed from
the letters A,B,C,D,E if letters can be repeated?

(c). How many 3-letter code words can be formed from the
letters A,B,C,D,E if adjacent letters must be di�erent?

Soru 17.3 (Postcodes). The postcode for Okan University is
34959. Suppose that the �rst two digits of a postcode are be-
tween 01 (Adana) and 81 (Düzce), and the �nal three digits can
be any number. How many di�erent postcodes are possible?
How many have no repeated digits?



18Combinatorics :
Permutations and
Combinations

Kombinatorik :
Permütasyon ve
Kombinasyonlar

Factorials
De�nition. The product of the �rst n natural numbers is
called n factorial and denoted by n!.

We also de�ne the zero factorial, 0! to be equal to 1.

n! = n(n− 1)(n− 2) · . . . · 2 · 1
0! = 1

n! = n · (n− 1)!

Example 18.1.

(a) 4! = 4 · 3 · 2 · 1 = 24

(b)
7!

5!
=

7 · 6 · 5 · 4 · 3 · 2 · 1
5!

=
7 · 6 ·�5!

�5!
= 42

(c)
52!

5!47!
=

52 · 51 · 50 · 49 · 48 ·��47!
5 · 4 · 3 · 2 · 1 ·��47! = 2 598 960

Remark. Note that n! grows very rapidly:

5! = 120

10! = 3 628 800

15! = 1 307 674 368 000

Faktöriyel
Tan�m. n bir do§al say� olmak üzere 1 den n e kadar olan
do§al say�lar�n çarp�m� n! ile gösterilir.

S�f�r faktöriyel 1 kabul edilir.
Tan�mdan a³a§�daki e³itlikler kolayl�kla elde edilebilir:

n! = n(n− 1)(n− 2) · . . . · 2 · 1
0! = 1

n! = n · (n− 1)!

Örnek 18.1.

(a) 4! = 4 · 3 · 2 · 1 = 24

(b)
7!

5!
=

7 · 6 · 5 · 4 · 3 · 2 · 1
5!

=
7 · 6 ·�5!

�5!
= 42

(c)
52!

5!47!
=

52 · 51 · 50 · 49 · 48 ·��47!
5 · 4 · 3 · 2 · 1 ·��47! = 2 598 960

Not. n!'nin ne kadar h�zl� büyüdü§üne dikkat ediniz:

5! = 120

10! = 3 628 800

15! = 1 307 674 368 000

Permutations

Example 18.2. Imagine that you have four pictures to arrange
on a wall. See �gure 18.1 on page 93. How many di�erent ways
are there to arrange them?

solution: There are four ways to select the �rst picture. After
we choose the �rst picture, we are left with three pictures to
choose from. Then after we choose the second picture, we are

Permütasyon

Örnek 18.2. Imagine that you have four pictures to arrange
on a wall. See �gure 18.1 on page 93. How many di�erent ways
are there to arrange them?

çözüm: There are four ways to select the �rst picture. After
we choose the �rst picture, we are left with three pictures to
choose from. Then after we choose the second picture, we are
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1.

2.

3.

4.

5.

6.

7.

?

Figure 18.1: How many ways are there to arrange four (distinct) pictures on a wall?
�ekil 18.1:
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1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

12.

Figure 18.2: How many ways are there to select and arrange two pictures taken from a total of four pictures?
�ekil 18.2:
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left with two pictures. And so on. So there are

4 · 3 · 2 · 1 = 4! = 24

di�erent ways to hang our pictures.

De�nition. A permutation of a set of distinct objects is an
arrangement of the objects in a speci�c order without repeti-
tion.

The number of permuations of n distinct objects (without
repetition) is denoted by Pn n or by P (n, n).

Theorem 18.1.
Pn n = n!

Example 18.3. Now suppose that from your four pictures,
you decide to only hang two on your wall. How many ways are
there to hang two out of four pictures?

solution: There are four choices for the �rst picture, then three
for the second picture. Please see �gure 18.3 on page 96. So
there are

4 · 3 = 12

ways to hang two out of the four pictures.

How can we write this in terms of n!? Note that

12 = 4 · 3 =
4 · 3 · 2 · 1

2 · 1 =
4!

2!
.

De�nition. A permutation of a set of n distinct objects taken
r at a time (without repetition) is an arrangement of r of the n
objects in a speci�c order. The numbers of such permutations
is denoted by Pn r or by P (n, r).

For example, suppose that we have three objects (labeled
a, b and c) and suppose that we take r of the objects. The
possible permuations are shown below:

left with two pictures. And so on. So there are

4 · 3 · 2 · 1 = 4! = 24

di�erent ways to hang our pictures.

Tan�m. A permutation of a set of distinct objects is an ar-
rangement of the objects in a speci�c order without repetition.

The number of permuations of n distinct objects (without
repetition) is denoted by Pn n or by P (n, n).

Teorem 18.1.
P (n, n) = n!

Örnek 18.3. Now suppose that from your four pictures, you
decide to only hang two on your wall. How many ways are
there to hang two out of four pictures?
çözüm: There are four choices for the �rst picture, then three
for the second picture. Please see �gure 18.3 on page 96. So
there are

4 · 3 = 12

ways to hang two out of the four pictures.

How can we write this in terms of n!? Note that

12 = 4 · 3 =
4 · 3 · 2 · 1

2 · 1 =
4!

2!
.

Tan�m. n tane farkl� nesnenin r tanesinin tüm dizili³lerinin
say�s�na n nin r li permütasyonu denir ve P (n, r) ile gösterilir.

Örne§in; n = 3 al�rsak ve nesneler a, b, c olursa dizilimler r
ye ba§l� olarak a³a§�daki gibidir:

n = 3

r = 1 r = 2 r = 3

a ab abc

b ac acb

c ba bac

bc bca

ca cab

cb cba

P3 1 = P (3, 1) = 3 P3 2 = P (3, 2) = 6 P3 3 = P (3, 3) = 6
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Theorem 18.2. The number of permuations of n distinct
objects taken r at a time (without repetition) is

Pn r =
n!

(n− r)!
(1 ≤ r ≤ n)

Example 18.4. Find the number of permutations of 16 objects
taken 3 at a time.

solution: Using the formula, we calculate that:

P16 3 =
16!

(16− 3)!
=

16 · 15 · 14 ·��13!
��13!

= 16 · 15 · 14 = 3360.

Teorem 18.2. n elemanl� bir kümenin r elemanl� permü-
tasyonlar�

P (n, r) =
n!

(n− r)!
(1 ≤ r ≤ n)

formülü ile bulunur.

Örnek 18.4. Lütfen Example 18.4'ye bak�n�z.

Örnek 18.5. 17 elemanl� bir kümenin 15 elemanl� alt kümelerinin
say�s� kaçt�r?

çözüm: Formülü kullan�rsak:

P (17, 15) =
17!

(17− 15)!
=

17!

2!
= 177 843 714 048 000.

Combinations
Example 18.5. To enter the Turkish national lottery (Say�sal
Loto 6/49) you must select six numbers from a choice of 49
numbers.

How many di�erent ways are there of choosing 6 objects
from 49 objects?

Figure 18.3: Entering the Turkish national lottery, Say�sal Loto
6/49.
�ekil 18.3:

The answer is not P49 6 because the order of the numbers
does not matter: For example

28 16 9 7 35 47

is the same as

7 9 16 28 35 47 .

De�nition. A combination of a set of n distinct objects
taken r at a time (without repetition) is an r-element subset
of the set of n objects. The arrangement of the elements in the
subset does not matter. We denote the number of combinations
by

Cn r or
(
n

r

)
or C(n, r).

Kombinasyon
Örnek 18.6. Say�sal loto oynamak için 49 say� içinden alt�
say� seçmelisiniz.

Bu 49 say�dan 6 farkl� say�y� seçerek kaç farkl� loto oynan-
abilir?

Figure 18.4: A draw of the Turkish national lottery, Sayisal
Loto 6/49.
�ekil 18.4:

Cevap P (49, 6) de§ildir. çünkü bu oyund dizili³in s�ras�n�n
bir önemi yoktur: Örne§in;

28 16 9 7 35 47

seçimi

7 9 16 28 35 47

seçimi ile ayn�d�r.

Tan�m. n adet farkl� nesnenin r tanesinin seçiminin say�s�na
n nin r li kombinasyonu denir ve C(n, r) ile gösterilir. Kom-
binasyon hesab�nda s�ralaman�n bir önemi yoktur.

Önceki a, b, c örne§inde s�ralamadan ba§�ms�z olarak bu kü-
menin alt kümelerinin kaç farkl� ³ekilde seçilece§i sorulursa ce-
vap a³a§�daki gibi olur:
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For example, suppose again that we have three objects la-
beled a, b and c and suppose that we take r of these objects.
The possible combinations are shown below:

n = 3

r = 1 r = 2 r = 3

a ab abc

b ac

c bc

C3 1 =

(
3

1

)
= C(3, 1) = 3 C3 2 =

(
3

2

)
= C(3, 2) = 3 C3 3 =

(
3

3

)
= C(3, 3) = 1

Theorem 18.3. The number of combinations of n dis-
tinct objects taken r at a time (without repetition) is

Cn r =
n!

(n− r)! · r! (1 ≤ r ≤ n)

Example 18.6. A collector has 20 di�erent coins. How many
di�erent ways can 6 coins be selected?

solution:

C20 6 =
20!

(20− 6)! · 6! =
20 · 19 · 18 · 17 · 16 · 15 ·��14!

��14! · 6 · 5 · 4 · 3 · 2

=
��20 · 19 ·��18 · 17 · 16 · 15

�6 · �5 · �4 · �3 · 2
=

19 · 17 · 16 · 15
2

= 38 760.

Example 18.7. We can now answer Example 18.5.

There are

C49 6 =
49!

(49− 6)! · 6! =
49!

43! · 6! = 13 983 816

di�erent ways to choose 6 numbers from a choice of 49 numbers.

Example 18.8. From a group of 9 people,

(i). In how many ways can a chairperson, a vice-chairperson
and a secretary be elected, assuming that one person can
not hold more than one position?

(ii). In how many ways can we choose a committee of three
people?

solution:

(i). The order of election is important in the election of a
chairperson, a vice-chairperson and a secretary. There
is a meaning to who is the chairperson and who is the
secretary. If we start with the election of the chairper-
son, there are 9 di�erent candidates for him. Since one
person is missing from the group of people, 8 di�erent
candidates can stand for the vice-chairperson. Finally,
there are 7 di�erent candidates for the position of secre-
tary. Therefore, this tripartite committee can be formed
in 9 · 8 · 7 = 504 di�erent ways. Or we can answer this
problem with permutations:

P9 3 =
9!

(9− 3)!
= 504.

Teorem 18.3. n elemanl� bir kümenin r elemanl� kombi-
nasyonlar�

C(n, r) =
n!

(n− r)! · r! (1 ≤ r ≤ n)

formülü ile bulunur.

Örnek 18.7. Bir koleksiyoncunun 20 farkl� madeni paras� var.
Bunlar aras�ndan 6 para kaç farkl� ³ekilde seçilebilir?

çözüm:

C(20, 6) =
20!

(20− 6)! · 6! =
20 · 19 · 18 · 17 · 16 · 15 ·��14!

��14! · 6 · 5 · 4 · 3 · 2

=
��20 · 19 ·��18 · 17 · 16 · 15

�6 · �5 · �4 · �3 · 2
=

19 · 17 · 16 · 15
2

= 38 760.

Örnek 18.8. �imdi Örnek 18.5 için yan�t�m�z ³u ³ekildedir; 46
say�dan 6 say� için

C(49, 6) =
49!

(49− 6)! · 6! =
49!

43! · 6! = 13 983 816

farkl� yol vard�r.

Örnek 18.9. 9 ki³ilik bir topluluktan

(i). Bir ba³kan bir ba³kan yard�mc�s� ve bir sekreter kaç farkl�
³ekilde seçilebilir?

(ii). 3 ki³ilik bir alt topluluk kaç farkl� ³ekilde seçilir?

çözüm:

(a). Bir ba³kan bir ba³kan yard�mc�s� ve bir sekreter seçiminde
seçim s�ras� önemlidir. Kimin ba³kan, kimin sekreter oldu§u-
nun bir anlam� vard�r. Önce ba³kan seçiminden ba³larsak
onun için 9 farkl� aday vard�r. Topluluktan bir ki³i ek-
sildi§inden ba³kan yard�mc�s� için 8 farkl� aday seçimi yap�la-
bilir. Son olarak da sekreter için 7 farkl� aday kal�r. Dolay�s�yla
bu üçlü komite 9 · 8 · 7 = 504 farkl� ³ekilde olu³turulabilir.
Dolay�s�yla bu hesab� permütasyon ile yapar�z:

P (9, 3) =
9!

(9− 3)!
= 504.
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(ii). In order to form a committee of 3 people, the order does
not matter! So we use combinations:

C9 3 =
9!

(9− 3)!3!
= 84.

Remark. Permutations and Combinations are similar in that
repetition in selections are not permitted. However, there is
one important di�erence between them:

� In a permutation, the order is important;

� In a combination, the order is irrelevent.

You need to understand when to use Pn r and when to use Cn r .

Example 18.9. From a standard deck of 52 cards,

(i). How many 5-card hands have two kings and three aces?

(ii). How many 5-card hands have two clubs and three hearts?

(iii). How many 3-card hands have all cards from the same
suit?

Figure 18.5: Two kings and three aces.
�ekil 18.5:

solution:

(i). We need to use the multiplication princple and combi-
nations. We must select two kings from a total of four
(that is C4 2 ) and we must select three aces from a total
of four ( C4 3 ). Therefore, by the multiplication principle
we have that

number of hands = C4 2 · C4 3

=
4!

(4− 2)! · 2! ·
4!

(4− 3)! · 3!
= 6 · 4 = 24.

(ii). There are C13 2 · C13 3 = 13!
11!·2! · 13!

10!·3! = 78 · 208 = 22 308
hands with two clubs and three hearts.

(iii). There are 13 cards in each suit, so the number of 3-card
hands having all hearts, say, is

C13 3 =
13!

(13− 3)! · 3! =
13!

10! · 3! = 286.

(b). 3 ki³ilik bir alt toplulu§un olu³turulmas�nda ise s�ran�n
bir önemi yoktur! Dolay�s�yla bu hesab� kombinasyon ile
yapar�z:

C(9, 3) =
9!

(9− 3)!3!
= 84.

Not. Permütasyonlar ve Kombinasyonlar, seçimlerde tekrara
izin verilmedi§i zaman benzerdir. Ancak aralar�nda önemli bir
fark vard�r:

� Bir permütasyonda, s�ra önemlidir;

� Bir kombinasyonda, s�ra önemli de§ildir.

Sizin yapman�z gereken tek ³ey ne zaman P (n, r) ve ne zaman
C(n, r) kullanman�z gerekti§ini bilmenizdir.

Örnek 18.10. Standart 52 kartl�k bir desteden,

(i). Çekilen 5 kart�n kaç tanesinde iki papaz, üç as bulunur?

(ii). Çekilen 5 kart�n kaç tanesinde iki sinek, üç kupa bulunur?

(iii). Çekilen 3 kart�n kaç tanesin ayn� tak�mdan olur?

Figure 18.7: Two clubs and three hearts.
�ekil 18.7:

çözüm:

(i). Çarpma prensibini ve kombinasyonlar�n� kullanmam�z gerekiyor.
Toplam dört tane papazdan ikisini seçmeliyiz (yani C(4, 2))
ve dort papazdan üç as seçmeliyiz (C(4, 3)). ÇArp�m
pirensibi gere§i;

number of hands = C(4, 2) · C(4, 3)

=
4!

(4− 2)! · 2! ·
4!

(4− 3)! · 3!
= 6 · 4 = 24

elde ederiz.

(ii). C(13, 2) · C(13, 3) = 13!
11!·2! · 13!

10!·3! = 78 · 208 = 22 308
bulunur.



99

Similarly, there are 286 hands having all clubs, 286 hands
having all diamonds and 286 hands having all spades.
Thus the number of hands having all cards from the same
suit is

4 · C13 3 = 4 · 286 = 1144.

Example 18.10. A bag contains 2 white and 3 red balls. In
how many ways can 3 balls be chosen if at least one ball must
be white?

solution: We can have either 1 white ball and 2 red balls, or
2 white balls and 1 red ball.

There are C2 1 · C3 2 ways to get 1 white and 2 red. There are
C2 2 · C3 1 ways to get 2 white and 1 red. So the total number
of ways is

C2 1 · C3 2 + C2 2 · C3 1 = (2)(3) + (1)(3) = 9.

Example 18.11. You have 1 red ball, 1 blue ball, 1 green ball
and 3 orange balls. The three orange balls are identical. How
many visually di�erent ways are there to arrange the balls in
a line?

solution: If you had balls of six di�erent colours, then this is
easy: P6 6 = 6!. However because you have 3 balls of the same
colour, the correct answer will be less than this. For example,
if we label the balls r , b , g , o1 , o2 and o3 then

r g o1 o2 b o3 and r g o2 o3 b o1 will look
the same, but be counted twice.

We need to ask: How many di�erent ways are there to
rearrange the orange balls, o1 o2 o3 ? There are P3 3 = 6

di�erent ways. This means that when we calculate P6 6 , we are
counting each arrangement 6 times.

Therefore the answer to this problem is

P6 6

P3 3

= 120.

Example 18.12. In how many di�erent ways can the letters
of the word `MATHEMATICS' be arranged such that the vow-
els are consecutive?

solution: The word `MATHEMATICS' has 11 letters includ-
ing 4 vowels: `A',`E',`A',`I'. These 4 vowels must always be
consecutive. Hence these 4 vowels can be grouped together
and then thought of as a single object. In other words, we may
assume that we have only 8 objects, MTHMTCS(AEAI).

Of these 8 objects, we have two 'M's, two 'T's, one `H', one
`C', one `S' and one `(AEAI)'. The number of ways to arrange
these 8 objects is

P8 8

P2 2 · P2 2

=
8!

2! · 2! = 10080.

Next we must ask how many ways the vowels `AEAI' can
be rearranged. The letter `A' occurs twice and the other letters
occur once. Hence there are

P4 4

P2 2

= 12

ways to arrange the vowels.

(iii). Her tak�mda 13 kart bulunur. Bu nedenle tüm kupa kart-
lar� içinden üç kart

C(13, 3) =
13!

(13− 3)! · 3! =
13!

10! · 3! = 286.

farkl� ³ekilde seçilir. Benzer ³ekilde 286 sinek, 286 karo
and 286 maça seçilir. Böylelikle ayn� tak�mdan üç kart

4 · C(13, 3) = 4 · 286 = 1144

farkl� ³ekilde olu³turulur.

Örnek 18.11. Bir torbada 2 beyaz ve 3 k�rm�z� top vard�r.
En az bir topun beyaz olmas� ko³uluyla, 3 top kaç ³ekilde
seçilebilir?

çözüm: Bu ko³ulda iki durum vard�r: Ya 1 beyaz top ve 2
k�rm�z� top; ya da 2 beyaz top ve 1 k�rm�z� top olabilir.

1 beyaz top ve 2 k�rm�z� top için C(2, 1) · C(3, 2) yol; 2
beyaz top ve 1 k�rm�z� top için C(2, 2) · C(3, 1) farkl� seçim
vard�r. Toplamda

C(2, 1) · C(3, 2) + C(2, 2) · C(3, 1) = (2)(3) + (1)(3) = 9

farkl� seçim elde edilir.

Örnek 18.12. 1 k�rm�z� topunuz, 1 mavi topunuz, 1 ye³il
topunuz ve 3 turuncu topunuz var. Üç turuncu top ayn�d�r.
Toplar� bir s�raya yerle³tirmenin görsel olarak kaç farkl� yolu
vard�r?

çözüm:Alt� farkl� renkte topunuz olsayd�, bu kolayd�: P (6, 6) =
6!. Ancak, ayn� renkte 3 topunuz oldu§u için do§ru cevap bun-
dan biraz daha zor olacakt�r. Örne§in, toplar� k , m , y ,

t1 , t2 ve t3 ³eklinde etiketlersek k y t1 t2 m t3

ve k y t2 t3 m t1 ayn� görünü³te olacak, fakat iki kez
say�lm�³ olacakt�r.

Turuncu toplar�n t1 t2 t3 kendi içindeki dizili³ say�s�,

P (3, 3) = 6 d�r. Bu da demek oluyor ki biz P (6, 6)'y� hesaplarken
her bir dizili³i 6 kere say�yoruz.

Bu yüzden yan�t;

P (6, 6)

P (3, 3)
= 120

dir.

Örnek 18.13. Lütfen Example 18.13'ye bak�n�z.

Örnek 18.14. � MATEMAT�K � kelimesinin har�eri, ünlüler
ard�³�k olacak ³ekilde, kaç farkl� ³ekilde dizilebilir?

çözüm: MATEMAT�K kelimesi 4 ünlü olmak üzere 9 harften
olu³ur: 'A' , 'E', 'A', '�'. Bu 4 ünlü her zaman ard�³�k olmal�d�r.
Dolay�s�yla bu 4 sesli harf birlikte gruplanabilir ve sonra tek bir
nesne olarak dü³ünülebilir. Yani sadece 6 nesnemiz oldu§unu
varsayabiliriz, MTMTK (AEA�).

Bu 6 nesneden iki 'M', iki 'T', bir 'K' ve bir '(AEA�)' var.
Bu 6 nesneyi dizmenin yollar�n�n say�s�

P (6, 6)

P (2, 2) · P (2, 2)
=

6!

2! · 2! = 180.
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Multiplying these together, we get our answer: There are

10080 · 12 = 120 960

ways.

Example 18.13. Please see Örnek 18.13.

Figure 18.6: Does your calculator have nPr and nCr?
�ekil 18.6:

Dahas�, AEA� ünlülerinin kaç ³ekilde yeniden dizilebile-
ce§ini bulmal�y�z. 'A' har� iki kez, di§er har�er bir kez geçer.
Dolay�s�yla ünlüleri kendi içinde

P (4, 4)

P (2, 2)
= 12

farkl� ³ekilde dizebiliriz.
Buldu§umuz iki say�y� çarparsak

180 · 12 = 2160

sonucunu elde ederiz.

Figure 18.8: Try typing �7permute3� or �7choose3� into
wolframalpha.com .
�ekil 18.8:
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Problems

Problem 18.1 (Triangles in a Circle). Five distinct points are
selected on the circumference of a circle. How many di�erent
triangles can be drawn using these points as vertices?

Problem 18.2 (Playing Cards). From a standard 52 card
deck:

(a). How many 6-card hands consist entirely of red cards?

(b). How many 6-card hands consist entirely of hearts?

(c). How many 5-card hands consist entirely of face cards (kings,
queens and jacks)?

(d). How many 5-card hands consist entirely of queens?

(e). How many 7-card hands contain four kings?

(f). How many 4-card hands contain a card from each suit?

(g). How many 3-card hands do not contain any hearts?

(h). How many 3-card hands contain at least one heart?

Problem 18.3 (Mobile Phone Shop). A mobile phone shop
receives a delivery of 24 smartphones, but 5 of these phones are
broken. Three of these smartphones will be selected for display
in the shop window.

(a). How many selections can be made?

(b). How many of these selections will contain three working
phones?

Problem 18.4 (Architecture and Mimarl�k). In how many
di�erent ways can the letters of the word `ARCHITECTURE'
be arranged such that the vowels are consecutive? What about
the word `M�MARLIK'?

Problem 18.5 (Divisible by 5). How many 3 digit numbers
can be formed from the digits 2, 3, 5, 6, 7 and 9 which are
divisible by 5 and none of the digits is repeated?

Problem 18.6 (Serial Numbers). Serial numbers for a prod-
uct are made using 2 letters followed by 3 numbers. If the
letters are taken from {A,B,C,D,E, F,G,H} with no repeats,
and the numbers are taken from {0, 1, 2, . . . , 9} with no repeats,
how many serial numbers are possible?

Sorular

Soru 18.1 (Triangles in a Circle). Bir dairenin çevresinde
be³ ayr� nokta seçilir. Bu noktalar kö³eler olarak kullan�larak
kaç farkl� üçgen çizilebilir?

Soru 18.2 (Oyun kartlar�). Standart 52 kartl�k bir iskambil
destesinden:

(a). Kaç tane 6 kartl� el tamamen k�rm�z� kartlardan olu³ur?

(b). Kaç tane 6 kartl� el tamamen kupalardan olu³ur?

(c). Kaç tane 5 kartl� el tamamen resimli kartlardan olu³ur
(papaz, k�z ve vale)?

(d). Kaç tane 5 kartl� el k�zlar�n hepsini içerir?

(e). Kaç tane 7 kartl� el dört papaz�n hepsini içerir?

(f). Kaç tane 4 kartl� el her tak�mdan bir kart içerir?

(g). Kaç tane 3 kartl� el hiç kupa içermez?

(h). Kaç tane 3 kartl� el en az bir kart içerir?

Soru 18.3 (Mobil Telefon Ma§azas�). Bir cep telefonu ma§azas�
24 adet ak�ll� telefon teslim al�yor ancak bu telefonlardan 5'i
bozuk. Ma§aza penceresinde görüntülenmek üzere bu ak�ll�
telefonlardan üçü seçilecektir.

(a). Kaç tane seçim yap�labilir?

(b). Bu seçimlerden kaç tanesi üç çal�³an telefon içerebilir?

Soru 18.4 (Architecture and Mimarl�k). 'ARCHITECTURE'
kelimesinin har�eri, ünlüler ard�³�k olacak ³ekilde kaç farkl� ³ek-
ilde dizilebilir? Peki ya 'M�MARLIK' kelimesi??

Soru 18.5 (5 ile bölünebilme). 2, 3, 5, 6, 7 ve 9 rakamlar�n-
dan 5'e bölünebilen ve hiçbir rakam tekrarlanmayan kaç tane
3 rakaml� say� olu³turulabilir?

Soru 18.6 (Serial Numbers). Bir ürünün serri numaras�
iki harf ve ard�ndan üç say� ile olu³turuluyor. Ayn� rakam ve
har�er tekrar edilmeksizin {A,B,C,D,E, F,G,H} har�eri ve
{0, 1, 2, . . . , 9} say�lar� kullan�larak kaç tane seri numaras� olu³-
turulabilir?
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Figure 19.1: One die.
�ekil 19.1: Bir zar.

If you roll a single (standard six-sided) die, what are the
possible outcomes?

S = {1, 2, 3, 4, 5, 6}

This is called a sample space. Each of the numbers in S are
called simple events.

Now suppose that we want to roll an even number: The
subset

E = {2, 4, 6} ⊆ S

is called a compound event.

De�nition. The set

S = {e1, e2, . . . , en}

is called a sample space for some experiment i�,

� S contains all possible outcomes;

� one and only one of the outcomes in S must occur.

De�nition. An event E is any subset of S (including the
empty set ∅ and S itself). ei is a simple event. E = {ei}
is a simple event if E contains only one element. E is a
compound event if E contains more than one element.

Figure 19.2: Two dice.
�ekil 19.2: �ki zar.

Tek bir (standart alt� tara��) zar atarsan�z, olas� sonuçlar
nelerdir?

S = {1, 2, 3, 4, 5, 6}
Bu, örnek uzay olarak isimlendirilir. S kümesindeki her bir
eleman basit olay olarak adland�r�l�r.

�imdi bir çift say� döndürmek istedi§imizi varsayal�m. Alt
küme;

E = {2, 4, 6} ⊆ S

bir birle³ik olayd�r.

Tan�m.
S = {e1, e2, . . . , en}

kümesi bir deneyin ola� sonuçlar�n�n kümesi olsun. E§er, is
called a sample space for some experiment i�,

� S kümesi tüm olas� sonuçlar� içerirse;

� S'nin bir ve yanl�z bir ç�kt�s� meydana gelmi³se,

S'ye örnek uzay denir.

Tan�m. E kümesi, S'nin (∅ bo³ kümesini ve S'yi içeren) bir
alt kümesi olsun. E'ye olay denir. ei is a simple event.E§er
E, E = {ei} ³eklinde tek elemandan olu³uyorsa basit olay,
birden fazla elemandan olu³uyorsa birle³ik olay ad�n� al�r.

102
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1 horse 2 horses

1 woman 2 women

1 vertex 2 vertices

1 focus 2 foci

1 die 2 dice

second die ikinci zar

�
rs
t
d
ie

b
ir
in
ci

za
r

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1) (2,2) (2,3) (2,4) (2,5) (2,6)

(3,1) (3,2) (3,3) (3,4) (3,5) (3,6)

(4,1) (4,2) (4,3) (4,4) (4,5) (4,6)

(5,1) (5,2) (5,3) (5,4) (5,5) (5,6)

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

Table 19.1: Possible outcomes from rolling two dice.
�ekil 19.2: k

Example 19.1 (Two Dice). Next suppose that you are rolling
two standard six-sided dice. Please see Table 19.1. The sample
space is

S = {(a, b) | a, b ∈ {1, 2, . . . , 6}}.
What is the event which corresponds to:

(i). A total score of 7.

(ii). A total score of 3.

(iii). A total score greater than 10.

(iv). A total score of 2.

solution:

(i). E = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}.

(ii). E = {(1, 2), (2, 1)}.

(iii). E = {(5, 6), (6, 5), (6, 6)}.

(iv). E = {(1, 1)}.

Örnek 19.1 (Two Dice). Varsayal�m ki tandart alt�-yönlü iki
zar at�yoruz. Lütfen tabloya bak�n�z: 19.1. Örnek uzay:

S = {(a, b) | a, b ∈ {1, 2, . . . , 6}}.

A³a§�daki olaylar nelerdir:

(i). Toplam puan�n 7 olmas�.

(ii). Toplam puan�n 3 olmas�.

(iii). Toplam puan�n 10 dan büyük olmas�.

(iv). Toplam puan�n 2 olmas�.

çözüm:

(i). E = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}.

(ii). E = {(1, 2), (2, 1)}.

(iii). E = {(5, 6), (6, 5), (6, 6)}.

(iv). E = {(1, 1)}.
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The Probability of an Event
De�nition. Let

S = {e1, e2, ee, . . . , en}

be a sample space with n simple events. The probability of
event ei is a real number denoted by P (ei). We must have

(i). P (ei) ∈ [0, 1] for all i; and

(ii). P (e1) + P (e2) + P (e3) + . . .+ P (en) = 1.

Example 19.2 (A Single Coin). Suppose that we are �ipping
a single coin. Then S = {H,T}. We can assume that

P (H) =
1

2
and P (T ) =

1

2
.

Note that

(i). 0 ≤ P (H) ≤ 1 and 0 ≤ P (T ) ≤ 1; and

(ii). P (H) + P (T ) = 1
2 + 1

2 = 1.

If we �ip this coin 1000 times, we would expect to get H
roughly (but not exactly) 500 times.

De�nition. The probability of an event E, denoted P (E)
must satisfy:

(i). If E = ∅ is the empty set, then P (E) = 0;

(ii). If E = S, then P (E) = 1.

(iii). If E = {ei} is a simple event, then P (E) = P (ei);

(iv). If E is a compound event, then P (E) must be equal to
the sum of the probabilities of all the simple events in E.
E.g. if E = {a, b, c} then P (E) = P (a) + P (b) + P (c).

Remark. P (E) = 1 means that E is certain to occur. P (E) =
0 means that E will never occur.

Example 19.3 (Two coins). Now suppose that you are �ipping
two di�erent coins. The sample space is

S = {HH,HT, TH, TT}.

We can assume that

P (HH) = P (HT ) = P (TH) = P (TT ) = 1
4 .

(i). What is the probability of getting one head and one tail?

(ii). What is the probability of getting at least one tail?

(iii). What is the probability of getting at least one head or at
least one tail?

(iv). What is the probability of getting two tails?

(v). What is the probability of getting three tails?

solution:

(i). We have E = {HT, TH} and

P (E) = P (HT ) + P (TH) =
1

4
+

1

4
=

1

2
.

Bir Olayın Olasılığı

Tan�m. Örnek uzay

S = {e1, e2, ee, . . . , en}

olarak n tane basit olaydan olu³sun. The ei olay�n�n olmas�
olas�l�§� P (ei) ile gösterdi§imiz bir reel say�. Burada

(i). P (ei) ∈ [0, 1] her i; ve

(ii). P (e1) + P (e2) + P (e3) + . . .+ P (en) = 1.

Örnek 19.2 (Madeni Para). Bir madeni para havaya atal�m.
O zaman S = {H,T}. Varsayabiliriz ki

P (H) =
1

2
ve P (T ) =

1

2
.

�unu not edersek

(i). 0 ≤ P (H) ≤ 1 ve 0 ≤ P (T ) ≤ 1; ve

(ii). P (H) + P (T ) = 1
2 + 1

2 = 1.

Bu paray� 1000 kez atarsak, kabaca 500 kez (ancak tam
olarak de§il) H gelmesini bekleriz.

Tan�m. The bir E olay�n�n olma olas�l�§�, P (E) ile gös-
terilir ve ³unlar sa§lan�r:

(i). E = ∅ bo³ küme ise, o zaman P (E) = 0;

(ii). E = S oldu§unda, P (E) = 1.

(iii). E = {ei} olursa, P (E) = P (ei);

(iv). E bir bile³ik olay ise, P (E) E deki tüm basit olaylar�n
olas�l�klar� toplam�na e³ittir. Örne§in E = {a, b, c} oolursa
P (E) = P (a) + P (b) + P (c).

Not. P (E) = 1 demek E kesin olay demek. P (E) = 0 demek
E imkans�z olay.

Örnek 19.3 (�ki madeni para). �imdi iki farkl� madeni para
att�§�n�z� varsayal�m. Örnek uzay

S = {HH,HT, TH, TT}.

Varsayabiliriz ki

P (HH) = P (HT ) = P (TH) = P (TT ) = 1
4 .

(i). Bir yaz� bir tura gelmesi olas�l�§� kaçt�r?

(ii). En az bir yaz� gelmesi olas�l�§� kaçt�r?

(iii). En az bir yaz� ve bir tura gelmesi olas�l�§� kaçt�r?

(iv). �kisi de yaz� gelmesi olas�l�§� kaçt�r?

(v). Üç yaz� gelmesi olas�l�§� kaçt�r?

çözüm:

(i). Burada E = {HT, TH} and

P (E) = P (HT ) + P (TH) =
1

4
+

1

4
=

1

2
.
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(ii). We have E = {HT, TH, TT} and

P (E) = P (HT ) + P (TH) + P (TT ) =
1

4
+

1

4
+

1

4
=

3

4
.

(iii). We have E = {HH,HT, TH, TT} = S and

P (E) = P (S) = 1.

(iv). We have E = {TT} and P (E) = 1
4 .

(v). It is not possible to get three tails, so E = ∅ and P (E) =
P (∅) = 0.

Theorem 19.1. If we assume that each simple event in
S is equally likely, then the probability of an event E is

P (E) =
number of elements in E

number of elements in S
=

n(E)

n(S)
.

Example 19.4. Suppose that we are rolling two dice and sup-
pose that each simple event is equally likely. Find the proba-
bilities of the following:

(i). A total score of 7.

(ii). A total score of 3.

(iii). A total score greater than 10.

(iv). A total score of 2.

solution: Please refer to Example 19.1 and Table 19.1 again.

(i). Since E = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)}, we have
that

P (E) =
n(E)

n(S)
=

6

36
=

1

6
.

(ii). We have that E = {(1, 2), (2, 1)} and that

P (E) =
n(E)

n(S)
=

2

36
=

1

18
.

(iii). Here E = {(5, 6), (6, 5), (6, 6)} and

P (E) =
n(E)

n(S)
=

3

36
=

1

12
.

(iv). Since E = {(1, 1)}, it follows that

P (E) =
n(E)

n(S)
=

1

36
.

Example 19.5. You randomly draw �ve cards from a standard
deck of 52 cards. What is the probability of getting two clubs
and three hearts?

solution: There are n(S) = C52 5 possible 5-card hands. As
we covered in Example 18.10, there are n(E) = C13 2 · C13 3

5-card hands which have two clubs and three hearts. So the
probability is

P (E) =
n(E)

n(S)
=

C13 2 · C13 3

C52 5

=
78 · 208
2 598 960

≈ 0.0062

(ii). Burada E = {HT, TH, TT} ve

P (E) = P (HT ) + P (TH) + P (TT ) =
1

4
+

1

4
+

1

4
=

3

4
.

(iii). Burada E = {HH,HT, TH, TT} = S ve

P (E) = P (S) = 1.

(iv). Burada da E = {TT} ve P (E) = 1
4 .

(v). Üç yaz� gelmesi mümkün olmad�§�ndan, E = ∅ ve P (E) =
P (∅) = 0.

Teorem 19.1. S 'daki her basit olay�n e³it derecede olas�
oldu§unu varsayarsak, E olay�n�n olas�l�§� ³u ³ekildedir:

P (E) =
E'nin eleman say�s�

S'nin eleman say�s�
=

n(E)

n(S)
.

Örnek 19.4. �ki zar att�§�m�z� ve her basit olay�n e³it derecede
olas� oldu§unu varsayal�m. A³a§�dakilerin olas�l�klar�n� bulun:

(i). Toplam puan�n 7 olmas�.

(ii). Toplam puan�n 3 olmas�.

(iii). Toplam puan�n 10 dan büyük olmas�.

(iv). Toplam puan�n 2 olmas�.

çözüm: Lütfen Örnek 19.1'ye ve Tabl0 19.1'ya tekrar bak�n�z.

(i). E = {(1, 6), (2, 5), (3, 4), (4, 3), (5, 2), (6, 1)} oldu§undan,

P (E) =
n(E)

n(S)
=

6

36
=

1

6

elde ederiz.

(ii). E = {(1, 2), (2, 1)} ve

P (E) =
n(E)

n(S)
=

2

36
=

1

18

elde ederiz.

(iii). E = {(5, 6), (6, 5), (6, 6)} ve

P (E) =
n(E)

n(S)
=

3

36
=

1

12
.

(iv). E = {(1, 1)} oldu§undant

P (E) =
n(E)

n(S)
=

1

36

olur.

Örnek 19.5. Standart 52 lik iskambil ka§�tlar�ndan rastgele
be³ kart çekiliyor. �ki sinek ve üç kupa gelme olas�l�§� kaçt�r?

çözüm: 5 kart� n(S) = C(52, 5) ³ekilde seçebiliriz. Hat�rlarsak
Örnek 18.10te oldu§u gibi, n(E) = C(13, 2) · C(13, 3). Bu
durumda olas�l�k

P (E) =
n(E)

n(S)
=

C(13, 2) · C(13, 3)

C(52, 5)
=

78 · 208
2 598 960

≈ 0.0062

olarak hesaplan�r.
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Problems

Problem 19.1 (Three coins). You are �ipping 3 coins. Two
of the coins have a head (H) on one side and a tail (T) on
the other side. The third coin has two heads. What is the
probability of getting

(a). 0 tails?

(b). 1 tail?

(c). 2 tails?

(d). 3 tails?

(e). less than 2 tails?

(f). more than 1 tail?

Problem 19.2 (Playing cards). A standard deck of 52 cards
has 13 hearts, 13 diamonds, 13 clubs and 13 spades. Hearts and
diamonds are red. Clubs and spades are black. Kings, queens
and jacks are called face cards.

What is the probability that:

(a). a 5-card hand consists of only red cards?

(b). a 5-card hand consists of only face cards?

(c). a 4-card hand does not have any aces?

(d). a 13-card hand does not have any clubs?

(e). a 13-card hand has only black cards?

(f). a 13-card hand has only aces and face cards?

(g). a 13-card hand contains all four aces?

Sorular

Soru 19.1 (Üç madeni para). 3 madeni para at�yorsun.
Madeni paralardan ikisinin bir yüzünde bir kafa (H) ve di§er
yüzünde bir kuyruk (T) vard�r. Üçüncü madalyonun iki ba³�
vard�r.

(a). 0 kuyruk?

(b). 1 kuyruk?

(c). 2 kuyruk?

(d). 3 kuyruk?

(e). 2'den az kuyruk?

(f). 1'den fazla kuyruk?

alma olas�l�§�n�z nedir?

Soru 19.2 (Oyun kartlar�). Standart 52 kartl�k bir iskam-
bil destesinde 13 kupa, 13 karo, 13 sinek ve 13 maça vard�r.
Kalpler ve karolar k�rm�z�. Sinekler ve maçalar siyah. Papaz,
k�z ve valeler yüz kartlar� olarak adland�r�l�r.

What is the probability that:

(a). eldeki 5 kart�n sadece k�rm�z� kartlardan olu³ma?

(b). eldeki 5 kart�n sadece yüz kartlar�ndan olu³ma?

(c). eldeki 4 kartta hiç as bulunmama?

(d). eldeki 13 kartta hiç sinek bulunmama?

(e). eldeki 13 kart�n sadece siyah olmas�?

(f). eldeki 13 kart�n sadece as ve yüz kartlar�ndan olu³mas�?

(g). eldeki 13 kart�n tüm aslar� içermesi?

olas�l�§� nedir?



20Concepts of Probability Olasılık Kavramları

Union and Intersection Birleşim Kümesi ve Kesişim Kümesi

A B A B A Ac

A ∪B A ∩B Ac

Example 20.1 (One die). The sample space for rolling a single
die is

S = {1, 2, 3, 4, 5, 6}.
Assume that each of these simple events are equally likely.

(i). What is the probability of rolling a number which is even
and greater than 3?

(ii). What is the probability of rolling a number which is even
or greater than 3?

solution: Let

A = even numbers = {2, 4, 6}

and
B = numbers greater than 3 = {4, 5, 6}.

(i). Since A ∩B = {4, 6}, we have that

P (A ∩B) =
2

6
=

1

3
.

(ii). Since A ∪B = {2, 4, 5, 6}, we have that

P (A ∪B) =
4

6
=

2

3
.

Remark. Please recall the Addition Principle (Theorem 17.1)
which stated that

n(A ∪B) = n(A) + n(B)− n(A ∩B).

Örnek 20.1 (Tek zar). Bir zar at�ld�§�nda örnek uzay

S = {1, 2, 3, 4, 5, 6}
olur. Bu basit olaylar�n her birinin e³it derecede olas� oldu§unu
varsay�n.

(i). Gelen say�n�n çift ve 3'ten büyük olma olas�l�§� nedir?

(ii). Gelen say�n�n çift yada 3'ten büyük olma olas�l�§� nedir?

çözüm:
A = çift say�lar = {2, 4, 6}

ve
B = 3'ten bütük say�lar = {4, 5, 6}

olsun.

(i). A ∩B = {4, 6} oldu§undan,

P (A ∩B) =
2

6
=

1

3

olur.

(ii). A ∪B = {2, 4, 5, 6} oldu§undan,

P (A ∪B) =
4

6
=

2

3

olur.

Not. Lütfen toplam prensibini hat�rlay�n�z: (Teorem 17.1) öyle
ki

n(A ∪B) = n(A) + n(B)− n(A ∩B).

107
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Theorem 20.1.

P (A ∪B) = P (A) + P (B)− P (A ∩B)

Example 20.2 (Two dice). You roll two dice. What is the
probability that:

(i). the sum is either 5 or 10?

(ii). either the sum is greater than 9, or both dice show the
same number?

solution:

(i). Let

A = the sum is 5

= {(1, 4), (2, 3), (3, 2), (4, 1)}

and

B = the sum is 10

= {(4, 6), (5, 5), (6, 4)}.

Since A ∩B = ∅, we have that

P (A ∪B) = P (A) + P (B) =
4

36
+

3

36
=

7

36
.

(ii). Let

C = the sum is greater than 9

= {(4, 6), (5, 5), (5, 6), (6, 4), (6, 5), (6, 6)}

and

D = both dice show the same number

= {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}.

Note that C ∩D = {(5, 5), (6, 6)}. Therefore

P (C ∪D) = P (C) + P (D)− P (C ∩D)

=
6

36
+

6

36
− 2

36
=

10

36
=

5

18
.

Teorem 20.1.

P (A ∪B) = P (A) + P (B)− P (A ∩B)

Örnek 20.2 (�ki zar). �ki zar at�yorsunuz:

(i). say�lar toplam�n�n 5 yada 10 olmas� olas�l�§� nedir?

(ii). Say�lar toplam�n�n 9'dan büyük yada at�lan her zar�n ayn�
say�y� göstermesi olas�l�§� nedir?

çözüm:

(i).

A = toplam 5

= {(1, 4), (2, 3), (3, 2), (4, 1)}

ve

B = toplam 10

= {(4, 6), (5, 5), (6, 4)}.

olsun. A ∩B = ∅ oldu§undan,

P (A ∪B) = P (A) + P (B) =
4

36
+

3

36
=

7

36

elde ederiz.

(ii).

C = toplamlar� 9 da büyük

= {(4, 6), (5, 5), (5, 6), (6, 4), (6, 5), (6, 6)}

ve

D = iki zar da ayn� say�y� göstersin

= {(1, 1), (2, 2), (3, 3), (4, 4), (5, 5), (6, 6)}

olsun. Ayr�ca C ∩D = {(5, 5), (6, 6)} olur. Bu nedenle

P (C ∪D) = P (C) + P (D)− P (C ∩D)

=
6

36
+

6

36
− 2

36
=

10

36
=

5

18
.
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Complements

Theorem 20.2.

P (E) = 1− P (Ec).

Sometimes it is easier to calculate 1 − P (Ec), than to cal-
culate P (E) directly.

Example 20.3 (Whiteboard Markers). A box containing 45
whiteboard markers is delivered to Istanbul Okan University.
Nine of the markers are red. The remaining markers are black.Your
teacher is given 10 markers at random. He will be happy if one
or more of his markers is red. What is the probability that
your teacher will be happy?

solution: Let

E = one or more of the markers is red.

Then
Ec = all 10 markers are black.

Since

P (Ec) =
n(Ec)

n(S)
=

C36 10

C45 10

,

we have that

P (E) = 1− P (Ec) = 1− C36 10

C45 10

≈ 0.92.

Example 20.4. In a class of 30 students, what is the probabil-
ity that at least two students have the same birthday? (Same
month and day. Ignore 29 February)

solution: We assume that there are 365 days in a year and
that each day is equally likely. We have

n(S) = 36530

by the Multiplication Principle. Let

E = 2 or more people have the same birthday.

Then

Ec = all 30 students have di�erent birthdays.

We calculate that

n(Ec) = 365 · 364 · 363 · . . . · 336 =
365!

335!
= P365 30 ,

P (Ec) =
n(Ec)

n(S)
=

365!

335! · 36530

and

P (E) = 1− P (Ec) = 1− 365!

335! · 36530 ≈ 0.706

Complements

Teorem 20.2.

P (E) = 1− P (Ec).

Bazen 1−P (Ec)'n� hesaplamak P (E)'yi direkt hesaplamaktan
daha kolayd�r.

Örnek 20.3 (Tahta Kalemleri). 45 beyaz tahta kalemi içeren
bir kutu �stanbul Okan Üniversitesi'ne teslim edildi. Kalem-
lerden dokuzu k�rm�z�, kalan kalemler siyaht�r. Ö§retmeninize
rastgele 10 kalem verilir. Kalemlerden biri veya daha fazlas�
k�rm�z� ise ö§retmen mutlu olacakt�r. Ö§retmeninizin mutlu
olma olas�l�§� nedir?

çözüm:

E = bir yada daha fazla kalem k�rm�z�

dersek
Ec = 10 kalemin hepsi siyah

olur.

P (Ec) =
n(Ec)

n(S)
=

C(36, 10)

C(45, 10)

oldu§undan,

P (E) = 1− P (Ec) = 1− C(36, 10)

C(45, 10)
≈ 0.92

elde ederiz.

Örnek 20.4. 30 ö§rencilik bir s�n�fta, en az iki ö§rencinin ayn�
do§um gününe sahip olma olas�l�§� nedir? (Ayn� ay ve gün. 29
�ubat'� dikkate almay�n)

çözüm: Bir y�lda 365 gün oldu§unu ve her günün e³it olas�l�kla
mümkün oldu§unu varsay�yoruz. Çarp�m Pirensibinden

n(S) = 36530

oldu§u a³ikard�r.

E = 2 or more people have the same birthday

olsun. O halde

Ec = all 30 students have di�erent birthdays.

Sonuç olarak,

n(Ec) = 365 · 364 · 363 · . . . · 336 =
365!

335!
= P (365, 30),

P (Ec) =
n(Ec)

n(S)
=

365!

335! · 36530

and

P (E) = 1− P (Ec) = 1− 365!

335! · 36530 ≈ 0.706
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Problems

Problem 20.1 (Lottery). A bag contains 20 tokens numbered
1− 20. One ball is drawn at random. What is the probability
that the number drawn is:

(a). odd or a multiple of 3?

(b). even or odd?

(c). prime or greater than 10?

(d). a multiple of 5 or a multiple of 7?

(e). less than 14 or greater than 10?

(f). even or less than 4?

Problem 20.2 (Complements).

(a). Two cards are chosen at random from a standard deck of
playing cards. What is the probability that at least one of
them is a face card (Jack, Queen or King)?

(b). A fair die is thrown. What is the probability that the score
is not a factor of 6?

(c). The letters a,b,c,d,. . . ,x,y,z are written on 26 cards. Two
cards are chosen at random (without replacement). What
is the probability that at least one of them is a consonant?

(d). Two fair dice are thrown. What is the probability that the
two scores do not add to 7?

(e). A bag contains 20 balls numbered from 1 to 20. Two balls
are selected at the same time from the bag. What is the
probability that the two numbers selected do NOT di�er
by 12?

Sorular

Soru 20.1 (Piyango). Bir çanta, 1 − 20 say�lar�ile numar-
aland�r�lm�³ 20 top içeriyor. Rastgele bir top çekilir. Çekilen
toptaki say�n�n;

(a). tek veya 3'ün kat�?

(b). tek yada çift?

(c). asal veya 10'dan büyük?

(d). 5'in kat� veya 7'nin kat�?

(e). 14'ten küçük veya 10'dan büyük?

(f). çift veya 4'ten az?

olma olas�l�§� nedir?

Soru 20.2 (Tamlayanlar).

(a). Standart bir oyun ka§�d� destesinden rastgele iki kart seçilir.
En az birinin yüzlü kart olma olas�l�§� nedir (Vale, K�z veya
Papaz)?

(b). Adil bir zar at�l�r. Puan�n 6 çarpan� olmama olas�l�§�
nedir?

(c). 26 kart üzerine a, b, c, d, . . . , x, y, z har�eri yaz�l�r. Rast-
gele iki kart seçilir (geri yerle³tirilmeden). En az birinin
ünsüz olma olas�l�§� nedir?

(d). Bir torba 1'den 20'ye kadar numaraland�r�lm�³ 20 top içerir.
Torbadan ayn� anda iki top seçilir. Seçilen iki say�n�n
fark�n�n 12 OLMAMASI olas�l�§� nedir?
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Sometimes the probability of an event will depend on another
event. For example, suppose that

A = Ali has cancer

and
B = Ali is a smoker.

Clearly the probability that A occurs depends on B.

De�nition. The conditional probability of A given B is

P (A|B) =

(
the probability of A, if we
already know that B occurs

)
.

Theorem 21.1.

P (A|B) =
P (A ∩B)

P (B)
.

Example 21.1 (Marbles). A bag contains red and blue mar-
bles. Two marbles are drawn without replacement. The prob-
ability of selecting a red marble and then a blue marble is 0.28.
The probability of selecting a red marble on the �rst draw is
0.5. What is the probability of selecting a blue marble on the
second draw, given that the �rst marble drawn was red?

solution: Let

R = the �rst marble is red

and
B = the second marble is blue.

The required probability is

P (B|R) =
P (B ∩R)

P (R)
=

0.28

0.5
= 0.56

Example 21.2 (One die). Your friend says that when she
rolled a die, she rolled an odd number. What is the probability
that your friend rolled a 3?

solution: Let

A = your friend rolled a 3

Bazen bir olay�n olas�l�§� ba³ka bir olaya ba§l� olur. Örne§in,
varsayal�m ki

A = Ali has cancer

ve
B = Ali is a smoker

olsun. A olay�n�n olma olas�l�§�n�n B'nin olmas� olas�l�§�na
ba§l� oldu§u aç�kça görülür.
Tan�m. Verilen B için A'nin ³artl� olas�l�§i

P (A|B) =

(
the probability of A, if we
already know that B occurs

)

ile hesaplan�r.

Teorem 21.1.

P (A|B) =
P (A ∩B)

P (B)
.

Örnek 21.1 (Misket). Bir çanta k�rm�z� ve mavi misketler
vard�r. Geri at�lmaks�z�n ardarda iki misket çekilir. K�rm�z�
bilye ve ard�ndan mavi bilye seçme olas�l�§� 0,28'dir. �lk çek-
ili³te k�rm�z� bilye seçme olas�l�§� 0.5'dir. Çekilen ilk bilyenin
k�rm�z� oldu§u dü³ünülürse, ikinci çekili³te mavi bilye seçme
olas�l�§� nedir?

çözüm:
R = the �rst marble is red

ve
B = the second marble is blue

olsun. O halde

P (B|R) =
P (B ∩R)

P (R)
=

0.28

0.5
= 0.56

olur.

Örnek 21.2 (One die). Arkada³�n�z bir zar att�§�nda tek bir
say� att�§�n� söylüyor. Arkada³�n�z�n 3 atma olas�l�§� nedir?

çözüm:
A = your friend rolled a 3

111
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and
B = your friend rolled an odd number.

Then P (A) = 1
6 , P (A∩B) = P (A) = 1

6 and P (B) = 1
2 . Hence

P (A|B) =
P (A ∩B)

P (B)
=

1
6
1
2

=
1

3
.

Remark. Given that P (A|B) = P (A∩B)
P (B) , we have that

P (A ∩B) = P (B)P (A|B).

Similarly,

P (A ∩B) = P (B ∩A) = P (A)P (B|A).

Therefore:

Theorem 21.2 (Product Rule).

P (A ∩B) = P (A)P (B|A) = P (B)P (A|B)

and

P (A|B) =
P (A)P (B|A)

P (B)
.

ve
B = your friend rolled an odd number

olsun. O halde P (A) = 1
6 , P (A∩B) = P (A) = 1

6 ve P (B) = 1
2 .

Böylece

P (A|B) =
P (A ∩B)

P (B)
=

1
6
1
2

=
1

3
.

Not. P (A|B) = P (A∩B)
P (B) verildi§inden,

P (A ∩B) = P (B)P (A|B)

elde edilir. Benzer ³ekilde,

P (A ∩B) = P (B ∩A) = P (A)P (B|A).

Bu yüzden:

Teorem 21.2 (Çarp�m Kural�).

P (A ∩B) = P (A)P (B|A) = P (B)P (A|B)

ve

P (A|B) =
P (A)P (B|A)

P (B)
.
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1 2

??
Monty Hall

USA, 1921-2017.

Figure 21.1: The Monty Hall Problem.
�ekil 21.1:

The Monty Hall Problem
Suppose you're on a TV game show, and you're

given the choice of three doors: Behind one door is
a car; behind the others, goats. You pick a door,
say No. 1, and the host, who knows what's behind
the doors, opens another door, say No. 3, which
has a goat. He then says to you, "Do you want to
pick door No. 2?" Is it to your advantage to switch
your choice?

The Monty Hall Problem is one that confuses a lot of
people that haven't studied Probability.

(i). You choose a door. What is the probability that the car
is behind that door? Easy P (car) = 1

3 right?

CORRECT

(ii). Then the host opens another door and shows you a goat.
Now there are two closed doors: Behind one is a car and
behind the other is a goat.

(iii). What is the probability that the car is behind the door
that you chose? Two closed doors. One Car. So clearly
now P (car) = 1

2 right?

WRONG!!!

What? Why?
To explain, let us look at all the possible outcomes if you

choose door number 1 �rst.

behind
door 1

behind
door 2

behind
door 3

outcome if
you don't
switch

outcome if
you switch

car goat goat win lose

goat car goat lose win

goat goat car lose win

The Monty Hall Problem

Bir TV yar�³ma program�nda oldu§unuzu ve size
üç kap� seçene§i sunuldu§unu varsayal�m: Bir kap�n�n
arkas�nda bir araba; di§erlerinin arkas�nda keçiler
var. Bir kap� seçiyorsunuz, mesela 1 numaray� seç-
tiniz, ve kap�lar�n arkas�nda ne oldu§unu bilen ev
sahibi ba³ka bir kap�y� aç�yor, örne§in 3 numaral�
arkas�nda keçi olan kap�y�. Sonra size "2 numaral�
kap�y� seçmek ister misiniz?" diye soruy�r. Seçi-
minizi de§i³tirmek sizin yarar�n�za m�?

Monty Hall Problem olas�l�k e§itimi almam�³ birçok in-
san�n kafas�n� kar�³t�ran bir soru.

(i). Bir kap� seçersiniz. Araban�n o kap�n�n arkas�nda olma
olas�l�§� nedir? Kolay P (car) = 1

3 do§ru?

CORRECT

(ii). Sonra ev sahibi ba³ka bir kap�y� açar ve size bir keçi gös-
terir. �imdi iki kapal� kap� var: Birinin arkas�nda araba,
di§erinin arkas�nda bir keçi.

(iii). Araban�n seçti§iniz kap�n�n arkas�nda olma olas�l�§� nedir?
�ki kapal� kap�. Bir araba. �imdi çok net P (car) = 1

2
do§ru?

WRONG!!!

What? Why?

Aç�klamak gerekirse, önce 1 numaral� kap�y� seçerseniz tüm
olas� sonuçlara bakal�m.
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We can see from the table that if you don't switch your
choice, then you have a 1

3 chance of winning the car, but if
you do switch then you have 2

3 chance of winning it. These are
the probabilities if you choose door number 1, but of course we
would get the same results if you choose door 2 or 3 �rst.

1 2 31 2

1 2 31 2

1 2 31 2

Figure 21.2: Where is the car?
�ekil 21.2:

Another way

Let's think of this another way: Please see �gure 21.3. You
initially choose door number 1. At the start, the chance of the
car being behind door one is 1

3 and the chance of the car being
behind doors 2 or 3 is 2

3 .

Let's imagine that the host doesn't open a door, he just
says you can change your choice for both of the other two doors.
Would you switch then?

We know that atleast one of doors 2 and 3 hides a goat. Re-
member that the host knows where the car is: He doesn't open
a door at random, he always opens a door with a goat. So he
isn't really giving you any extra information. The probabilities
don't change to 1

2 ,
1
2 , they are still 1

3 ,
2
3 .

1 nu-
maral�
kap�n�n
arkas�

2
nuar-
al�
kap�n�n
arkas�

3 nu-
maral�
kap�n�n
arkas�

e§er
sonucu
de§i³tirmezsen

e§er
sonucu
de§i³tirirsen

araba keçi keçi zafer kaybet

keçi araba keçi kaybet zafer

keçi keçi araba kaybet zafer

Tablodan, seçiminizi de§i³tirmezseniz, arabay� kazanma ³an-
s�n�z�n 1

3 oldu§unu, ancak de§i³tirirseniz, kazanma ³ans�n�z�n
2
3 oldu§unu görebiliyoruz. Bunlar, 1 numaral� kap�y� seçers-
eniz olas�l�klard�r, ancak elbette önce 2 veya 3 numaral� kap�y�
seçerseniz ayn� sonuçlar� al�r�z.

1 2 31 2

1
3

2
3

1 2

1
3

2
3

1
3

2
3

0

Figure 21.3: car?
�ekil 21.3:

Another way

Let's think of this another way: Please see �gure 21.3. You
initially choose door number 1. At the start, the chance of the
car being behind door one is 1

3 and the chance of the car being
behind doors 2 or 3 is 2

3 .
Let's imagine that the host doesn't open a door, he just

says you can change your choice for both of the other two doors.
Would you switch then?

We know that atleast one of doors 2 and 3 hides a goat. Re-
member that the host knows where the car is: He doesn't open
a door at random, he always opens a door with a goat. So he
isn't really giving you any extra information. The probabilities
don't change to 1

2 ,
1
2 , they are still 1

3 ,
2
3 .
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Using Conditional Probabilities

Let

C = door number 1 has a car behind it

Cc = door number 1 does not have a car behind it

= door number 1 has a goat behind it

and

E = the host has opened a door with a goat behind it.

We have that P (C) = 1
3 and P (Cc) = 1−P (C) = 2

3 . Moreover,
P (E|C) = 1 and P (E|Cc) = 1 because the host always opens
a door with a goat.

Then we can calculate that

P (C|E) =
P (C)P (E|C)

P (E)

=
P (C)P (E|C)

P (E ∩ C) + P (E ∩ Cc)

=
P (C)P (E|C)

P (C)P (E|C) + P (Cc)P (E|Cc)

=
1
3 · 1

1
3 · 1 + 2

3 · 1 =
1

3
.

This means that it doesn't matter if the host opens a door or
not, the probability that the car is behind door number 1 is
always 1

3 .

Conclusion

You should always switch door if you want to win the car.

Using Conditional Probabilities

Let

C = door number 1 has a car behind it

Cc = door number 1 does not have a car behind it

= door number 1 has a goat behind it

and

E = the host has opened a door with a goat behind it.

We have that P (C) = 1
3 and P (Cc) = 1−P (C) = 2

3 . Moreover,
P (E|C) = 1 and P (E|Cc) = 1 because the host always opens
a door with a goat.

Then we can calculate that

P (C|E) =
P (C)P (E|C)

P (E)

=
P (C)P (E|C)

P (E ∩ C) + P (E ∩ Cc)

=
P (C)P (E|C)

P (C)P (E|C) + P (Cc)P (E|Cc)

=
1
3 · 1

1
3 · 1 + 2

3 · 1 =
1

3
.

This means that it doesn't matter if the host opens a door or
not, the probability that the car is behind door number 1 is
always 1

3 .

Conclusion

You should always switch door if you want to win the car.
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Problems

Problem 21.1 (Conditional Probability).

(a). Two cards are chosen at random without replacement from
a pack of 52 playing cards.

If the �rst card chosen is an Ace, what is the probability
the second card chosen is a King?

(b). Two cards are chosen at random without replacement from
a pack of 52 playing cards.

If the �rst card chosen is an Ace, what is the probability
the second card chosen is also an Ace?

(c). In Eton School, 60% of the boys play rugby, and 24% of
the boys play rugby and football.

What percent of those that play rugby also play football?

Problem 21.2 (Conditional Probability).

(a). Your roll two dice. Given that you get a sum is 10, what
is the probability that the �rst die shows a 5?

(b). Harry Potter turns up at class either late or on time. He
is then either shouted at or not. The probability that he
turns up late is 2

5 . If he turns up late, the probability
that he is shouted at is 7

10 . If he turns up on time, the
probability that he is still shouted at for no particular
reason is 1

5 .

You hear Harry being shouted at. What is the probability
that he was late?

(c). The probability of raining on Sunday is 0.07. If today is
Sunday then �nd the probability of rain today.

(d). Susan took two tests. The probability of her passing both
tests is 0.6. The probability of her passing the �rst test
is 0.8. What is the probability of her passing the second
test given that she has passed the �rst test?

(e). A student has studied only 15 of the 25 topics covered
in MATH117. When writing the �nal exam, the teacher
randomly selects four topics to ask questions on. What
is the probability that the student has studied these four
topics?

Sorular

Soru 21.1 (Conditional Probability).

(a). Two cards are chosen at random without replacement from
a pack of 52 playing cards.

If the �rst card chosen is an Ace, what is the probability
the second card chosen is a King?

(b). Two cards are chosen at random without replacement from
a pack of 52 playing cards.

If the �rst card chosen is an Ace, what is the probability
the second card chosen is also an Ace?

(c). In Eton School, 60% of the boys play rugby, and 24% of
the boys play rugby and football.

What percent of those that play rugby also play football?

Soru 21.2 (Conditional Probability).

(a). Your roll two dice. Given that you get a sum is 10, what
is the probability that the �rst die shows a 5?

(b). Harry Potter turns up at class either late or on time. He
is then either shouted at or not. The probability that he
turns up late is 2

5 . If he turns up late, the probability
that he is shouted at is 7

10 . If he turns up on time, the
probability that he is still shouted at for no particular
reason is 1

5 .

You hear Harry being shouted at. What is the probability
that he was late?

(c). The probability of raining on Sunday is 0.07. If today is
Sunday then �nd the probability of rain today.

(d). Susan took two tests. The probability of her passing both
tests is 0.6. The probability of her passing the �rst test
is 0.8. What is the probability of her passing the second
test given that she has passed the �rst test?

(e). A student has studied only 15 of the 25 topics covered
in MATH117. When writing the �nal exam, the teacher
randomly selects four topics to ask questions on. What
is the probability that the student has studied these four
topics?
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Example 22.1 (5 balls in a box). A box contains 3 red and
2 yellow balls. Two balls are randomly drawn without replace-
ment. What is the probability that the second ball is yellow?

solution: A probability tree for this problem is shown in
�gure 22.1. From this probability tree, we can see that

P (Y Y ) + P (RY ) =
1

10
+

3

10
=

4

10
=

2

5
.

The probability that the second ball is yellow is 2
5 .

start

Y

Y 2
5 · 1

4 = 1
10

1
4

R3
4

2
5

R

Y 3
5 · 2

4 = 3
10

2
4

R2
4

3
5

second ballfirst ball

Figure 22.1: A probability tree for the 5 balls in a box problem.
�ekil 22.1:

Figure 22.2: 3 red balls and 2 yellow balls in a box.
�ekil 22.2:

Örnek 22.1 (5 balls in a box). A box contains 3 red and 2 yel-
low balls. Two balls are randomly drawn without replacement.
What is the probability that the second ball is yellow?

çözüm: A probability tree for this problem is shown in �gure
22.1. From this probability tree, we can see that

P (Y Y ) + P (RY ) =
1

10
+

3

10
=

4

10
=

2

5
.

The probability that the second ball is yellow is 2
5 .

117
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start

K

K 2
3 · 2

3 = 4
92

3

B

K 2
3 · 1

3 · 2
3 = 4

272
3

B 2
3 · 1

3 · 1
3 = 2

27

1
3

1
3

2
3

B

K

K 1
3 · 2

3 · 2
3 = 4

272
3

B 1
3 · 2

3 · 1
3 = 2

27

1
3

2
3

B 1
3 · 1

3 = 1
9

1
3

1
3

set 3set 2set 1

Figure 22.3: A probability tree for the tennis match between Keir and Boris.
�ekil 22.3:

Example 22.2 (Tennis). Boris and Keir are playing tennis.
The �rst player to win 2 sets wins the match. In each set, the
probability that Keir wins that set is 2

3 . Find the probability
that:

(i). Boris wins the match.

(ii). 3 sets are played.

(iii). The player who wins the �rst set, wins the match.

solution: A probability tree for this problem is show in �gure
22.3.

(i). We calculate that

P (KBB) + P (BKB) + P (BB) =
2

27
+

2

27
+

1

9
=

7

27
.

(ii). Now

P (KBK) + P (KBB) + P (BKK) + P (BKB)

=
4

27
+

2

27
+

4

27
+

2

27

=
4

9
.

(iii). Finally

P (KK) + P (KBK) + P (BKB) + P (BB)

=
4

9
+

4

27
+

2

27
+

1

9

=
7

9
.

Örnek 22.2 (Tennis). Boris and Keir are playing tennis. The
�rst player to win 2 sets wins the match. In each set, the
probability that Keir wins that set is 2

3 . Find the probability
that:

(i). Boris wins the match.

(ii). 3 sets are played.

(iii). The player who wins the �rst set, wins the match.

çözüm: A probability tree for this problem is show in �gure
22.3.

(i). We calculate that

P (KBB) + P (BKB) + P (BB) =
2

27
+

2

27
+

1

9
=

7

27
.

(ii). Now

P (KBK) + P (KBB) + P (BKK) + P (BKB)

=
4

27
+

2

27
+

4

27
+

2

27

=
4

9
.

(iii). Finally

P (KK) + P (KBK) + P (BKB) + P (BB)

=
4

9
+

4

27
+

2

27
+

1

9

=
7

9
.
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start

R

M
A

2
3

B1
3

2
5

N
A

1
3

B2
3

3
5

3
10

S

O
A

1
2

B1
2

1
5

B
4
5

7
10

Figure 22.4: What is P (B)?
�ekil 22.4:

Example 22.3. Please see �gure 22.4. Calculate P (B).

solution:
We calculate that

P (B) = P (RMB) + P (RNB) + P (SOB) + P (SB)

=

(
3

10
· 2
5
· 1
3

)
+

(
3

10
· 3
5
· 2
3

)
+

(
7

10
· 1
5
· 1
2

)
+

(
7

10
· 4
5

)

=
6

150
+

18

150
+

7

100
+

28

50
=

79

100
.

Example 22.4. Ron Weasley has a bag with 7 blue sweets
and 3 red sweets in it.He takes a sweet at random from the
bag, then puts it back in the bag. Then he picks a sweet at
random from the bag and eats it. Finally he picks a third sweet
at random.

Draw a probability tree to represent this situation.

solution:

Örnek 22.3. Please see �gure 22.4. Calculate P (B).

çözüm:
We calculate that

P (B) = P (RMB) + P (RNB) + P (SOB) + P (SB)

=

(
3

10
· 2
5
· 1
3

)
+

(
3

10
· 3
5
· 2
3

)
+

(
7

10
· 1
5
· 1
2

)
+

(
7

10
· 4
5

)

=
6

150
+

18

150
+

7

100
+

28

50
=

79

100
.

Örnek 22.4. Ron Weasley has a bag with 7 blue sweets and 3
red sweets in it.He takes a sweet at random from the bag, then
puts it back in the bag. Then he picks a sweet at random from
the bag and eats it. Finally he picks a third sweet at random.

Draw a probability tree to represent this situation.

çözüm:

start

blue

blue

blue
6
9

red3
9

7
10

red

blue
7
9

red2
9

3
10

7
10

red

blue

blue
6
9

red3
9

7
10

red

blue
7
9

red2
9

3
10

3
10

sweet 3sweet 2sweet 1

Figure 22.5: A probability tree for Ron Weasley's sweets.
�ekil 22.5:
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Problems
Use probability trees to answer the following problems:

Problem 22.1 (Tennis). Recep and Kemal are playing tennis.
The �rst player to win 2 sets wins the match. The probability
that Recep will win the �rst set is 4

5 . The probability that
Recep will win the second set is 2

5 . The probability that Recep
will win the third set (if it is played) is 1

5 .

(a). What is the probability that Recep will win the match?

(b). What is the probability that Kemal will win the match?

(c). What is the probability that the third set will be played?

(d). What is the probability that Kemal will win atleast one
set?

(e). What is the probability that the last two sets played are
won by the same person?

(f). If the match �nishes after two sets, who is more likely to
win?

(g). If the match �nishes after three sets, who is more likely
to win?

Problem 22.2 (Money Money Money). A vase contains 2
ten-lira banknotes, 1 �fty-lira banknote, and 1 one-hundred-
lira banknote. You randomly take the banknotes out of the
vase (without replacement) until you take the one-hundred-
lira note. Then you stop. You keep all the money that you
have taken.

(a). What is the probability that you have taken exactly 160
liras?

(b). What is the probability that you take all of the money
out of the vase?

(c). What is the probability that you take two banknotes?

Sorular
Use probability trees to answer the following problems:

Soru 22.1 (Tennis). Recep and Kemal are playing tennis.
The �rst player to win 2 sets wins the match. The probability
that Recep will win the �rst set is 4

5 . The probability that
Recep will win the second set is 2

5 . The probability that Recep
will win the third set (if it is played) is 1

5 .

(a). What is the probability that Recep will win the match?

(b). What is the probability that Kemal will win the match?

(c). What is the probability that the third set will be played?

(d). What is the probability that Kemal will win atleast one
set?

(e). What is the probability that the last two sets played are
won by the same person?

(f). If the match �nishes after two sets, who is more likely to
win?

(g). If the match �nishes after three sets, who is more likely
to win?

Soru 22.2 (Money Money Money). A vase contains 2 ten-
lira banknotes, 1 �fty-lira banknote, and 1 one-hundred-lira
banknote. You randomly take the banknotes out of the vase
(without replacement) until you take the one-hundred-lira note.
Then you stop. You keep all the money that you have taken.

(a). What is the probability that you have taken exactly 160
liras?

(b). What is the probability that you take all of the money
out of the vase?

(c). What is the probability that you take two banknotes?
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Figure 23.1: The seven bridges of Königsberg in Prussia (now Kaliningrad, Russia) in 1652.
�ekil 23.1:

Often when analysing theoretical problems, it is useful to
transform the problem into a collection of vertices joined by
lines.

When visiting the city of Königsberg in 1736, the Swiss
Mathematician Leonhard Euler (1707-1783) was set a problem
by the inhabitants. To solve this problem, he invented a type
of Mathematics called Graph Theory.

The town of Königsberg in Prussia (now Kaliningrad, Rus-
sia) was divided into four landmasses by the Pregel river. There
were 7 separate bridges between these landmasses as shown in
�gure 23.1.

Visitors were often asked the following problem by the lo-
cals:

Can a person walk around the town and cross each
bridge once and only once?

Euler was the �rst person to solve this problem.
Graph Theory, which has been used by mathematicians for

many years to solve interesting riddles and puzzles, is nowadays
in computing (algorithm design, telecommunication and GPS),
physics (atomic structures), neurology (brain-like structures),
chemistry (molecular structures), and many other disciplines.

Kuramsal sorunlar�n çözümlenmesindor e belli büyüklükler
yada kavramlar aras�ndaki ba§lant�lar� incelerken ara ba§lan-
t�lar� bir çizgeye dönü³türmek ya kaç�n�lmaz yada en ak�lc� yön-
temdir.

Euler (1707-1783), Königsberg kentindeki köprülerle ilgili
problemin çözümünü ara³t�r�rken, sorunu bir tak�m dü§üm ve
ayr�tlar�n araba§lant�lar�na indirgeyerek, çizge kuram�n�n da
temellerini atm�³ oldu.

Prusyadaki Königsberg kasabas� Pregel nehri ile ikiye ayr�l�y-
ordu ve nehrin içinde iki adac�k bulunuyordu. Bu adac�klarla
kasaba aras�nda ³ekildeki gibi 7 ayr� köprü bulunmakta idi.

Problem, kasaban�n bir yakas�ndan gezinti yapmaya ç�kan
biri tüm köprüleri sadece bir kez geçerek ba³lad�§� noktaya
dönebilirmi? sorusu idi. Bu sorunun matematiksel olarak
yan�t� y�llar sonra ke³fedildi.

Uzun y�llar, yaln�z matematikçilerin u§ra³t�§� ve ilginç
bilmece/bulmacalar� çözmekten öteye gidemeyen çizge kuram�
bu gün bili³imde (algoritma tasarlamada,telekominikasyon ve
GPS'lerde), �zikte (atomik yap�lar�n incelenmesinde), nörolo-
jide (beyne benzer yap�lar�n incelenmesinde), kimyada (moleküler
yap�lar�n incelenmesinde) ve daha birçok bilim dal�n�n içinde
her gün kendine yeni bir yer ediniyor.
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Definitions and Notation
De�nition. A graph is formed by points called vertices (or
nodes), and lines called edges.

Notation. Vertices are denoted by lowercase letters: a, b, c,
. . . The edge from vertex u to vertex v is denoted by e = (u, v).
u and v are called endpoints of e.

De�nition. A non-empty set of vertices V together with a set
of edges E is called a graph and is denoted by G(V,E)

De�nition. An edge which starts and �nishes at the same
vertex is called a loop. See �gure 23.2.

Figure 23.2: A graph with 3 vertices and 4 edges. One of the
edges is a loop.
�ekil 23.2:

Example 23.1. Let V = {a, b, c, d} and E = {e1, e2, e3, e4, e5}
where e1 = (a, b), e2 = (b, c), e3 = (c, d), e4 = (a, c) and
e5 = (b, d). Draw the graph G = (V,E).

solution: Please see �gure 23.3.

De�nition. Two edges with the same endpoints are called
parallel edges.

Tan�m. Bir çizginin (hatt�n) her uç noktas�na dü§üm denir.

Notasyon. Dü§ümler küçük har�erle gösterilir: a,b,...v.b. Bir
çift dü§üm ile etiketlenmi³ hatlard�r. �ki uç noktas�n�n belir-
tildi§i e = (v, w) sembolü ile gösterilir.

Tan�m. V, kö³elerin(vertex) ve E, kenarlar�n(edges) bo³ ol-
mayan bir kümesi olmak üzere E kümesindedeki elemanlar�n
V kümesinin farkl� elemanlar�na belli bir kurala ba§l� oladan
ba§land�§� kümeye çizge(graph) denir ve G(V,E) ile gösterilir.

Tan�mlanan her soyut çizgeye ili³kin, somut bir çizimsel gös-
terimin varolaca§� unutulmamal�d�r.

Tan�m. Hatt�n ba³lang�ç ve biti³i ayn� dü§üm ise bu tür hat-
lara çevrim(cycle) denir. �ekil 23.2.

Örnek 23.1. V = a, b, c, d ve E = e1, e2, e3, e4, e5, e1 = a, b, e2 =
b, c, e3 = c, d, e4 = a, c ve e5 = b, d olsun. G = (V,E) graf�n�
çiziniz.

çözüm: �ekil 23.3.

Tan�m. Two edges with the same endpoints are called parallel
edges.

a b

c d

e1

e2

e3

e4 e5

Figure 23.3: The solution to Example 23.1. This graph is a
simple graph.
�ekil 23.3:
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Types of Graph
De�nition. A simple graph is a graph without parallel edges
or loops.

De�nition. If a graph contains parallel edges, it is called a
multigraph. See �gure 23.4.

a b

d c

Figure 23.4: A multigraph.
�ekil 23.4: Bir çoklu graf

De�nition. A pseudograph is a non-simple graph in which
both loops and parallel edges are permitted. See �gure 23.5.

De�nition. If e = (u, v) is an edge of a undirected graph G,
then the vertices u and v are called neighbours in G.

De�nition. The degree of a vertex v in a(n undirected) graph
is

deg(v) = the number of edges connected to v.

When we calculate the degree of a vertex, a loop is counted as
2.

Example 23.2. In �gure 23.6, give the degrees of all the ver-
tices in graphs G and H.

solution:

G

deg(a) = 2

deg(b) = 4

deg(c) = 4

deg(d) = 1

deg(e) = 3

deg(f) = 4

deg(g) = 0

H

deg(a) = 3

deg(b) = 6

deg(c) = 1

deg(d) = 5

deg(e) = 5

De�nition. A vertex without an edge (degree=0) is called an
isolated vertex. E.g. In �gure 23.6, vertex g of graph G is an
isolated vertex.

De�nition. A vertex of degree 1 is called a pendant. A pen-
dant has only one edge.E.g. In �gure 23.6, vertex d of graph G
is a pendant.

Çizge Çeşıtleri
Tan�m. Ayr� iki dü§ümün sadece bir hatla ba§land�§�, her-
hangi bir dü§ümü yine kendisine ba§layan bir hatt�n (çevrimin)
olmad�§�, hatlar�n bir de§er almad�§� ve yönünün tan�mlan-
mad�§�, dü§üm ve hatlar�n s�n��and�r�lmad�§� gra�ara basit
graf denir. Bu aç�dan yukar�daki graf bir basit graft�r.

Tan�m. �ki yada daha fazla dü§üm aras�nda birden fazla hat
(paralel hatlar) varsa bu tür gra�ara çoklu (multi) graf denir.
Çoklu gra�ar da yönsüz ve çevrimsizdir. �ekil 23.4.

Tan�m. Pseudo Gra�ar: Çevirim içeren çoklu gra�ard�r.
Yönlendirilmemi³ gra�ar�n en genel halidir. �ekil 23.5.

a b

cd

Figure 23.5: A pseudograph.
�ekil 23.5: Bir pseudo graf.

Tan�m. E§er e = (v, w) yönlendirilmemi³ bir G graf�n�n bir
kenar� ise u ve v kö³elerine G'de kom³u denir.

Tan�m. Yönlendirilmemi³ bir graftati bir kö³enin derecesi, o
kö³eye ba§l� olan kenarlar�n say�s� kadard�r. Ayr�ca bie kö³ede
bulunan bir çevrimin (halkan�n), o kö³enin derecesine katk�s� 2
dir. Bir v kö³esinin derecesi deg(v) ile gösterilir.

Örnek 23.2. �ekil 23.6. H ve G gra�ar�ndaki kö³elerin dere-
celerini belirtiniz.

çözüm:
G

deg(a) = 2

deg(b) = 4

deg(c) = 4

deg(d) = 1

deg(e) = 3

deg(f) = 4

deg(g) = 0

H

deg(a) = 3

deg(b) = 6

deg(c) = 1

deg(d) = 5

deg(e) = 5

Tan�m. Hat ba§lant�s� olmayan dü§ümlere izole yada ayr�k
dü§üm (isolated vertex) denir. Ayr�k dü§ümler hiçbir kö³-
eye kom³u de§illerdir ve dereceleri "0" d�r. G graf�ndaki g
kö³esi bir ayr�k dü§ümdür.

Tan�m. Derecesi "1" olan kö³eye pendant denir. Bir pen-
dant sadece tek bir kö³eye kom³udur. G graf�ndaki d kö³esi bir
pendantt�r.
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a f e g

b c d

G

a b c

e d

H

Figure 23.6: Two graphs refered to in example 23.2.
�ekil 23.6:

Theorem 23.1. Let G = (V,E) be a pseudograph and let
n(E) denote the number of edges in G. Then

n(E) =
1

2

∑

v∈V

deg(v).

Example 23.3. A graph has 10 vertices, each of degree 4.
How many edges does this graph have?

solution:
Suppose that V = {v1, . . . , v10}. Then by Theorem 23.1,

we have that

n(E) =
1

2

10∑

i=1

deg(vi)

=
1

2

(
deg(v1) + deg(v2) + . . .+ deg(v10)

)

=
1

2
(4 + 4 + . . .+ 4) =

1

2
(40) = 20.

Therefore this graph has 20 edges.

Figure 23.7: A directed graph.
�ekil 23.7:

De�nition. If the edges in a graph have directions, the graph
is called a directed graph (or digraph). This direction indi-
cates where the connection starts and ends.See �gure 23.7.

Teorem 23.1. G = (V,E) bir pseudo graf ve n(E) de bu
graf�n kenar say�s� olsun. O halde,

n(E) =
1

2

∑

v∈V

deg(v).

Örnek 23.3. Her kö³esinin derecesi 4 olan 10 kö³eli bir graf�n
kaç kenar� vard�r?

çözüm:
n(E) kenar say�s�n� vi, i = 1, 2, ..., 10 kö³eleri belirtmek üzere

bu graf�n toplam kö³e say�s�:
10∑

i=1

deg(vi) =

10∑

i=1

4 = 40 dir. Teo-

rem 23.1 den n(E) = 40
2 = 20 bulunur.

Figure 23.10: A directed multigraph
�ekil 23.10:

Tan�m. E§er bir graftaki hatlar yön bilgisine sahipse bu tür
gra�ara yönlü graf (Directed graph / Digraph) denir. Bu
yön bilgisi ba§lant�n�n nereden ba³lay�p nereden bitti§ini belir-
tir. Yön bilgisi olan gra�arda dü§ümler aras�ndaki ba§lant�n�n
yönü vard�r. �ekil 23.7.

Tan�m. E§er yönlü bir grafta iki yönde de ba§lant� varsa ters
yönde iki ayr� hat kullan�l�r ve bu tür gra�ara çoklu yönlü
graf denir. �ekil 23.10.
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De�nition. If a directed graph has parallel edges, it is called
a directed multigraph (or multidigraph).See �gure 23.10.

Remark. In a graph, all edges are the same type. So either
all edges are directed or all edges are undirected.A graph rep-
resenting the road network is an example of a directed graphs,
where tra�c is one-way or bi-directional. See �gure 23.14 on
128.

Notation. Let G be a directed graph. Now when we write
e = (u, v), the order of u and v is important. The edge e =
(u, v) starts at u and �nishes at v.

De�nition. Let G be a directed graph. The indegree of a
number vertex v is

deg−(v) = the number of edges coming into v

and the outdegree of v is

deg+(v) = the number of edges coming out of v.

A loop is counted as 1 for both deg−(v) and deg+(v).

Example 23.4. Please see �gure 23.11. Find the indegree and
outdegree of each vertex in this graph.

solution:
The indegrees are:

deg−(a) =< 2− > 2, deg−(b) =< 2− > 2, deg−(c) =< 2− > 3

deg−(d) =< 2− > 2, deg−(e) =< 2− > 3, deg−(f) =< 2− > 0

The outdegrees are:

deg+(a) =< 3− > 4, deg+(b) =< 3− > 1, deg+(c) =< 3− > 2

deg+(d) =< 3− > 2, deg+(e) =< 3− > 3, deg+(f) =< 3− > 0.

Theorem 23.2. Let G = (V,E) be a directed graph and
let n(E) denote the number of edges in G. Then

n(E) =
∑

v∈V

deg−(v) =
∑

v∈V

deg+(v).

De�nition. A simple graph which includes all possible edges
is called a complete graph.

Remark. In a complete graph, every vertex has an edge with
every other vertex. A complete graph with n vertices is denoted
by Kn. The degree of every vertex in Kn is (n− 1). Thus Kn

has a total of n(n−1)
2 edges. Please see �gure 23.16 on page

129.

De�nition. A planar graph is a graph that can be drawn on
the plane in such a way that its edges intersect only at their
endpoints. Please see �gure 23.15 for an example.

De�nition. A graph that is not a planar graph is called a
three-dimensional graph. See �gure 23.12.

Not. Graf yap�s�nda bütün kenarlar ayn� çe³ittir. Yani ya
hepsi yönlüdür ya da de§ildir. Yol a§�n� temsil eden bir grafta
tra�§in tek yada çift yönlü olu³u yönlü gra�ar için bir örnek-
tir.�ekil 23.14.

Bir graftaki herhangi bir dü§ümün derecesi, kendisini
di§er dü§ümlere birle³tiren hatlar�n say�s� kadard�r. Bu dü§üm-
lerden derecesi en büyük olan� ise, ayn� zamanda graf�n dere-
cesini belirler. Dü§üm noktalar�ndaki çevrim dü§üm derece-
sine iki kere kat�l�r.

G, yönlendirilmi³ bir graf olsun. Bu graf�n kenarlar� e(u, v)
³eklinde s�ral� ikililerle gösterilir. Burada u'ya v'nin kom³usu
ve e(u, v)'nin ba³lang�ç kö³esi; v'ye ise u'nun kom³usu ve
e(u, v)'nin biti³ kö³esi denir. Çevrimlerin ba³lang�ç ve biti³
kö³esi ayn�d�r.

Yönlendirilmi³ kenarl� bir grafta v kö³esine gelen kenar say�s�
(in-degree) deg−(v), v kö³esinden ç�kan kenar say�s� ise (out-
degree) deg+(v) ile gösterilir. Bir çevrimin hem deg−(v)'ye
hem de deg+(v)'ye katk�s� "1" dir.

a b c

e d f

Figure 23.11: The graph refered to in example 23.4.
�ekil 23.11: 8

Örnek 23.4. �ekil 23.11.�ekildeki yönlendirilmi³ G graf�n�n
deg−(v) ve deg+(v) de§erlerini bulunuz.

çözüm:
G'nin deg−(v) de§erleri;

deg−(a) =< 2− > 2, deg−(b) =< 2− > 2, deg−(c) =< 2− > 3

deg−(d) =< 2− > 2, deg−(e) =< 2− > 3, deg−(f) =< 2− > 0

G' deg+(v) de§erleri;

deg+(a) =< 3− > 4, deg+(b) =< 3− > 1, deg+(c) =< 3− > 2

deg+(d) =< 3− > 2, deg+(e) =< 3− > 3, deg+(f) =< 3− > 0.

Teorem 23.2. G = (V,E) yönlendirilmi³ bir graf ve n(E)
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De�nition. Suppose that n ≥ 3, that V = {v1, v2, . . . , vn}
and that E = {(v1, v2), (v2, v3), . . . , (vn−1, vn), (vn, v1)}. Then
the graph Cn = (V,E) is called a cycle graph. Please see
�gure 23.17 on page 129.

De�nition. If we take Cn and add a new vertex which is at-
tached to all the other vertices, we get the wheel graph Wn.
Please see 23.18 on page 129.

Bipartite Graphs

De�nition. A bipartite graph is a graph where the set V of
vertices can be divided into two distinct subsets V1 and V2 such
that every edge connects a vertex in V1 with a vertex in V2.

Remark. In a bipartite graph, there are no edges going from
V1 to V1, or from V2 to V2.

V1 V2

v1 v4

v2

v3

v5

v6

C6

Figure 23.8: A bipartite graph.
�ekil 23.8:

Example 23.5. Please see �gure 23.8. Note that the graph
C6 is a bipartite graph because if we let V1 = {v1, v2, v3} and
V2 = {v4, v5, v6}, then every edge goes from V1 to V2.

Example 23.6. Please see �gures 23.9 and 23.13. Is G a
bipartite graph? Is H a bipartite graph?

solution: G is a bipartite graph because we can set V1 =
{a, b, d} and V2 = {c, e, f, g}. Note that each edge connects
V1 to V2. The lack of a edge here between some vertices does
not a�ect it being bipartite. For example, vertices b and g are
not neighbours.

Graph H is not bipartite because the set of vertices cannot
be divided into two subsets without an edge between the two
corners within the same set.

bu graf�n kenar say�s� olsun. O halde,

n(E) =
∑

v∈V

deg−(v) =
∑

v∈V

deg+(v).

Tan�m. Graftaki her bir dü§ümün di§er tüm dü§ümlerle aras�nda
bir hat mevcutsa, yani olabilecek tüm hatlara sahipse, bu tür
gra�ara tam(tamamlanm�³) graf denir.

Not. Bu tür bir grafta bütün dü§ümlerin dereceleri birbirine
e³it ve toplam dü§üm say�s�n�n bir eksi§i kadard�r. n dü§ümlü
bir tamamlanm�³ graf Kn ile gösterilir ve graf�n hat say�s�
n(n−1)

2 ile hesaplan�r. �ekil 23.16.

Tan�m. Birbirini kesmeyen hatlardan olu³acak ³ekilde çizilebilen
gra�ara düzlemsel graf denir. �ekil 23.15.

Tan�m. Birbirini kesmeyen hatlardan olu³acak ³ekilde çizile-
meyen,sadece üç boyutlu uzayda ele al�nd�§�nda hatlar�n�n bir-
birini kesmeyecek ³ekilde çizilmesi mümkün olan gra�ara üç
boyutlu graf denir. �ekil 23.12.

Tan�m. n ̸= 3 olmak üzere n tane v1, v2, ..., vn kö³elerinden
ve v1, v2, v2, v3, ..., vn−1, vn, vn, v1 kenarlar�ndan olu³an gra�ar
çember olarak adland�r�l�r ve Cn ile gösterilir. �ekil 23.17.

Tan�m. n ̸= 3 olmak üzere Cn çemberindeki tüm kö³elere ba§l�
yeni bir kö³e daha eklenerek olu³turulan graf tekerlek (wheel)
olarak adland�r�l�r ve Wn ile gösterilir. �ekil 23.18.

Tan�m. G basit graf�n�n kö³elerinin kümesi olan V kümesi,
bo³ olmayan V1 ve V2 gibi iki kö³eye ayr�labiliyorsa ve graf�n
her kenar� V1'in bir kö³esini V2'nin bir kö³esine ba§l�yorsa G
basit graf�na iki parçal�(bipartit) graf denir. Bipartit graf,
V1'in eleman say�s� m, V2'nin eleman say�s� n olak üzere Gm,n

ile gösterilir.

Not. G graf�ndaki hiçbir kenar V1 kümesindeki kö³eleri veya
V2 kümesindekikö³eleri kendi aralar�nda ba§lamaz.

Örnek 23.5. �ekil 23.8. 'deki C6 graf� bipartittir, çünkü
kö³elerinin kümesi kendi içinde V1 = {v1, v2, v3} ve V2 = {v4, v5, v6}
olarak iki kümeye parçalanabiliyor. C6'n�n her kenar� V1'deki
bir kö³eyi V2'deki bir kö³eye ba§l�yor.

Örnek 23.6. �ekil 23.9 ve 23.13. �ekildeki³ G ve H gra�ar�
bipartit midir?

çözüm: G graf� bipartittir, çünkü kö³elerinin kümesi ayr� iki
a, b, d ve c, e, f, g kümelerinin birle³imi ile olu³uyor ve her kenar
bu kümelerin birindeki en az bir kö³eyi di§er kümedeki en az
bir kö³eye ba§l�yor. Burada baz� kö³eler aras�nda ba§ olmamas�
bipartitli§i etkilemez. Örne§in, b ve g gö³eleri kom³u de§ildir.

H graf� bipartit de§ildir, çünkü ayn� küme içindeki iki kö³e
aras�nda bir kenar olmaks�z�n kö³elerin kümesi iki alt kümeye
ayr�lamaz.
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c

b

a

g

f

e

d

G

Figure 23.9: A graph refered to in example 23.6.
�ekil 23.9:

a

b

c

d

e

Figure 23.12: A three-dimensional graph.
�ekil 23.12: Üç Boyutlu Graf

c

ba

f

e d

H

Figure 23.13: A graph refered to in example 23.6.
�ekil 23.13:
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Figure 23.14: A small part of a road network.
�ekil 23.14: Yol a§�n�.

a b

e d

c

a

b

e

d

c

Figure 23.15: The graph on the left can also be drawn as shown on the right. Thus this is a planar graph.
�ekil 23.15: Soldaki graf, kesilmeyen kenerlerden (het) olu³acak sehilde sa§daki gibi de cizilebilir.
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K1 K2 K3 K4 K5 K6

Figure 23.16: The �rst six complete graphs.
�ekil 23.16:

C3 C4 C5 C6

Figure 23.17: The �rst 4 cycle graphs.
�ekil 23.17:

W3 W4 W5 W6

Figure 23.18: The �rst 4 wheel graphs.
�ekil 23.18:
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Walks
De�nition. A walk is a list v0, e1, v1, . . . , ek, vk of vertices and
edges such that for 1 ≤ i ≤ k, the edge ei has endpoints vi−1

and vi.

Example 23.7. Consider �gure 23.21.

a, e1, b, e5, e, e4, d, e3, c, e6, f , e7, g, e7, f

is a walk in this graph.

De�nition. An Eulerian trail is a walk such that

(i). no edge is repeated; and

(ii). every edge is included.

a b

cd

e

f

g

e1

e2

e3

e4

e5

e6

e7 e8

e9

e10

Figure 23.19: The graph refered to in example 23.8.
�ekil 23.19:

Example 23.8. Consider �gure 23.19. The walk

d, e5, e, e6, a, e7, f , e8, b, e1, a, e4, d, e3, c, e10, g, e9, b, e2, c

is an Eulerian trail. Each of the ten edges appears once and
only once in this list.

Remark. The Königsberg bridge problem can be rephrased
as:

Does there exist an Eulerian trail in Königsberg?

De�nition. A graph is connected if there exists a walk be-
tween every pair of vertices.

Example 23.9. In �gure 23.6 on page 124, graph H is con-
nected, but graph G is not connected.

Yol
Tan�m. Bir yol, kö³e ve kenarlar�n v0, e1, v1, . . . , ek, vk ³eklin-
deki bir listesidir öyle ki her 1 ≤ i ≤ k için ei kenar�n� vi−1 ve
vi kç³eleri ile ba§l�d�r.

ba c

de

fg

h i

j

e1 e2

e3

e4

e5

e6

e7

e8

e9

e10

e11

Figure 23.21: The graph refered to in example 23.7.
�ekil 23.21:

Örnek 23.7. 23.21 ³eklini ele alal�m.

a, e1, b, e5, e, e4, d, e3, c, e6, f , e7, g, e7, f

bu graf için bir yoldur.

Tan�m. Euler yolu,

(i). hiçhir kö³enin tekrarlanmad�§�, ve

(ii). tüm kenarlar� içeren bir yoldur.

Örnek 23.8. 23.19 ³eklini ele alal�m.

d, e5, e, e6, a, e7, f , e8, b, e1, a, e4, d, e3, c, e10, g, e9, b, e2, c

yolu bir Euler yoludur. On kenar�n her biri bu listede bi ve
sadece bir kez görünür.

Not. Königsberg köprüsü problemi ³u ³ekilde de sorulabilirdi:
b

Königsberg köprüsü bir Euler yolu olu³turur mu??

Tan�m. Farkl� kö³elerin her çifti aras�nda bir yol varsa bu grafa
ba§lant�l� graf denir.

Örnek 23.9. 124 sayfas�ndaki 23.6 gra�ar�ndan, H ba§lan-
t�l�d�r, fakat G ba§lant�l� de§ildir.
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Theorem 23.3. Let G be a connected graph. Then there
exists an Eulerian trail if and only if the number of vertices
of odd degree is either 0 or 2.

Furthermore, if G has 2 vertices of odd degree, then the
Eulerian trail must start and �nish at these two vertices.

Example 23.10. Please consider �gure 23.16 on page 129.
Note that in K3 and K5, every vertex has even degree. So
there is an Eulerian trail in K3 and in K5.

Notice further that all four vertices in K4 are of odd degree.
This means that K4 does not contain an Eulerian trail.

Example 23.11. Please consider �gure 23.19 again.Note that

deg(a) = 4, deg(b) = 4, deg(c) = 3, deg(d) = 3,

deg(e) = 2, deg(f) = 2, deg(g) = 2.

Two of the vertices have odd degree, c and d. So there must
exist an Eulerian trail and it must start and end at c and d.
(In example 23.8 we have already found such a trail.)

a

b

c

d1

45

67

2

3

Figure 23.20: A graph of the seven bridges of Königsberg.
�ekil 23.20:

Example 23.12 (The Königsberg Bridge Problem). Now con-
sider Königsberg as shown in �gure 23.20. Note that

deg(a) = 3, deg(b) = 5, deg(c) = 3, deg(d) = 3.

Since all four vertices have odd degree, there does not exist an
Eulerian trail in Königsberg.

Therefore it was not possible to walk around the city of
Königsberg and cross each bridge once.

Teorem 23.3. G ba§l� bir graf olsun. Bir Eulerian yolu-
nun var olmas� için gerek ve yeter ko³ul tek dereceli kö³elerin
say�s�n�n 0 ya da 2 olmas�d�r.

Dahas�, E§er G tek dereceli iki kö³eye sahipse, Euler
yolu

Örnek 23.10. Please consider �gure 23.16 on page 129. Note
that in K3 and K5, every vertex has even degree. So there is
an Eulerian trail in K3 and in K5.

Notice further that all four vertices in K4 are of odd degree.
This means that K4 does not contain an Eulerian trail.

Örnek 23.11. Please consider �gure 23.19 again.Note that

deg(a) = 4, deg(b) = 4, deg(c) = 3, deg(d) = 3,

deg(e) = 2, deg(f) = 2, deg(g) = 2.

Two of the vertices have odd degree, c and d. So there must
exist an Eulerian trail and it must start and end at c and d.
(In example 23.8 we have already found this trail.)

Örnek 23.12 (The Königsberg Bridge Problem). Now con-
sider Königsberg as shown in �gure 23.20. Note that

deg(a) = 3, deg(b) = 5, deg(c) = 3, deg(d) = 3.

Since all four vertices have odd degree, there does not exist an
Eulerian trail in Königsberg.

Therefore it was not possible to walk around the city of
Königsberg and cross each bridge once.
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Euler’s Formula for Polyhedra
Euler's formula is

n(V )− n(E) + n(F )

where

n(V ) = number of vertices

n(E) = number of edges

n(F ) = number of faces.

Euler’in Çok Yüzlü Cisim Formülü
Euler's formula is

n(V )− n(E) + n(F )

where

n(V ) = number of vertices

n(E) = number of edges

n(F ) = number of faces.

cube tetrahedron pyramid dodecahedron football

küp dörtyüzlü piramit onikiyüzlü futbol topu

(12 pentagons) (12 pentagons &
20 hexagons)

n(V ) 8 4 5 20 60

n(E) 12 6 8 30 90

n(F ) 6 4 5 12 32

n(V )− n(E) + n(F ) 8− 12 + 6 = 2 4− 6 + 4 = 2 5− 8 + 5 = 2 20− 30 + 12 = 2 60− 90 + 32 = 2

Remark. It looks like: If we have a polyhedron without any
holes in it, we always get that Euler's formula is equal to 2? Is
this true, and if so, how can we prove it?

Not. If we have a polyhedron without any holes in it, is Euler's
formula always equal to 2? And if so, how can we prove it?

1

2

3

4

5
6

n(V ) = 8

n(E) = 12

n(F ) = 6

n(V ) = 8

n(E) = 12

n(F ) = 6
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1

2

4

3

n(V ) = 4

n(E) = 6

n(F ) = 4

1

2

4

5

3

n(V ) = 5

n(E) = 8

n(F ) = 5

Every three dimensional polyhedron (without holes) is equiv-
alent to a connected, planar, simple graph. So if we know some-
thing about these graphs, then we also know it about polyhe-
dra. So what do we know about connected, planar, simple
graphs?

Let us start with the �rst complete graph:

Every three dimensional polyhedron is equivalent to a con-
nected, planar, simple graph. So if we know something about
these graphs, then we also know it about polyhedra. What do
we know about such graphs?

Let us start with the �rst complete graph:

n(V ) = 1

n(E) = 0

n(F ) = 1

1

This graph, K1, is called the trivial graph. It has one
vertex, zero edges and one face. So

n(V )− n(E) + n(F ) = 1− 0 + 1 = 2.

Now let us take any connected, planar, simple graph.
How can we simplify this graph?
We can remove a pendant vertex (a vertex v with deg(v) =

1) and its edge.

This graph, K1, is called the trivial graph. It has one
vertex, zero edges and one face. So

n(V )− n(E) + n(F ) = 1− 0 + 1 = 2.

Now let us take any connected, planar, simple graph.
How can we simplify this graph?
We can remove a pendant vertex (a vertex v with deg(v) =

1) and its edge.

"
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Then we still have a connected, planar, simple graph and
we have decreased n(V ) by 1 and we have decreased n(E) by
1. So n(V )− n(E) + n(F ) stays the same.

We can also remove an edge which separates two faces. E.g.

Then we still have a connected, planar, simple graph and
we have decreased n(V ) by 1 and we have decreased n(E) by
1. So n(V )− n(E) + n(F ) stays the same.

We can also remove an edge which separates two faces. E.g.

"

As before, we still have a connected, planar, simple graph.
Moreover, we have decreased n(E) by 1 and we have decreased
n(F ) by 1. So again, n(V )− n(E) + n(F ) stays the same.

As before, we still have a connected, planar, simple graph.
Moreover, we have decreased n(E) by 1 and we have decreased
n(F ) by 1. So again, n(V )− n(E) + n(F ) stays the same.

Because we can reduce every connected, planar, simple graph
to the trivial graph, every such graph must have the same
n(V )− n(E) + n(F ) number as the trivial graph. Therefore:

Because we can reduce every connected, planar, simple graph
to the trivial graph, every such graph must have the same
n(V )− n(E) + n(F ) number as the trivial graph. Therefore:

Theorem 23.4. If G is a connected, planar, simple graph,
then

n(V )− n(E) + n(F ) = 2.

. . . and the same is true for polyhedra without holes.

Teorem 23.4. If G is a connected, planar, simple graph,
then

n(V )− n(E) + n(F ) = 2.

. . . and the same is true for polyhedra without holes.
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Problems

Problem 23.1 (Drawing Graphs). Draw the graph G =
(V,E) where V = {a, b, c, d, e} and

(a). E = {e1 = (a, b), e2 = (b, c), e3 = (c, d), e4 = (d, e)}.

(b). E = {e1 = (a, b), e2 = (b, c), e3 = (c, d), e4 = (d, e), e5 =
(a, e), e6 = (b, d), e7 = (b, e), e8 = (a, d)}.

(c). E = {e1 = (b, c), e2 = (d, e), e3 = (c, d), e4 = (a, c), e5 =
(b, d), e6 = (c, e), e7 = (a, d), e8 = (b, e)}.

Problem 23.2 (Counting Edges). How many edges do the
following graphs have?

(a). Kn

(b). Knm

(c). Cn

(d). Wn

(e). Qn

(f). the trivial graph

Problem 23.3 (Planar Graphs). Please see �gures 23.9 and
23.13 on page 127. Are these planar graphs? Prove your an-
swer.

Problem 23.4 (Bipartite Graphs). Are the following graphs
bipartite graphs?

(a). Q2

(b). Figure 23.12

(c). Figure 23.19

(d). Figure 23.21

(e). Figure 23.22

(f). Figure 23.23

Problem 23.5 (Euler's Formula). Draw a graph which does
not satisfy n(V )− n(E) + n(F ) = 2.

Problem 23.6 (Eulerian trails). Consider the two graphs
below. For each graph, answer the question: Does this graph
contain an Eulerian trail? If �yes�, give an example of an Eu-
lerian trail in that graph. If �no�, explain how we know that it
does not contain an Eulerian trail.

(a). Figure 23.22. (b). Figure 23.23.

a b

cd

e f g

e1

e2

e3

e4

e5

e6 e7 e8 e9

e10

Figure 23.22: A graph refered to in exercise 23.6.
�ekil 23.22:

Sorular

Soru 23.1 (Drawing Graphs). Draw the graph G = (V,E)
where V = {a, b, c, d, e} and

(a). E = {e1 = (a, b), e2 = (b, c), e3 = (c, d), e4 = (d, e)}.

(b). E = {e1 = (a, b), e2 = (b, c), e3 = (c, d), e4 = (d, e), e5 =
(a, e), e6 = (b, d), e7 = (b, e), e8 = (a, d)}.

(c). E = {e1 = (b, c), e2 = (d, e), e3 = (c, d), e4 = (a, c), e5 =
(b, d), e6 = (c, e), e7 = (a, d), e8 = (b, e)}.

Soru 23.2 (Counting Edges). Asagidaki gra�arin kener sayi-
lerini bulunuz.

(a). Kn

(b). Knm

(c). Cn

(d). Wn

(e). Qn

(f). the trivial graph

Soru 23.3 (Planar Graphs). Please see �gures 23.9 and 23.13
on page 127. Are these planar graphs? Prove your answer.

Soru 23.4 (Bipartite Graphs). Are the following graphs
bipartite graphs?

(a). Q2

(b). Figure 23.12

(c). Figure 23.19

(d). Figure 23.21

(e). Figure 23.22

(f). Figure 23.23

Soru 23.5 (Euler's Formula). Draw a graph which does not
satisfy n(V )− n(E) + n(F ) = 2.

Soru 23.6 (Eulerian trails). Consider the two graphs below.
For each graph, answer the question: Does this graph contain
an Eulerian trail? If �yes�, give an example of an Eulerian trail
in that graph. If �no�, explain how we know that it does not
contain an Eulerian trail.

(a). Figure 23.22. (b). Figure 23.23.

a b c

def

e1 e2

e3e4

e5 e6 e8e7 e9 e10

Figure 23.23: A graph refered to in exercise 23.6.
�ekil 23.23:
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24Limits Limit

−1 −0.5 0.5 1 1.5 2

0.5

1

1.5

2

2.5

y = x2−1
x−1

x

y

Figure 24.1: The function f(x) = x2−1
x−1 .

�ekil 24.1: f(x) = x2−1
x−1 fonksiyonu.

x f(x)

0.9 1.9

1.1 2.1

0.99 1.99

1.01 2.01

0.999 1.999

1.001 2.001

Table 24.1: Some values of f(x) = x2−1
x−1 .

Tablo 24.1: f(x) = x2−1
x−1 'nin baz� de§erleri.

Consider the function f : (−∞, 1) ∪ (1,∞) → R, f(x) =
x2−1
x−1 as shown in �gure 24.1.

Question: How does f behave when x is close to 1?

We can see from table 24.1 that:

�If x is close to 1, then f(x) is close

to 2.�

Mathematically, we write this as

lim
x→1

f(x) = 2

and read it as �the limit, as x tends to 1, of f(x) is equal to 2�.

f(x) = x2−1
x−1 ile tan�ml� f : (−∞, 1) ∪ (1,∞) → R n�n baz�

de§erleri ³ekil 24.1 de veriliyor.

Soru: x, 1'e yak�n oldu§unda f nas�l davran�yor?

Tablo 24.1 den ³u gözlemi yapabiliriz:

�x, 1'e yak�nsa, f(x) de, 2'ye yak�n

olur.�

Matematiksel olarak, bunu

lim
x→1

f(x) = 2

olarak yazar�z ve x, 1 e yaka³�rken, f(x) in limiti 2'ye e³ittir
olarak okuruz.

139
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Example 24.1. Consider the following three functions: Örnek 24.1. A³a§�daki üç fonksiyonu inceleyecek olursak:

−1 1

1

2

y = f(x)

x

y

f(x) =
x2 − 1

x− 1

−1 1

1

2

y = g(x)

x

y

g(x) =

{
x2−1
x−1 x ̸= 1

1 x = 1

−1 1

1

2

y = h(x)

x

y

h(x) = x+ 1

Note that

� lim
x→1

f(x) = 2, but f is not de�ned at x = 1;

� lim
x→1

g(x) = 2, but g(1) ̸= 2; and

� lim
x→1

h(x) = 2 and h(1) = 2.

x0

x0

y = x

x

y

Figure 24.2: The Identity Function
�ekil 24.2: Özde³ fonksiyon.

Example 24.2 (The Identity Function). f(x) = x

lim
x→x0

f(x) = lim
x→x0

x = x0

Example 24.3 (A Constant Function). f(x) = 13

lim
x→x0

f(x) = lim
x→x0

13 = 13

� lim
x→1

f(x) = 2, fakat f , x = 1 de tan�ml� de§ildir;

� lim
x→1

g(x) = 2, fakat g(1) ̸= 2; ve

� lim
x→1

h(x) = 2 ve h(1) = 2.

oldu§una dikkat edelim.

x0

13
y = 13

x

y

Figure 24.3: A Constant Function
�ekil 24.3: Sabit fonksiyon.

Örnek 24.2 (Birim Fonksiyon). f(x) = x

lim
x→x0

f(x) = lim
x→x0

x = x0

Örnek 24.3 (Sabit Fonksiyon). f(x) = 13

lim
x→x0

f(x) = lim
x→x0

13 = 13
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1
y = u(x)

x

y

Figure 24.4: A graph of the function u(x).
�ekil 24.4: u(x) fonksiyonunun bir gra�§i.

Example 24.4 (Sometimes Limits Do Not Exist). Consider
the functions

u(x) =

{
0 x < 0

1 x ≥ 0
and v(x) =

{
0 x ≤ 0

sin 1
x x > 0

as shown in �gures 24.4 and 24.5.
Note that lim

x→0
u(x) does not exist. To understand why, we

consider x close to 0:

� If x is close to 0 and x < 0, then u(x) = 0.

� If x is close to 0 and x > 0, then u(x) = 1.

Because 0 is not close to 1, the limit as x → 0 can not exist.
Moreover lim

x→0
v(x) does not exist because v(x) oscillates up

and down too quickly if x > 0 and x → 0.

-0.4 -0.2 0.2 0.4

-1.0

-0.5

0.5

1.0

Figure 24.5: A graph of the function v(x).
�ekil 24.5: v(x) fonksiyonunun bir gra�§i.

Örnek 24.4 (Limit Her ZamanMevcut Olmayabilir). �u fonksiy-
onlar� inceleyelim

u(x) =

{
0 x < 0

1 x ≥ 0
ve v(x) =

{
0 x ≤ 0

sin 1
x x > 0

bak�n�z ³ekil 24.4 ve 24.5.
lim
x→0

u(x) limitinin mevcut olmad�§�na dikkat ediniz. Bunun

neden mevcut olmad�§�n� anlamak iç�n, x 'in 0'a çok yak�n
oldu§unu dü³ünelim:

� x, 0'a çok yak�n ve x < 0 iken, u(x) = 0 d�r.

� x, 0'a çok yak�n ve x > 0 iken, u(x) = 1 olur.

0, 1'e çok yak�n olmad�§� için , x → 0 iken limit mevcut de§ildir.
Ayr�ca, x > 0 ve x → 0 iken, v(x), çok h�zl� bir ³ek-

ilde yukar�ya ve a³a§�ya do§ru sal�n�r, çünkü lim
x→0

v(x) mevcut

de§ildir.
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Theorem 24.1 (The Limit Laws). Suppose that

� L,M, c, k ∈ R;

� f and g are functions;

� lim
x→c

f(x) = L; and

� lim
x→c

g(x) = M .

Then

(i). Sum Rule:

lim
x→c

(
f(x) + g(x)

)
= L+M ;

(ii). Di�erence Rule:

lim
x→c

(
f(x)− g(x)

)
= L−M ;

(iii). Constant Multiple Rule:

lim
x→c

(
kf(x)

)
= kL;

(iv). Product Rule:

lim
x→c

(
f(x)g(x)

)
= LM ;

(v). Quotient Rule: if M ̸= 0, then

lim
x→c

(
f(x)

g(x)

)
=

L

M
;

(vi). Power Rule: if n ∈ N, then

lim
x→c

(
f(x)

)n
= Ln;

(vii). Root Rule: if n ∈ N and n
√
L exists, then

lim
x→c

n
√
f(x) =

n
√
L = L

1
n .

Example 24.5. Find lim
x→2

(x3 + 4x2 − 3).

solution:

lim
x→2

(x3 + 4x2 − 3) =
(
lim
x→2

x3
)
+
(
lim
x→2

4x2
)
−
(
lim
x→2

3
)

(sum and di�erence rules)

=
(
lim
x→2

x
)3

+ 4
(
lim
x→2

x
)2 −

(
lim
x→2

3
)

(power and constant multiple rules)

= 23 + 4(22)− 3 = 21.

Example 24.7. Find lim
x→5

x4 + x2 − 1

x2 + 5
.

Teorem 24.1 (Limit Kurallar�). Varsayala�m ki

� L,M, c, k ∈ R;

� f ve g iki fonksiyon;

� lim
x→c

f(x) = L; ve

� lim
x→c

g(x) = M olsun.

O halde

(i). Toplam Kural�:

lim
x→c

(
f(x) + g(x)

)
= L+M ;

(ii). Fark Kural�:

lim
x→c

(
f(x)− g(x)

)
= L−M ;

(iii). Sabitle Çarp�m Kural�:

lim
x→c

(
kf(x)

)
= kL;

(iv). Çarp�m Kural�:

lim
x→c

(
f(x)g(x)

)
= LM ;

(v). Bölüm Kural�: M ̸= 0, ise

lim
x→c

(
f(x)

g(x)

)
=

L

M
;

(vi). Kuvvet Kural�: n ∈ N, ise

lim
x→c

(
f(x)

)n
= Ln;

(vii). Kök Kural�: if n ∈ N ve n
√
L mevcutsa, then

lim
x→c

n
√

f(x) =
n
√
L = L

1
n .

Örnek 24.6. lim
x→6

8(x− 5)(x− 7) limitini bulunuz.

çözüm:

lim
x→6

8(x− 5)(x− 7) = 8 lim
x→6

(x− 5)(x− 7)

(sabitle çarp�m kural�)

= 8
(
lim
x→6

(x− 5)
)(

lim
x→6

(x− 7)
)

(çarp�m kural�)

= 8(1)(−1) = −8.

Örnek 24.8. lim
x→−5

x2 + 3x− 11

x+ 6
limitini bulunuz.
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solution:

lim
x→5

x4 + x2 − 1

x2 + 5
=

limx→5(x
4 + x2 − 1)

limx→5(x2 + 5)

(quotient rule)

=
limx→5 x

4 + limx→5 x
2 − limx→5 1

limx→5 x2 + limx→5 5

(sum and di�erence rules)

=
54 + 52 − 1

52 + 5

(power rule)

=
649

30
.

Theorem 24.2 (Limits of Polynomial Functions). If P (x) =
anx

n+an−1x
n−1+ . . .+a1x+a0 is a polynomial function,

then
lim
x→c

P (x) = P (c).

Theorem 24.3 (Limits of Rational Functions). If P (x)
and Q(x) are polynomial functions and if Q(c) ̸= 0, then

lim
x→c

P (x)

Q(x)
=

P (c)

Q(c)
.

Example 24.9.

lim
x→−1

x3 + 4x2 − 3

x2 + 5
=

(−1)3 + 4(−1)2 − 3

(−1)2 + 5
=

0

6
= 0.

Eliminating Zero Denominators
Algebraically

lim
x→c

P (x)

Q(x)

What can we do if Q(c) = 0?

Example 24.11.

lim
x→1

x2 + x− 2

x2 − x

If we just put in x = 1, we would get � 00 � and we never
never never want � 00 �.

Instead, we try to factor x2 + x − 2 and x2 − x. If x ̸= 1,
we have that

x2 + x− 2

x2 − x
=

(x− 1)(x+ 2)

x(x− 1)
=

x+ 2

x
.

So

lim
x→1

x2 + x− 2

x2 − x
= lim

x→1

x+ 2

x
=

1 + 2

1
= 3.

çözüm:

lim
x→−5

x2 + 3x− 11

x+ 6
=

limx→−5(x
2 + 3x− 11)

limx→−5(x+ 6)

(bölüm kural�)

=
limx→−5 x

2 + limx→−5 3x− limx→−5 11

limx→−5 x+ limx→−5 6

(toplam ve fark kural�)

=
(−5)2 − 15− 11

−5 + 6

(kuvvet kural�)

=
−1

1
= −1.

Teorem 24.2 (Polinomlar�n Limitleri). P (x) = anx
n +

an−1x
n−1 + . . .+ a1x+ a0 bir polinom fonksiyonsa,

lim
x→c

P (x) = P (c).

Teorem 24.3 (Rasyonel Fonksiyonlar�n Limitlari). P (x)
ve Q(x) polinomlar ve Q(c) ̸= 0 ise, o halde

lim
x→c

P (x)

Q(x)
=

P (c)

Q(c)
.

Örnek 24.10.

lim
x→2

x3 + 4x2 − 3

x2 + 5
=

(2)3 + 4(2)2 − 3

(2)2 + 5
=

8 + 16− 3

4 + 5
=

21

9
=

7

3
.

Sıfır Paydaların Cebirsel Olarak Yok
Edilmesi

lim
x→c

P (x)

Q(x)

Q(c) = 0 ise ne yap�labilir?

Örnek 24.12.

lim
x→−5

x2 + 3x− 10

x2 + 5x

If we just put in x = −5 koyarsak, � 00 � buluruz ve unutmay�n
� 00 � asla ve asla istemedi§imiz bir³ey.

Onun yerine, x2+3x−10 ve x2+5x yi çarpalar�na ay�r�r�z.
x ̸= −5 ise, ³unu buluruz

x2 + 3x− 10

x2 + 5x
=

(x+ 5)(x− 2)

x(x+ 5)
=

x− 2

x
.

Yani

lim
x→−5

x2 + 3x− 10

x2 + 5x
= lim

x→−5

x− 2

x
=

−5− 2

−5
=

7

5
.
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c

y = f(x)

y = g(x)

y = h(x)

y = h(x)

x

y

f(x) ≤ g(x) ≤ h(x)

Figure 24.6: The Sandwich Theorem
�ekil 24.6: Sandöviç Teoremi

The Sandwich Theorem
See �gure 24.6.

Theorem 24.4 (The Sandwich Theorem). Suppose that

� f(x) ≤ g(x) ≤ h(x) for all x �close� to c (x ̸= c);
and

� lim
x→c

f(x) = lim
x→c

h(x) = L.

Then
lim
x→c

g(x) = L

also.

Example 24.13. The inequality

1− x2

6
<

x sinx

2− 2 cosx
< 1

holds for all x close to 0 (x ̸= 0). Calculate lim
x→0

x sinx

2− 2 cosx
.

solution: Since lim
x→0

1 − x2

6
= 1 − 0

6
= 1 and lim

x→0
1 = 1, it

follows by the Sandwich Theorem that lim
x→0

x sinx

2− 2 cosx
= 1.

Theorem 24.5. If

� f(x) ≤ g(x) for all x close to c (x ̸= c);

� lim
x→c

f(x) exists; and

� lim
x→c

g(x) exists,

then
lim
x→c

f(x) ≤ lim
x→c

g(x).

Sandöviç Teoremi
Bkz. ³ekil 24.6.

Teorem 24.4 (Sandöviç Teoremi). Varsayal�m ki

� c (x ̸= c) ye �çok yak�n" bütün x ler için f(x) ≤
g(x) ≤ h(x) ve

� lim
x→c

f(x) = lim
x→c

h(x) = L olsun.

O zaman
lim
x→c

g(x) = L

ifadesi do§rudur.

Örnek 24.13.

1− x2

6
<

x sinx

2− 2 cosx
< 1

e³itsizli§i 0 a çok yak�n bütün x ler (x ̸= 0) için do§rudur.

lim
x→0

x sinx

2− 2 cosx
limitini bulunuz.

çözüm: lim
x→0

1 − x2

6
= 1 − 0

6
= 1 ve lim

x→0
1 = 1 oldu§un-

dan, Sandöviç Teoremi gere§ince lim
x→0

x sinx

2− 2 cosx
= 1 olarak

bulunur.

Teorem 24.5. E§er

� Her c ye çok yak�n (ama x ̸= c) bütün x ler için
f(x) ≤ g(x) ise ;

� lim
x→c

f(x) mevcutsa ve

� lim
x→c

g(x) mevcutsa,

o vakit
lim
x→c

f(x) ≤ lim
x→c

g(x)

do§ru olur.
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Problems

Problem 24.1. Consider the function shown in �gure 24.7.
Decide if each of the following statements is true or false.

(a). lim
x→0

f(x) exists,

(b). lim
x→0

f(x) = 0,

(c). lim
x→0

f(x) = 1,

(d). lim
x→−2

f(x) exists,

(e). lim
x→−1

f(x) = −1,

(f). lim
x→1

f(x) = 1,

(g). lim
x→− 1

2

f(x) does not exist,

(h). lim
x→−1.5

f(x) = −0.5.

Problem 24.2. Find the following limits. For each one, state
which limit laws or other theorems you are using.

Sorular

Soru 24.1. Consider the function shown in �gure 24.7. De-
cide if each of the following statements is true or false.

(a). lim
x→0

f(x) exists,

(b). lim
x→0

f(x) = 0,

(c). lim
x→0

f(x) = 1,

(d). lim
x→−2

f(x) exists,

(e). lim
x→−1

f(x) = −1,

(f). lim
x→1

f(x) = 1,

(g). lim
x→− 1

2

f(x) does not exist,

(h). lim
x→−1.5

f(x) = −0.5.

Soru 24.2. A³a§�daki limitleri bulunuz. her birinde, kul-
land�§�n�z kural ve teoremleri yaz�n�z.

(a). lim
x→−7

(2x+ 5)

(b). lim
x→2

x+ 3

x+ 6

(c). lim
y→−5

y2

y − 5

(d). lim
x→ 2

3

3x(2x− 1)

(e). lim
t→5

t− 5

t2 − 25

(f). lim
x→1

1
x − 1

x− 1

(g). lim
h→0

3√
3h+ 1 + 1

(h). lim
y→2

y + 2

y2 + 5y + 6

(i). lim
v→2

v3 − 8

v4 − 16

Problem 24.3. If 2 − x2 ≤ g(x) ≤ 2 cosx for all x, �nd
lim
x→0

g(x). State which limit laws or other theorems you are

using.

Problem 24.4. Suppose that lim
x→4

f(x) = 0 and lim
x→4

g(x) =

−3. Find the following limits.

Soru 24.3. Her x iç�n, 2 − x2 ≤ g(x) ≤ 2 cosx ise, lim
x→0

g(x)

limitini bulunuz. Kulland�§�n�z kural ve teoremleri belirtiniz.

Soru 24.4. lim
x→4

f(x) = 0 ve lim
x→4

g(x) = −3 olsun. A³a§�daki

limitleri bulunuz.

(a). lim
x→4

(
g(x)2

)

(b). lim
x→4

(g(x) + 3)

(c). lim
x→4

xf(x)

(d). lim
x→4

g(x)

f(x)− 1

(e). lim
x→4

4f(x)− 2g(x)

(f). lim
x→4

7f(x) + 6

2g(x)

−2 −1 1 2

−1

1
y = f(x)

x

y

Figure 24.7: The function considered in Exercise 24.1.
�ekil 24.7:



25Continuity Süreklilik

a continuous function

x

y

c

a function which is not continuous

x

y

Figure 25.1: A continuous function and a function which is not continuous.
�ekil 25.1: Bir sürekli fonksiyon ve sürekli olmayan bir fonksiyon.

De�nition. The function f : D → R is continuous at c∈ D
if

� f(c) exists;

� lim
x→c

f(x) exists; and

� lim
x→c

f(x) = f(c).

De�nition. If f is not continuous at c, we say that f is dis-
continuous at c � we say that c is a point of discontinuity
of f .

Tan�m. �u üç ko³ulun hepsi sa§lan�rsa f : D → R fonksiyonu
bir c ∈ D noktas�nda süreklidir denir.

� f(c) tan�ml� olacak;

� lim
x→c

f(x) mevcut olacak; ve

� lim
x→c

f(x) = f(c).

Tan�m. E§er f fonksiyonu c de sürekli de§ilse, f , c de sürek-
sizdir denir � ve c'ye f 'nin bir süreksizlik noktas� denir.
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Example 25.1. Consider the function f : [0, 4] → R which
has its graph shown in �gure 25.2. Where is f continuous?
Where is f discontinuous?

solution:

c Is f continuous
at c?

Why?

0 Yes because lim
x→0

f(x) = 1 = f(0)

(0, 1) Yes because lim
x→c

f(x) = f(c)

1 No because lim
x→1

f(x) does not exist

(1, 2) Yes because lim
x→c

f(x) = f(c)

2 No because lim
x→2

f(x) = 1 ̸= 2 = f(2)

(2, 4) Yes because lim
x→c

f(x) = f(c)

4 No because lim
x→4

f(x) = 1 ̸= 1

2
= f(4)

Example 25.2. f : [−2, 2] → R, f(x) =
√
4− x2

−2 2

2

x

y f is continuous at every
c ∈ [−2, 2].

Example 25.3. g : R → R, g(x) =

{
0 x < 0

1 x ≥ 0

1

x

y g has a point of discontinuity
at c = 0. g is continuous at
every point c ̸= 0.

Example 25.4. h : R → R, h(x) =

{
1

(x−1)2(x−2)2 x ̸= 1 or 2

10 x = 1 or 2

1 2

10

16

x

y h is continuous on (−∞, 1),
(1, 2) and (2,∞). h has a
points of discontinuity at c =
1 and c = 2.

1 2 3 4

1

2

x

y

Figure 25.2: The function considered in example 25.1.
�ekil 25.2:

Örnek 25.1. Gra�§i ³ekil 25.2 deki f : [0, 4] → R fonksiy-
onunu ele alal�m. Bu f nerede süreklidir? Bu f nerede sürek-
sizdir?

çözüm:

c f fonksiyonu
c de sürekli
midir?

Neden?

0 Evet çünkü lim
x→0

f(x) = 1 = f(0)

(0, 1) Evet çünkü lim
x→c

f(x) = f(c)

1 Hay�r çünkü lim
x→1

f(x) does not exist

(1, 2) Evet çünkü lim
x→c

f(x) = f(c)

2 Hay�r çünkü lim
x→2

f(x) = 1 ̸= 2 = f(2)

(2, 4) Evet çünkü lim
x→c

f(x) = f(c)

4 Hay�r çünkü lim
x→4

f(x) = 1 ̸= 1

2
= f(4)

Örnek 25.2. f : [−2, 2] → R, f(x) =
√
4− x2

f fonksiyonu her c ∈ [−2, 2] noktas�nda süreklidir.

Örnek 25.3. g : R → R, g(x) =

{
0 x < 0

1 x ≥ 0

g nin c = 0. g da bir süreksizlik noktas� var ve fonksiyon her
c ̸= 0 için süreklidir.

Örnek 25.4. h : R → R, h(x) =

{
1

(x−1)2(x−2)2 x ̸= 1 or 2

10 x = 1 or 2
h fonksiyonu (−∞, 1), (1, 2) ve (2,∞) aral�klar�nda süreklidir.
h nin c = 1 ve c = 2 de süreksizlikleri mevcuttur.
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Continuous Functions
De�nition. f : D → R is a continuous function if it is
continuous at every c ∈ D.

Theorem 25.1. If f and g are continuous at c, then f+g,
f − g, kf (k ∈ R), fg, f

g (if g(c) ̸= 0) and fn (n ∈ N)
are all continuous at c. If n

√
f is de�ned on (c− δ, c+ δ),

then n
√
f is also continuous at c (n ∈ N).

Example 25.5. Every polynominal

P (x) = anx
n + an−1x

n−1 + . . .+ a2x
2 + a1x+ a0

is continuous.

Example 25.6. If

� P and Q are polynomials; and

� Q(c) ̸= 0,

then P (x)
Q(x) is continuous at c.

Example 25.7. sinx and cosx are continuous.

Sürekli Fonksiyonlar
Tan�m. Her c ∈ D noktas�nda sürekli olan bir f : D → R
fonksiyonuna sürekli fonksiyon denir .

Teorem 25.1. E§er f ve g fonksiyonlar� c'de sürekli iseler,
o zaman f + g, f − g, kf (k ∈ R), fg, f

g (g(c) ̸= 0 iken)

ve fn (n ∈ N) fonksiyonlar�n�n hepsi c'de süreklidir. E§er
n
√
f fonksiyonu (c − δ, c + δ) aral�§�nda tan�ml� ise, n

√
f

fonksiyonu da c'de süreklidir (n ∈ N).

Örnek 25.5. Her

P (x) = anx
n + an−1x

n−1 + . . .+ a2x
2 + a1x+ a0

polinomu da süreklidir.

Örnek 25.6. If

� P ve Q polinomlar ve

� Q(c) ̸= 0 ise,

o vakit P (x)
Q(x) rasyonel fonksiyonu c'de süreklidir.

Örnek 25.7. sinx ve cosx sürekli fonksiyonlard�r.

Composites Bileşkeler

g ◦ f (x)
g ◦ f(x) means g(f(x)).

Theorem 25.2. If

� f is continuous at c; and

� g is continuous at f(c),

then g ◦ f is continuous at c.

Example 25.8. Show that h(x) =
√
x2 − 2x− 5 is continuous

on its domain.

solution: The function g(t) =
√
t is continuous by Theorem

25.1. The function f(x) = x2 − 2x − 5 is continuous because
all polynomials are continuous. Therefore h(x) = g ◦ f(x) is
continuous.

Example 25.9. Show that x
2
3

1+x4 is continuous.

solution: x
2
3 and 1 + x4 are continuous. Because 1 + x4 ̸= 0

for all x, we have that x
2
3

1+x4 is continuous.

g ◦ f(x) demek g(f(x)) anlam�ndad�r.

Teorem 25.2. E§er

� f fonksiyonu c'de sürekli ve

� g fonksiyonu da f(c)'de sürekli ise,

bu durumda g ◦ f fonksiyonu da c'de süreklidir.

Örnek 25.8. h(x) =
√
x2 − 2x− 5 fonksiyonunun tan�m kümesinde

sürekli oldu§unu gösteriniz.

çözüm: Teorem 25.1 den g(t) =
√
t fonksiyonu süreklidir.

f(x) = x2 − 2x− 5 fonksiyonu da süreklidir çünkü bütün poli-
nomlar süreklidir. Bundan ötürü h(x) = g ◦ f(x) sürekli olur.

Örnek 25.9. Gösteriniz ki x
2
3

1+x4 süreklidir.

çözüm: x
2
3 ve 1+x4 süreklidir. Her x için, 1+x4 ̸= 0 oldu§un-

dan , x
2
3

1+x4 süreklidir.
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c
f(c)

g(f(c))
f

continuous at c
c’de süreklilik

g

continuous at f(c)
f(c)’de süreklilik

Figure 25.3: Composites of continuous functions are continuous.
�ekil 25.3: Sürekli fonsiyonlar�n bile³kesi de süreklidir.

Theorem 25.3. If

� g(x) is continuous at x = b; and

� lim
x→c

f(x) = b,

then
lim
x→c

g(f(x)) = g
(
lim
x→c

f(x)
)
.

Example 25.10. By Theorem 25.3,

lim
x→π

2

cos

[
2x+ sin

(
3π

2
+ x

)]

= cos

[
lim
x→π

2

(
2x+ sin

(
3π

2
+ x

))]

= cos

[
lim
x→π

2

(2x) + lim
x→π

2

(
sin

(
3π

2
+ x

))]

= cos

[
π + sin

(
lim
x→π

2

(
3π

2
+ x

))]

= cos [π + sin 2π] = cos [π + 0] = −1.

Teorem 25.3. E§er

� g(x) fonksiyonu x = b de sürekli ve

� lim
x→c

f(x) = b ise,

o halde
lim
x→c

g(f(x)) = g
(
lim
x→c

f(x)
)
.

Örnek 25.11. Teorem 25.3'den,

lim
x→π

2

tan

[
5x

2
− π cos

(π
2
− x
)]

= tan

[
lim
x→π

2

(
5x

2
− π cos

(π
2
− x
))]

= tan

[
lim
x→π

2

(
5x

2

)
− π lim

x→π
2

(
cos
(π
2
− x
))]

= tan

[
5π

4
− π cos

(
lim
x→π

2

(π
2
− x
))]

= tan

[
5π

4
− π cos 0

]
= tan

[
5π

4
− π

]
= tan

π

4
= 1.
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Problems

Problem 25.1. For what value(s) of b is

f(x) =

{
x x < −2

bx2 x ≥ −2.

continuous at every x? Why?

Problem 25.2. Let

f(x) =





x3−8
x2−4 x ̸= 2, x ̸= −2

3 x = 2

4 x = −2.

(a). Show that f is continuous on (−∞,−2), on (−2, 2) and
on (2,∞).

(b). Show that f is continuous at x = 2.

(c). Show that f is discontinuous at x = −2.

Problem 25.3. Calculate lim
t→0

tan
(π
4
cos
(
sin t

1
3

))
.

Sorular

Soru 25.1. b'nin hangi de§er(ler)i için,

f(x) =

{
x x < −2

bx2 x ≥ −2.

her x noktas�nda süreklidir? Neden?

Soru 25.2. Farzedelim ki

f(x) =





x3−8
x2−4 x ̸= 2, x ̸= −2

3 x = 2

4 x = −2.

(a). f 'nin (−∞,−2) de, (−2, 2) de ve (2,∞) da sürekli oldu§unu
gösteriniz.

(b). f 'nin x = 2'de sürekli oldu§unu gösteriniz.

(c). f 'nin x = −2'de süreksiz oldu§unu gösteriniz.

Soru 25.3. lim
t→0

tan
(π
4
cos
(
sin t

1
3

))
limitini bulunuz.



26Limits Involving Infinity Sonsuz Limitler

Finite Limits as x → ±∞

y = 1
x

x

y

Question: If x > 0 and x gets bigger and bigger and bigger,
what happens to 1

x?

Answer: 1
x gets closer and closer and closer to 0. We write

this as

lim
x→∞

1

x
= 0.

Similarly we have that

lim
x→−∞

1

x
= 0.

Theorem 26.1. All of the limit laws (sum rule, di�erence
rule, constant multiple rule, . . . ) are also true for lim

x→∞
and lim

x→−∞
.

Example 26.1.

lim
x→∞

(
5 +

1

x

)
= lim

x→∞
5 + lim

x→∞
1

x

(sum rule)

= 5 + 0 = 5.

x → ±∞ iken Sonlu Limitler
Soru: x > 0 ve x key� olarak büyüdü§ünde, 1

x nas�l davran�r?

Cevap: 1
x istenildi§i kadar 0'a yak�n olur. Bunu ³öyle yazar�z

lim
x→∞

1

x
= 0.

Benzer ³ekilde

lim
x→−∞

1

x
= 0

olarak yazaca§�z.

Teorem 26.1. Limit kurallar�n�n tümü (toplam kural�,
fark kural�, sabitle çarp�m kural�, . . . ) lim

x→∞
ve lim

x→−∞
için

de geçerlidir.

Örnek 26.1.

lim
x→∞

(
5 +

1

x

)
= lim

x→∞
5 + lim

x→∞
1

x

(toplam kural�)

= 5 + 0 = 5.

Örnek 26.2.

lim
x→−∞

π
√
3

x2
= lim

x→−∞

(
π
√
3
1

x

1

x

)

=

(
lim

x→−∞
π
√
3

)(
lim

x→−∞
1

x

)(
lim

x→−∞
1

x

)

(çarp�m küral�)

= π
√
3× 0× 0 = 0.

Örnek 26.3 (Rasyonel Fonksiyonlar�n Sonsuzdaki Limitleri).

lim
x→∞

5x2 + 8x− 3

3x2 + 2
limitini bulunuz.

çözüm: Unutmay�n ki cevap �∞∞ � de§ildir. �∞∞ �. yazarsan�z
s�navda s�f�r puan alman�z beklenebilir.

Bunun yerine ³öyle bir çözüm verebiliriz

lim
x→∞

5x2 + 8x− 3

3x2 + 2
= lim

x→∞
5 + 8

x − 3
x2

3 + 2
x2

=
5 + 0− 0

3 + 0
=

5

3
.

Bkz. ³ekil 26.2.
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Example 26.2.

lim
x→−∞

π
√
3

x2
= lim

x→−∞

(
π
√
3
1

x

1

x

)

=

(
lim

x→−∞
π
√
3

)(
lim

x→−∞
1

x

)(
lim

x→−∞
1

x

)

(product rule)

= π
√
3× 0× 0 = 0.

Example 26.3 (Limits at In�nity of Rational Functions). Find

lim
x→∞

5x2 + 8x− 3

3x2 + 2
.

solution: Please note that the answer is not �∞∞ �. You can
expect to receive zero points in the exam if you write �∞∞ �.

Instead we calculate that

lim
x→∞

5x2 + 8x− 3

3x2 + 2
= lim

x→∞
5 + 8

x − 3
x2

3 + 2
x2

=
5 + 0− 0

3 + 0
=

5

3
.

See �gure 26.2.

Example 26.4.

lim
x→−∞

11x+ 2

2x3 − 1
= lim

x→−∞

11
x2 + 2

x3

2− 1
x3

=
0 + 0

2− 0
= 0.

Example 26.5. Find lim
x→∞

x3 − 2

|x|3 + 1
and lim

x→−∞
x3 − 2

|x|3 + 1
.

solution: If x > 0, then

lim
x→∞

x3 − 2

|x|3 + 1
= lim

x→∞
x3 − 2

x3 + 1

= lim
x→∞

1− 2
x3

1 + 1
x3

=
1− 0

1 + 0
= 1

and if x < 0 then

lim
x→−∞

x3 − 2

|x|3 + 1
= lim

x→−∞
x3 − 2

(−x)3 + 1

= lim
x→−∞

1− 2
x3

−1 + 1
x3

=
1− 0

−1 + 0
= −1.

See �gure 26.1.

−1

1

y = x3−2
|x|3+1

x

y

Figure 26.1: The graph of y = x3−2
|x|3+1

.

�ekil 26.1: y = x3−2
|x|3+1

'in gra�§i.

−10 −5 5 10

5
3

y = 5x2+8x−3
3x2+2

x

y

Figure 26.2: The graph of y = 5x2+8x−3
3x2+2 .

�ekil 26.2: y = 5x2+8x−3
3x2+2 'nin gra�§i.

Örnek 26.4.

lim
x→−∞

11x+ 2

2x3 − 1
= lim

x→−∞

11
x2 + 2

x3

2− 1
x3

=
0 + 0

2− 0
= 0.

Örnek 26.5. lim
x→∞

x3 − 2

|x|3 + 1
ve lim

x→−∞
x3 − 2

|x|3 + 1
limitlerini bu-

lunuz.

çözüm: x > 0 ise, o halde

lim
x→∞

x3 − 2

|x|3 + 1
= lim

x→∞
x3 − 2

x3 + 1

= lim
x→∞

1− 2
x3

1 + 1
x3

=
1− 0

1 + 0
= 1

ve e§er x < 0 ise, o halde

lim
x→−∞

x3 − 2

|x|3 + 1
= lim

x→−∞
x3 − 2

(−x)3 + 1

= lim
x→−∞

1− 2
x3

−1 + 1
x3

=
1− 0

−1 + 0
= −1.

Bkz. ³ekil 26.1.
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Infinite Limits Sonsuz Limitler

y = 1
x2

x

y

y = 1
x

x

y

y = x

x

y

lim
x→0

1

x2
= ∞ lim

x→0

1

x
does not exist. lim

x→∞
x = ∞

Example 26.6. Find lim
x→2

2− x

(x− 2)3
or explain why it doesn't

exist.

solution:

lim
x→2

2− x

(x− 2)3
= lim

x→2

−(x− 2)

(x− 2)3

= lim
x→2

−1

(x− 2)2
= −∞.

Example 26.7. Find lim
x→2

x− 3

x2 − 4
or explain why it doesn't ex-

ist.

solution:

lim
x→2

x− 3

x2 − 4
= lim

x→2

x− 3

(x− 2)(x+ 2)
= lim

x→2

[(
x− 3

x+ 2

)(
1

x− 2

)]

does not exist. To understand why, note that

� if 2 < x < 2.01, then (x− 2) > 0 and 1
x−2 > 100; but

� if 1.99 < x < 2, then (x− 2) < 0 and 1
x−2 < −100.

See �gure 26.3.

−2 2

y = x−3
x2−4

x

y

Figure 26.3: The graph of y = x−3
x2−4 .

�ekil 26.3: y = x−3
x2−4 'ün gra�§i.

Örnek 26.6. lim
x→2

2− x

(x− 2)3
limitini bulunuz veya mevcut de§ilse

neden olmad�§�n� aç�klay�n�z.

çözüm:

lim
x→2

2− x

(x− 2)3
= lim

x→2

−(x− 2)

(x− 2)3

= lim
x→2

−1

(x− 2)2
= −∞.

Örnek 26.7. Mevcutsa, lim
x→2

x− 3

x2 − 4
limitini bulunuz veya mev-

cut de§ilse aç�klay�n�z.

çözüm:

lim
x→2

x− 3

x2 − 4
= lim

x→2

x− 3

(x− 2)(x+ 2)
= lim

x→2

[(
x− 3

x+ 2

)(
1

x− 2

)]

mevcut de§ildir. Neden olmad�§�n� görebilmek için, ³unlara
dikkat edelim

� 2 < x < 2.01 ise, bu durumda (x− 2) > 0 ve 1
x−2 > 100

olur; fakat

� 1.99 < x < 2 iken, (x− 2) < 0 and 1
x−2 < −100 olur.

See �gure 26.3.
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Problems

Problem 26.1. Find the following limits (if a limit does not
exist, then you must explain why).

Sorular

Soru 26.1. A³a§�daki limitleri bulunuz (if a limit does not
exist, then you must explain why).

(a). lim
x→∞

2x+ 3

5x+ 7

(b). lim
x→∞

x+ 1

x2 + 3

(c). lim
y→∞

2y2 − y3

3y2 − y

(d). lim
x→−∞

−2x3 − 2x+ 3

3x3 + 3x2 − 5x

(e). lim
z→∞

2 +
√
z

2−√
z

(f). lim
t→−∞

√
t2 + 1

t+ 1

(g). lim
p→0

−1

p2(p+ 1)

(h). lim
x→∞

√
8x2 − 3

2x2 + x

(i). lim
x→−∞

(
1− x3

x2 + 7x

)5

(j). lim
x→∞

2
√
x+ x−1

3x− 7

(k). lim
x→7

4

(x− 7)2

(l). lim
x→0

1

3x
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3% means

100

3

slop
e =

3
100

slo
pe

=
b
a

a

b
slo
pe
=
3
3
=
1

3

3

sl
op
e
=

4 2
=
2

2

4

slope = −2
4 = − 1

2

4

−2

x0

y = f(x)

b

a

ta
ng
en
t l
in
e

at
x
=
x 0

x

y We can say that

(
slope of y = f(x)

at x = x0

)
=

(
slope of the tangent

line at x = x0

)
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Example 27.1. Örnek 27.1.

−1 −0.5 0.5 1 1.5 2 2.5

−1

1

2

3

4

5

6

7

8

y = x2

x

y

x0 = 0

slope = 0

x0 = 1

slope = 2

x0 = 2

slope = 4

The slope of y = x2 at x0 = 0 is 0.
The slope of y = x2 at x0 = 1 is 2.
The slope of y = x2 at x0 = 2 is 4.
How do we know this?

x0 x0 + h

f(x0)

f(x0 + h)

or
an
ge
lin
e

y = f(x)

ta
ng
en
t l
ine

at
x =

x0

h

f
(x

0
+
h
)
−
f
(x

0
)

x

y

If h is very very small, then
(

slope of the
tangent line

)
≈
(

slope of the
orange line

)
=

f(x0 + h)− f(x0)

h

h çok ama çok küçükse, o zaman
(

slope of the
tangent line

)
≈
(

slope of the
orange line

)
=

f(x0 + h)− f(x0)

h



157

The Derivative of f
De�nition. The derivative of a function f at a point x0

is

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h

if the limit exists.

(f ′ is pronounced �f prime�)

Example 27.2. Consider the function g(x) = 1
x , x ̸= 0.

If x0 ̸= 0, then

g′(x0) = lim
h→0

g(x0 + h)− g(x0)

h

= lim
h→0

1
x0+h − 1

x0

h

= lim
h→0

(
x0

x0(x0+h) − x0+h
x0(x0+h)

)

h

= lim
h→0

x0 − x0 − h

hx0(x0 + h)

= lim
h→0

−1

x0(x0 + h)

= − 1

x2
0

.

See �gure 27.1.

−1 2

−1

0.5

y = 1
x

slope = g ′(2) = − 1
4

slope
=
g ′(−

1) = −
1

x

y

Figure 27.1: The graph of g(x) = 1
x , x ̸= 0 and two tangents

to this graph.
�ekil 27.1: g(x) = 1

x , x ̸= 0 gra�§i ve buna te§et iki do§ru.

De�nition. If f ′(x0) exists, we say that f is di�erentiable
at x0.

De�nition. Let f : D → R be a function. If f is di�erentiable
at every x0 ∈ D, we say that f is di�erentiable.

f Türevi
Tan�m. Bir f fonksiyonunun x0 noktas�ndaki türevi lim-
itin mevcut olmas� ko³uyla

f ′(x0) = lim
h→0

f(x0 + h)− f(x0)

h

olarak tan�mlan�r.

(f ′ sembolü �f üssü� olarak okunur)

Örnek 27.3. g(x) = 1
x , x ̸= 0 fonksiyonunu ele alal�m.

x0 ̸= 0 ise,

g′(x0) = lim
h→0

g(x0 + h)− g(x0)

h

= lim
h→0

1
x0+h − 1

x0

h

= lim
h→0

(
x0

x0(x0+h) − x0+h
x0(x0+h)

)

h

= lim
h→0

x0 − x0 − h

hx0(x0 + h)

= lim
h→0

−1

x0(x0 + h)

= − 1

x2
0

.

Bkz. ³ekil 27.1.

Tan�m. f ′(x0) mevcutsa, f fonksiyonu x0'da
türevlenebilirdir deriz.

Tan�m. f : D → R bir fonksiyon olsun. f her x0 ∈ D nok-
tas�nda türevlenebilir ise, f bir türevlenebilir fonksiyondur
deriz.

f : D → R türevlenebilir ise, elimizde yeni bir f ′ : D → R
fonksiyonu olur.

Tan�m. f ′ fonksiyonuna f 'nin türevi denir.

Örnek 27.4. f(x) = x
x−1 'nin türevini bulunuz.

çözüm: �lk olarak f(x+ h) = x+h
x+h−1 . Buradan

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

x+h
x+h−1 − x

x−1

h

= lim
h→0

1

h

(
(x+ h)(x− 1)− x(x+ h− 1)

(x− 1)(x+ h− 1)

)

= lim
h→0

1

h

( −h

(x− 1)(x+ h− 1)

)

= lim
h→0

−1

(x− 1)(x+ h− 1)

=
−1

(x− 1)(x+ 0− 1)

=
−1

(x− 1)2

buluruz.
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If f : D → R is di�erentiable, then we have a new function
f ′ : D → R.

De�nition. f ′ is called the derivative of f .

Example 27.3. Di�erentiate f(x) = x
x−1 .

solution: First note that f(x+ h) = x+h
x+h−1 . Therefore

f ′(x) = lim
h→0

f(x+ h)− f(x)

h

= lim
h→0

x+h
x+h−1 − x

x−1

h

= lim
h→0

1

h

(
(x+ h)(x− 1)− x(x+ h− 1)

(x− 1)(x+ h− 1)

)

= lim
h→0

1

h

( −h

(x− 1)(x+ h− 1)

)

= lim
h→0

−1

(x− 1)(x+ h− 1)

=
−1

(x− 1)(x+ 0− 1)

=
−1

(x− 1)2
.

1

y = x
x−1

x

y

Figure 27.2: The graph of y = x
x−1 .

�ekil 27.2: y = x
x−1 'in gra�§i

Notations
There are many ways to write the derivative of y = f(x).

f ′(x) = y′ =
dy

dx
=

df

dx
=

d

dx
f(x) = ẏ = ḟ(x)

�the derivative of y with respect to x�

Calculus was started by two men who hated each other: Sir
Isaac Newton (UK, 1642-1726)used ḟ and ẏ. Gottfried Leibniz
(GER, 1646-1716)used df

dx and dy
dx . The f

′ and y′ notation came
later from Joseph-Louis Lagrange (ITA, 1736-1813).

If we want the derivative of y = f(x) at the point x = x0,
we can write

f ′(x0) =
dy

dx

∣∣∣∣
x=x0

=
df

dx

∣∣∣∣
x=x0

=
d

dx
f(x)

∣∣∣∣
x=x0

�the derivative of y with respect to x at x = x0�

For example, if u(x) = 1
x , then

u′(4) =
d

dx

(
1

x

)∣∣∣∣
x=4

=
−1

x2

∣∣∣∣
x=4

=
−1

42
=

−1

16
.

Notasyon
y = f(x)'nin türevini yazman�n birçok yolu vard�r.

f ′(x) = y′ =
dy

dx
=

df

dx
=

d

dx
f(x) = ẏ = ḟ(x)

�y nin x'e göre türevi�

Calculus birbirinden nefret eden iki ki³i taraf�ndan ba³lad�:
Sir Isaac Newton (�ngiltere, 1642-1726) ḟ ve ẏ kulland�. Got-
tfried Leibniz (Almanya, 1646-1716) df

dx ve dy
dx sembollerini kul-

land�. F ′ ve y′ gösterimi daha sonra Joseph-Louis Lagrange'den
(�talya, 1736-1813) taraf�ndan ilk kullan�ld�.

y = f(x)'nin x = x0'daki türevini bulmak için, ³öyle yazar�z

f ′(x0) =
dy

dx

∣∣∣∣
x=x0

=
df

dx

∣∣∣∣
x=x0

=
d

dx
f(x)

∣∣∣∣
x=x0

�y'nin x'e göre x = x0'daki türevi�

Örne§in, u(x) = 1
x ise, o zaman

u′(4) =
d

dx

(
1

x

)∣∣∣∣
x=4

=
−1

x2

∣∣∣∣
x=4

=
−1

42
=

−1

16
.
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Figure 27.3: A web comic taken from https://xkcd.com/626/ .
�ekil 27.3: https://xkcd.com/626/ adresinden al�nan bir web çizgi roman�.

Example 27.4. Show that f(x) = |x| is di�erentiable on
(−∞, 0) and on (0,∞), but is not di�erentiable at x = 0.

solution: If x > 0 then

df

dx
=

d

dx
(|x|) = d

dx
(x) = lim

h→0

(x+ h)− x

h
= lim

h→0
1 = 1.

Similarly, if x < 0 then

df

dx
=

d

dx
(|x|) = d

dx
(−x) = lim

h→0

(−x− h)− (−x)

h

= lim
h→0

−1 = −1.

Therefore f is di�erentiable on (−∞, 0) and on (0,∞).

Since lim
h→0

|0 + h| − |0|
h

= lim
h→0

|h|
h

= lim
h→0

(±1) does not exist,

f is not di�erentiable at 0.
See �gure 27.4.

slope
=
f ′(x) = −

1 slo
pe
=
f
′ (x

) =
1

f
′ (0)

doe
s no

t ex
ist

x

y

Figure 27.4: The graph of y = |x|.
�ekil 27.4: y = |x|'in gra�§i.

Örnek 27.5. f(x) = |x|'nin (−∞, 0) ve (0,∞) aral�klar�nda
türevlenebilir ama x = 0'da türevlenebilir olmad�§�n� gösteriniz.

çözüm: x > 0 ise o vakit

df

dx
=

d

dx
(|x|) = d

dx
(x) = lim

h→0

(x+ h)− x

h
= lim

h→0
1 = 1.

Benzer olarak, x < 0 ise o halde

df

dx
=

d

dx
(|x|) = d

dx
(−x) = lim

h→0

(−x− h)− (−x)

h

= lim
h→0

−1 = −1.

Yani f foksiyonu (−∞, 0) ve (0,∞)'da türevlenebilirdir.

lim
h→0

|0 + h| − |0|
h

= lim
h→0

|h|
h

= lim
h→0

(±1) mevcut olmad�§�n-

dan, f 0'da türevlenenemez.
Bkz. ³ekil 27.4.

https://xkcd.com/626/
https://xkcd.com/626/
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When Does a Function Not Have a
Derivative at a Point?

Hangi Durumlarda Bir Fonksiyonun
Türevi Yoktur?

x0

x

y

x0

x

y

x0

x

y

x0

x

y

x0

x

y

a corner a cusp a vertical tangent a discontinuity a discontinuity

f ′(x0) does not exist f ′(x0) does not exist f ′(x0) does not exist f ′(x0) does not exist f ′(x0) does not exist

kö³e durumu içten bükülme dikey te§et süreksizlik süreksizlik

f ′(x0) mevcut de§il f ′(x0) mevcut de§il f ′(x0) mevcut de§il f ′(x0) mevcut de§il f ′(x0) mevcut de§il

Theorem 27.1.
(

f has a derivative
at x = x0

)
=⇒

(
f is continuous

at x = x0

)
Teorem 27.1.
(
f 'nin at x = x0 da

türevi mevcut

)
=⇒

(
f , x = x0'da

sürekli

)



28Differentiation Rules Türev Kuralları

Constant Function
If k ∈ R, then

d

dx
(k) = 0.

Power Function
If n ∈ R, then

d

dx
(xn) = nxn−1.

Example 28.1.

d

dx

(
x3
)
= 3x3−1 = 3x2

Example 28.2.

d

dx

(√
x
)
=

d

dx

(
x

1
2

)
=

1

2
x

1
2−1 =

1

2
x− 1

2 =
1

2
√
x

Example 28.3.

d

dx

(
1

x4

)
=

d

dx

(
x−4

)
= −4x−4−1 = −4x−5 = − 4

x5

The Constant Multiple Rule
If u(x) is di�erentiable and k ∈ R, then

d

dx
(ku) = k

du

dx
.

Proof.

d

dx
(ku) = lim

h→0

ku(x+ h)− ku(x)

h

= k lim
h→0

u(x+ h)− u(x)

h
= k

du

dx

Example 28.4.

d

dx

(
3x2
)
= 3

d

dx

(
x2
)
= 3× 2x = 6x

Example 28.5.

d

dx
(−u) =

d

dx
(−1× u) = −1× du

dx
= −du

dx

Sabit Fonksiyon
k ∈ R ise, o halde

d

dx
(k) = 0.

Kuvvet Fonksiyonu
n ∈ R ise, bu durumda

d

dx
(xn) = nxn−1.

Örnek 28.1.
d

dx

(
x3
)
= 3x3−1 = 3x2

Örnek 28.2.
d

dx

(√
x
)
=

d

dx

(
x

1
2

)
=

1

2
x

1
2−1 =

1

2
x− 1

2 =
1

2
√
x

Örnek 28.3.
d

dx

(
1

x4

)
=

d

dx

(
x−4

)
= −4x−4−1 = −4x−5 = − 4

x5

Sabitle Çarpım Kuralı
u(x) türevlenebilir ve k ∈ R ise,

d

dx
(ku) = k

du

dx
.

Kan�t.

d

dx
(ku) = lim

h→0

ku(x+ h)− ku(x)

h

= k lim
h→0

u(x+ h)− u(x)

h
= k

du

dx

Örnek 28.4.
d

dx

(
3x2
)
= 3

d

dx

(
x2
)
= 3× 2x = 6x

Örnek 28.5.
d

dx
(−u) =

d

dx
(−1× u) = −1× du

dx
= −du

dx

161
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The Sum Rule
If u(x) and v(x) are di�erentiable at x0, then u + v is also
di�erentiable at x0 and

d

dx
(u+ v) =

du

dx
+

dv

dx
.

Example 28.6. Di�erentiate y = x3 + 4
3x

2 − 5x+ 1.

solution:

dy

dx
=

d

dx

(
x3 +

4

3
x2 − 5x+ 1

)

=
d

dx

(
x3
)
+

d

dx

(
4

3
x2

)
− d

dx
(5x) +

d

dx
(1)

= 3x2 +
8

3
x− 5 + 0

Example 28.7. Does the curve y = x4 − 2x2 + 2 have any
points where dy

dx = 0? If so, where?

solution: Since

dy

dx
= 4x3 − 4x = 4x(x2 − 1) = 4x(x− 1)(x+ 1),

we can see that dy
dx = 0 if and only if x = −1, 0 or 1. See �gure

28.1.

Toplam Kuralı
u(x) ve v(x) fonksiyonlar� x0'da türevlenebilirlerse, u+v'de x0

türevlenebilirdir ve

d

dx
(u+ v) =

du

dx
+

dv

dx
.

Örnek 28.6. y = x3 + 4
3x

2 − 5x + 1 fonksiyonunun türevini
bulunuz.

çözüm:

dy

dx
=

d

dx

(
x3 +

4

3
x2 − 5x+ 1

)

=
d

dx

(
x3
)
+

d

dx

(
4

3
x2

)
− d

dx
(5x) +

d

dx
(1)

= 3x2 +
8

3
x− 5 + 0

Örnek 28.7. y = x4 − 2x2 + 2 e§risi üzerinde dy
dx = 0 olan

nokta(lar) var m�d�r? Varsa, nelerdir?

çözüm:

dy

dx
= 4x3 − 4x = 4x(x2 − 1) = 4x(x− 1)(x+ 1),

oldu§undan ³unu gözlemleyebiliriz dy
dx = 0 ancak ve ancak x =

−1, 0 veya 1 olur. Bkz. ³ekil 28.1.

−1 1

x

y

Figure 28.1: The graph of y = x4 − 2x2 + 2.
�ekil 28.1: y = x4 − 2x2 + 2'nin gra�§i.
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The Product Rule
If u(x) and v(x) are di�erentiable at x0, then u(x)v(x) is also
di�erentiable at x0 and

d

dx
(uv) = u

dv

dx
+ v

du

dx
.

Using prime notation, the product rule is

(uv)′ = u′v + uv′.

Example 28.8. Di�erentiate y = (x2 + 1)(x3 + 3).

solution 1: We have y = uv with u = x2 + 1 and v = x3 + 3.
So

dy

dx
= (x2 + 1)′(x3 + 3) + (x2 + 1)(x3 + 3)′

= (2x+ 0)(x3 + 3) + (x2 + 1)(3x2 + 0)

= 2x4 + 6x+ 3x4 + 3x2

= 5x4 + 3x2 + 6x.

solution 2: Since

y = (x2 + 1)(x3 + 3) = x5 + x3 + 3x2 + 3,

we have that
dy

dx
= 5x4 + 3x2 + 6x+ 0.

Çarpım Kuralı
u(x) ve v(x) fonksiyonlarla x0'da türevlenebilirlerse, u(x)v(x)
fonksiyonu da x0 türevlenebilirdir ve

d

dx
(uv) = u

dv

dx
+ v

du

dx
.

Üs notasyonu kullanarak, çarp�m kural� da

(uv)′ = u′v + uv′.

Örnek 28.8. y = (x2 +1)(x3 +3) fonksiyonunun türevini bu-
lunuz.

çözüm 1: Elimizde ³unlar var: y = uv ile u = x2 + 1 ve
v = x3 + 3. Yani

dy

dx
= (x2 + 1)′(x3 + 3) + (x2 + 1)(x3 + 3)′

= (2x+ 0)(x3 + 3) + (x2 + 1)(3x2 + 0)

= 2x4 + 6x+ 3x4 + 3x2

= 5x4 + 3x2 + 6x.

çözüm 2:

y = (x2 + 1)(x3 + 3) = x5 + x3 + 3x2 + 3

oldu§undan,
dy

dx
= 5x4 + 3x2 + 6x+ 0

buluruz.

The Quotient Rule
If u(x) and v(x) are di�erentiable at x0 and if v(x0) ̸= 0, then
u
v is also di�erentiable at x0 and

d

dx

(u
v

)
=

u′v − uv′

v2
.

Example 28.9. Di�erentiate y = t2−1
t3+1 .

solution: We have y = u
v with u = t2 − 1 and v = t3 + 1.

Therefore

dy

dt
=

u′v − uv′

v2

=
(t2 − 1)′(t3 + 1)− (t2 − 1)(t3 + 1)′

(t3 + 1)2

=
(2t)(t3 + 1)− (t2 − 1)(3t2)

(t3 + 1)2

=
2t4 + 2t− 3t4 + 3t2

(t3 + 1)2

=
−t4 + 3t2 + 2t

(t3 + 1)2
.

Bölüm Kuralı
E§er u(x) ve v(x) fonksiyonlar� x0'da türevlenebilirlerse ve
v(x0) ̸= 0 ise, o zaman u

v fonksiyonu da x0'da türevlenebilirdir
ve türevi de ³yledir:

d

dx

(u
v

)
=

u′v − uv′

v2
.

Örnek 28.9. y = t2−1
t3+1 fonksiyonunun türevini al�n�z.

çözüm: u = t2 − 1 ve v = t3 + 1 olmak üzere y = u
v olsun.

Buradan

dy

dt
=

u′v − uv′

v2

=
(t2 − 1)′(t3 + 1)− (t2 − 1)(t3 + 1)′

(t3 + 1)2

=
(2t)(t3 + 1)− (t2 − 1)(3t2)

(t3 + 1)2

=
2t4 + 2t− 3t4 + 3t2

(t3 + 1)2

=
−t4 + 3t2 + 2t

(t3 + 1)2

buluruz.
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Example 28.10. Di�erentiate f(s) =
√
s−1√
s+1

.

solution: We have f(s) = u
v with u =

√
s− 1 and v =

√
s+1.

Remember that d
ds (

√
s) = 1

2
√
s
. Therefore

df

ds
=

u′v − uv′

v2

=
(
√
s− 1)′(

√
s+ 1)− (

√
s− 1)(

√
s+ 1)′

(
√
s+ 1)

2

=

(
1

2
√
s

)
(
√
s+ 1)− (

√
s− 1)

(
1

2
√
s

)

(
√
s+ 1)

2

=

1
2 + 1

2
√
s
− 1

2 + 1
2
√
s

(
√
s+ 1)

2

=
1

√
s (

√
s+ 1)

2 .

Örnek 28.10. f(s) =
√
s−1√
s+1

fonksiyonunun türevini bulunuz.

çözüm: f(s) = u
v olsun burada u =

√
s − 1 ve v =

√
s + 1.

Unutmay�n�z ki d
ds (

√
s) = 1

2
√
s
. Dolay�s�yla

df

ds
=

u′v − uv′

v2

=
(
√
s− 1)′(

√
s+ 1)− (

√
s− 1)(

√
s+ 1)′

(
√
s+ 1)

2

=

(
1

2
√
s

)
(
√
s+ 1)− (

√
s− 1)

(
1

2
√
s

)

(
√
s+ 1)

2

=

1
2 + 1

2
√
s
− 1

2 + 1
2
√
s

(
√
s+ 1)

2

=
1

√
s (

√
s+ 1)

2

buluruz.

Second Order Derivatives
If y = f(x) is a di�erentiable function, then f ′(x) is also a
function. If f ′(x) is also di�erentiable, then we can di�erentiate
to �nd a new function called f ′′ (�f double prime�). f ′′ is called
the second derivative of f . We can write

f ′′(x) =
d

dx
f ′(x) =

d

dx

(
dy

dx

)
=

d2y

dx2
=

dy′

dx
= y′′

�d squared y, dx squared�

Example 28.11. If y = x6, then y′ = d
dx

(
x6
)
= 6x5 and

y′′ = d
dx (y′) = d

dx

(
6x5
)
= 30x4. Equivalently, we can write

d2

dx2

(
x6
)
=

d

dx

(
d

dx

(
x6
))

=
d

dx

(
6x5
)
= 30x4.

İkinci Mertebeden Türevler
y = f(x) türevlenebilir bir fonksiyon ise, o zaman f ′(x) de
bir fonksiyondur. f ′(x) de türevlenebilir ise, bu durumda yine
türev al�r ve yeni bir f ′′ (�f iki üssü�) fonksiyonu buluruz. f ′′

fonksiyonuna f 'nin ikinci türevi denir. �öyle dösteririz

f ′′(x) =
d

dx
f ′(x) =

d

dx

(
dy

dx

)
=

d2y

dx2
=

dy′

dx
= y′′

�d kare y bölü dx kare�

Örnek 28.11. y = x6 ise, y′ = d
dx

(
x6
)

= 6x5 ve y′′ =
d
dx (y′) = d

dx

(
6x5
)
= 30x4. Buna e³de§er olarak,

d2

dx2

(
x6
)
=

d

dx

(
d

dx

(
x6
))

=
d

dx

(
6x5
)
= 30x4

yazabiliriz.
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Higher Order Derivatives

If f ′′ is di�erentiable, then its derivative f ′′′ = d3f
dx3 is the third

derivative of f .
If f ′′′ is di�erentiable, then its derivative f (4) = d4f

dx4 is the
fourth derivative of f .
If f (4) is di�erentiable, then its derivative f (5) = d5f

dx5 is the
�fth derivative of f .

...

If f (n−1) is di�erentiable, then its derivative f (n) = dnf
dxn is the

nth derivative of f .

Example 28.12. Find the �rst four derivatives of y = x3 −
3x2 + 2.

solution:
First derivative: y′ = 3x2 − 6x
Second derivative: y′′ = 6x− 6
Third derivative: y′′′ = 6
Fourth derivative: y(4) = 0.

(Note that since d
dx (0) = 0, if n ≥ 4 then y(n) = 0 also.)

Yüksek Mertebeden Türevler
f ′′ türevlenebilir ise, türevi olan f ′′′ = d3f

dx3 fonksiyona f 'nin
üçüncü türevi denir.
f ′′′ türevlenebilir ise, türevi olan f (4) = d4f

dx4 fonksiyonuna f 'nin
dördüncü türevi denir.
f (4) türevlenebilir ise, türevi olan f (5) = d5f

dx5 fonksiyonuna
f 'nin be³inci türevi.

...

f (n−1) türevlenebilir ise, türevi olan f (n) = dnf
dxn fonksiyonuna

f 'nin n inci türevi denir.

Örnek 28.12. y = x3−3x2+2 ise, ilk dört mertebeden türev-
lerini bulunuz.

çözüm:
Birinci mertebeden türev: y′ = 3x2 − 6x
�kinci mertebeden türev: y′′ = 6x− 6
Üçüncü mertebeden türev: y′′′ = 6
Dördüncü inci mertebeden türev: y(4) = 0.

( d
dx (0) = 0 olsu§undan, n ≥ 4 ise y(n) = 0 oldu§unu unut-
may�n�z.)

Problems

Problem 28.1.

(a). Find
ds

dt
if s = −2t−1 +

4

t2
.

(b). Find w′′ if w = (z + 1)(z − 1)(z2 + 1).

(c). Find
dy

dx
if y = (2x+ 3)(x4 + 1

3x
3 + 11).

Problem 28.2. Find
db

dx
if b =

x2 − 1

x2 + x− 2
.

Problem 28.3. Find the derivatives of the functions below:

Sorular

Soru 28.1.

(a). s = −2t−1 +
4

t2
ise

ds

dt
yi bulunuz.

(b). w = (z + 1)(z − 1)(z2 + 1) ise w′′'yü bulunuz.

(c). y = (2x+ 3)(x4 + 1
3x

3 + 11) ise
dy

dx
'i bulunuz.

Soru 28.2. b =
x2 − 1

x2 + x− 2
ise

db

dx
'i bulunuz.

Soru 28.3. A³a§�daki fonksiyonlar�n türevlerini bulunuz:

(a). y =
x4

2
− 3

2
x2 − x

(b). y = (x− 1)(x2 + 3x− 5)

(c). r =
1

3s2
− 5

2s

(d). y =
2x+ 5

3x− 2

(e). g(x) =
x2 − 4

x+ 0.5

(f). v = (1− t)(1 + t2)−1

(g). f(s) =

√
s− 1√
s+ 1

(h). v =
1 + x− 4

√
x

x

(i). r =
(θ − 1)(θ2 + θ + 1)

θ3

(j). w =

(
1 + 3z

3z

)
(3− z)

(k). s = 5t3 − 3t5

(l). w = 3z−2 − 1

z



29Derivatives of Trigono-
metric Functions

Trigonometrik Fonksiy-
onların Türevleri

Sine and Cosine Sinüs ve Kosinüs

d

dx
(sinx) = cosx

d

dx
(cosx) = − sinx

Example 29.1. Di�erentiate y = x2 − sinx.

solution:

dy

dx
=

d

dx

(
x2
)
− d

dx
(sinx) = 2x− cosx.

Example 29.2. Di�erentiate y = x2 sinx.

solution:We will use the product rule ((uv)′ = u′v+uv′) with
u = x2 and v = sinx.

y′ = (x2)′(sinx) + (x2)(sinx)′ = 2x sinx+ x2 cosx.

Example 29.3. Di�erentiate y = sin x
x .

solution: This time we use the quotient rule (
(
u
v

)′
= u′v−uv′

v2 )
with u = sinx and v = x.

y′ =
(sinx)′x− (sinx)(x)′

x2
=

x cosx− sinx

x2
.

Example 29.4. Di�erentiate y = 5x+ cosx.

solution:

dy

dx
=

d

dx
(5x) +

d

dx
(cosx) = 5− sinx.

Example 29.5. Di�erentiate y = sinx cosx.

solution: By the product rule, we have that

dy

dx
=

d

dx
(sinx) cosx+ sinx

d

dx
(cosx) = cos2 x− sin2 x.

Örnek 29.1. y = x2 − sinx fonksiyonunun türevini al�n�z.

çözüm:

dy

dx
=

d

dx

(
x2
)
− d

dx
(sinx) = 2x− cosx.

Örnek 29.2. y = x2 sinx fonksiyonunun türevini al�n�z.

çözüm: Çarp�m kural� kullan�rsak ((uv)′ = u′v + uv′) burada
u = x2 ve v = sinx oluyor.

y′ = (x2)′(sinx) + (x2)(sinx)′ = 2x sinx+ x2 cosx.

Örnek 29.3. y = sin x
x fonksiyonunun türevini al�n�z.

çözüm: Bu sefer de bölüm kural� kullan�rsak (
(
u
v

)′
= u′v−uv′

v2 )
burada u = sinx ve v = x oluyor.

y′ =
(sinx)′x− (sinx)(x)′

x2
=

x cosx− sinx

x2
.

Örnek 29.4. y = 5x+ cosx fonksiyonunun türevini al�n�z.

çözüm:

dy

dx
=

d

dx
(5x) +

d

dx
(cosx) = 5− sinx.

Örnek 29.5. y = sinx cosx fonksiyonunun türevini al�n�z.

çözüm: Çarp�m kural� gere§ince,

dy

dx
=

d

dx
(sinx) cosx+ sinx

d

dx
(cosx) = cos2 x− sin2 x.

Örnek 29.6. y = cos x
1−sin x fonksiyonunun türevini al�n�z.
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Example 29.6. Di�erentiate y = cos x
1−sin x .

solution: By the quotient rule, we have that

dy

dx
=

d
dx (cosx)(1− sinx)− (cosx) d

dx (1− sinx)

(1− sinx)2

=
− sinx(1− sinx)− cosx(0− cosx)

(1− sinx)2

=
− sinx+ sin2 x+ cos2 x

(1− sinx)2

=
− sinx+ 1

(1− sinx)2
=

1− sinx

(1− sinx)2

=
1

1− sinx
.

çözüm: Bölüm kural�ndan,

dy

dx
=

d
dx (cosx)(1− sinx)− (cosx) d

dx (1− sinx)

(1− sinx)2

=
− sinx(1− sinx)− cosx(0− cosx)

(1− sinx)2

=
− sinx+ sin2 x+ cos2 x

(1− sinx)2

=
− sinx+ 1

(1− sinx)2
=

1− sinx

(1− sinx)2

=
1

1− sinx
.

The Tangent Function Tanjant Fonksiyonu

d

dx
(tanx) = sec2 x

Proof. Using the quotient rule, we can calculate that

d

dx
(tanx) =

d

dx

(
sinx

cosx

)

=
d
dx (sinx)(cosx)− (sinx) d

dx (cosx)

cos2 x

=
(cosx)(cosx)− (sinx)(− sinx)

cos2 x

=
cos2 x+ sin2 x

cos2 x

=
1

cos2 x
= sec2 x.

Kan�t. Bölüm türevinden,

d

dx
(tanx) =

d

dx

(
sinx

cosx

)

=
d
dx (sinx)(cosx)− (sinx) d

dx (cosx)

cos2 x

=
(cosx)(cosx)− (sinx)(− sinx)

cos2 x

=
cos2 x+ sin2 x

cos2 x

=
1

cos2 x

= sec2 x.

The Other Three Diğer Üç Fonksiyon

d

dx
(secx) = secx tanx

d

dx
(cotx) = − cosec2 x

d

dx
(cosecx) = − cosecx cotx

You can use the quotient rule to prove these three rules. We
may ask you to prove one of them in an exam.

Example 29.7. Find y′′ if y = secx.

solution: Since y′ = secx tanx, we have that

y′′ =
d

dx
(y′) =

d

dx
(secx tanx)

=
d

dx
(secx) tanx+ secx

d

dx
(tanx)

= (secx tanx)(tanx) + (secx)(sec2 x)

= secx tan2 x+ sec3 x.

Bu üç kural�n kan�tlanmas� için bölüm kural�n� kullanabilirsiniz.
Bunlardan birisini s�navda kan�tlaman�z� isteyebiliriz.
Örnek 29.7. y = secx ise y′′nü bulunuz.

çözüm: y′ = secx tanx oldu§undan,

y′′ =
d

dx
(y′) =

d

dx
(secx tanx)

=
d

dx
(secx) tanx+ secx

d

dx
(tanx)

= (secx tanx)(tanx) + (secx)(sec2 x)

= secx tan2 x+ sec3 x

buluruz.
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Problems

Problem 29.1.

(a). Find
ds

dx
if s = (sinx+ cosx) secx.

(b). Find
dr

dθ
if r = θ sin θ + cos θ.

Problem 29.2. Use the quotient rule to prove that the fol-
lowing are true:

(a).
d

dx
(secx) = secx tanx.

(b).
d

dx
(cotx) = − cosec2 x.

(c).
d

dx
(cosecx) = − cosecx cotx.

Sorular

Soru 29.1.

(a). s = (sinx+ cosx) secx ise
ds

dx
'i bulunuz.

(b). r = θ sin θ + cos θ ise
dr

dθ
'y� bulunuz.

Soru 29.2. Bölüm kural� kullanarak, a³a§�dakileri kan�tlay�n�z:

(a).
d

dx
(secx) = secx tanx.

(b).
d

dx
(cotx) = − cosec2 x.

(c).
d

dx
(cosecx) = − cosecx cotx.

Problem 29.3. Find the derivatives of the functions below: Soru 29.3. A³a§�daki fonksiyonlar�n türevlerini bulunuz:

(a). y = −10x+ 3 cosx

(b). y = x2 cosx

(c). y = cosecx− 4
√
x+ 7

(d). f(x) = sinx tanx

(e). g(x) = cosx tanx

(f). w =
cot z

1 + cot z

(g). h(x) = x3 sinx cosx

(h). p = 5 +
1

cot t

(i). r =
sin t+ cos t

cos t

(j). y = (secx+ tanx)(secx− tanx)

Figure 29.1: A web comic taken from https://www.gocomics.com/calvinandhobbes/1988/01/06 .
�ekil 29.1: https://www.gocomics.com/calvinandhobbes/1988/01/06 adresinden al�nan bir web çizgi roman�.

https://www.gocomics.com/calvinandhobbes/1988/01/06
https://www.gocomics.com/calvinandhobbes/1988/01/06


30The Chain Rule Zincir Kuralı

How do we di�erentiate F (x) = sin(x2 − 4)?

Theorem 30.1 (The Chain Rule). Suppose that

� y = f(u) is di�erentiable at the point u = g(x); and

� g(x) is di�erentiable at x.

Then f ◦ g is di�erentiable at x and

(f ◦ g)′(x) = f ′(g(x)
)
g′(x).

The Chain Rule is easier to remember if we use Leibniz's
notation:

dy

dx
=

dy

du

du

dx

Example 30.1. Di�erentiate y = sin(x2 − 4).

solution: We have y = sinu with u = x2 − 4. Now dy
du = cosu

and du
dx = 2x. Therefore

dy

dx
=

dy

du

du

dx
= (cosu)(2x)

= 2x cosu = 2x cos(x2 − 4)

by the Chain Rule.

Example 30.2. Di�erentiate sin(x2 + x).

solution: Let u = x2 + x. Then

d

dx

(
sin(x2 + x)

)
=

d

du
(sinu)

du

dx
= (cosu)(2x+ 1)

= (2x+ 1) cos(x2 + x)

by the Chain Rule.

Example 30.3 (Using the Chain Rule Two Times). Di�eren-
tiate g(t) = tan (5− sin 2t).

solution: Let u = 5− sin 2t. Then g(t) = tanu. Hence

dg

dt
=

dg

du

du

dt
= (sec2 u)

d

dt
(5− sin 2t).

F (x) = sin(x2 − 4) fonksiyonunun türevini nas�l al�r�z?

Teorem 30.1 (Zincir Kural�). Varsayal�m ki

� y = f(u) fonksiyonu u = g(x) notas�nda türevlenebilir
ve

� g(x) fonksiyonu da x'de türevlenebilir olsun.

Bu durrumda f ◦ g fonksiyonu da x noktas�nda
türevlenebilirdir ve türevi de

(f ◦ g)′(x) = f ′(g(x)
)
g′(x).

Zincir Kural�'n� Leibniz notasyonu kullanarak kolayca
hat�rlanabilir:

dy

dx
=

dy

du

du

dx

Örnek 30.1. y = sin(x2 − 4) fonksiyonunun türevini al�n�z.

çözüm: u = x2− 4 olsun ve y = sinu olur. Böylece dy
du = cosu

ve du
dx = 2x olur. Yani

dy

dx
=

dy

du

du

dx
= (cosu)(2x)

= 2x cosu = 2x cos(x2 − 4)

Zincir Kural� kullanarak buluruz.

Örnek 30.2. sin(x2 + x) fonksiyonunun türevini al�n�z.

çözüm: u = x2+x diyelim. Buradan Zincir Kural� yard�m�yla,

d

dx

(
sin(x2 + x)

)
=

d

du
(sinu)

du

dx
= (cosu)(2x+ 1)

= (2x+ 1) cos(x2 + x)

bulunur.

Örnek 30.3 (�ki kez Zincir Kural�).
g(t) = tan (5− sin 2t) fonksiyonunun türevini al�n�z.

çözüm: Let u = 5− sin 2t. Then g(t) = tanu. Hence

dg

dt
=

dg

du

du

dt
= (sec2 u)

d

dt
(5− sin 2t).
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We need to use the Chain Rule a second time: Let w = 2t.
Then

dg

dt
= (sec2 u)

d

dt
(5− sin 2t)

= (sec2 u)
d

dw
(5− sinw)

dw

dt

= (sec2 u)(− cosw)(2)

= −2 cos 2t sec2(5− sin 2t).

(Note: Your �nal answer should not have u or w in it.)

We need to use the Chain Rule a second time: Let w = 2t.
Then

dg

dt
= (sec2 u)

d

dt
(5− sin 2t)

= (sec2 u)
d

dw
(5− sinw)

dw

dt

= (sec2 u)(− cosw)(2)

= −2 cos 2t sec2(5− sin 2t).

(Not: Cevab�n�z u or w içermemelidir.)

Powers of a Function
If

� f is a di�erentiable function of u;

� u is a di�erentiable function of x; and

� y = f(u),

then the Chain Rule dy
dx = dy

du
du
dx is the same as

d

dx
f(u) = f ′(u)

du

dx
.

Now suppose that n ∈ R and f(u) = un. Then f ′(u) =
nun−1. So

d

dx
(un) = nun−1 du

dx
.

Example 30.4.

d

dx

(
5x3 − x4

)7
= 7

(
5x3 − x4

)6 d

dx

(
5x3 − x4

)

= 7
(
5x3 − x4

)6 (
15x2 − 4x3

)
.

Example 30.5.

d

dx

(
1

3x− 2

)
=

d

dx
(3x− 2)

−1
= −1 (3x− 2)

−2 d

dx
(3x− 2)

= −
(

1

(3x− 2)2

)
(3) =

−3

(3x− 2)2
.

Example 30.6.

d

dx

(
sin5 x

)
= 5 sin4 x

d

dx
(sinx) = 5 sin4 x cosx.

Example 30.7. Di�erentiate |x|.

solution: Since |x| =
√
x2, we can calculate that if x ̸= 0 then

d

dx
|x| = d

dx

(√
x2
)
=

d

du

(√
u
) d

dx

(
x2
)

=
1

2
√
u
2x =

x√
x2

=
x

|x| .

Kuvvet Fonksiyonları
E§er

� f , u'ya ba§l� türevlenebilir fonksiyon;

� u, x'e ba§l� türevlenebilir fonksiyon ve

� y = f(u) ise,

Zincir Kural� gere§ince dy
dx = dy

du
du
dx ile

d

dx
f(u) = f ′(u)

du

dx

ifadesi ayn�d�r.
�imdi n ∈ R ve f(u) = un olsun. O halde f ′(u) = nun−1

olur. Böylece
d

dx
(un) = nun−1 du

dx
.

Örnek 30.4.

d

dx

(
5x3 − x4

)7
= 7

(
5x3 − x4

)6 d

dx

(
5x3 − x4

)

= 7
(
5x3 − x4

)6 (
15x2 − 4x3

)
.

Örnek 30.5.

d

dx

(
1

3x− 2

)
=

d

dx
(3x− 2)

−1
= −1 (3x− 2)

−2 d

dx
(3x− 2)

= −
(

1

(3x− 2)2

)
(3) =

−3

(3x− 2)2
.

Örnek 30.6.

d

dx

(
sin5 x

)
= 5 sin4 x

d

dx
(sinx) = 5 sin4 x cosx.

Örnek 30.7. |x| fonksiyonunun türevini al�n�z.

çözüm: |x| =
√
x2 oldu§undan, x ̸= 0 ise

d

dx
|x| = d

dx

(√
x2
)
=

d

du

(√
u
) d

dx

(
x2
)

=
1

2
√
u
2x =

x√
x2

=
x

|x|

buluruz.
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Example 30.8. Let y = 1
(1−2x)3 for x ̸= 1

2 . Show that dy
dx > 0.

solution: First we calculate that

dy

dx
=

d

dx
(1− 2x)−3 = −3(1− 2x)−4 d

dx
(1− 2x)

= −3(1− 2x)−4(−2) =
6

(1− 2x)4

if x ̸= 1
2 . Since (1− 2x)4 > 0 if x ̸= 1

2 and 6 > 0, we have that
dy
dx > 0 if x ̸= 1

2 .

Örnek 30.8. y = 1
(1−2x)3 for x ̸= 1

2 olsun. dy
dx > 0 oldu§unu

gösteriniz.

çözüm: Öncelikle, x ̸= 1
2 ise

dy

dx
=

d

dx
(1− 2x)−3 = −3(1− 2x)−4 d

dx
(1− 2x)

= −3(1− 2x)−4(−2) =
6

(1− 2x)4

buluruz. E§er x ̸= 1
2 ise (1 − 2x)4 > 0 olur ve 6 > 0 bulunur,

buradan dy
dx > 0 if x ̸= 1

2 elde edilir.

Example 30.9 (Why Do We Use Radians in Calculus?). Re-
member that d

dx sinx = cosx is true only if we use radians.
What happens if we use degrees?

Örnek 30.9 (Kalkülüste Neden Radyan Kullan�r�z?). Unut-
may�n�z ki d

dx sinx = cosx do§rudur tabii radyan kullan�rsak.
Derece kullansayd�k ne olurdu?

180◦

π

1

Remember that

180 degrees = π radians

180◦ = π

1◦ =
π

180

x◦ =
πx

180
.

So

d

dx
sinx◦ =

d

dx
sin
( πx

180

)
=

π

180
cos
( πx

180

)
=

π

180
cosx◦.

Therefore we have

d

dx
sinx = cosx and

d

dx
sinx◦ =

π

180
cosx◦.

a nice formula not nice

This is why we use radians in Calculus.

Hat�rlayacak olursak,

180 derece = π radyan

180◦ = π

1◦ =
π

180

x◦ =
πx

180
.

Yani

d

dx
sinx◦ =

d

dx
sin
( πx

180

)
=

π

180
cos
( πx

180

)
=

π

180
cosx◦.

Elimize geçen

d

dx
sinx = cosx ve

d

dx
sinx◦ =

π

180
cosx◦

güzel bir formül hiç güzel olmayan formül

Bu yüzden Kalkülüste radyan kullan�yoruz.
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Problems

Problem 30.1. Find
ds

dt
if s =

(
t

2
− 1

)−10

.

Problem 30.2. Find
dy

dt
if y = cos

(
5 sin

(
t

3

))
.

Problem 30.3. Find
dy

dx
if y =

√
3x2 − 4x+ 6.

Problem 30.4. Find
dy

dx
if y = sin3 x.

Problem 30.5. Find
dy

dx
if y = sec(tanx).

Problem 30.6. Find
dy

dx
if y = sin(x2) cos(2x).

Problem 30.7. Find
dy

dt
if y =

(
t2

t3 − 4t

)3

.

Problem 30.8. Find y′′ if y =

(
1 +

1

x

)3

.

Problem 30.9. Find (f ◦ g)′ (1) if f(u) = u5 + 1 and g(x) =√
x.

Problem 30.10. Find (f ◦ g)′ (0) if f(u) = 2u
u2+1 and g(x) =

10x2 + x+ 1.

Sorular

Soru 30.1. s =
(
t

2
− 1

)−10

ise
ds

dt
'yi bulunnuz.

Soru 30.2. y = cos

(
5 sin

(
t

3

))
ise

dy

dt
'yi bulunuz.

Soru 30.3. y =
√

3x2 − 4x+ 6 ise
dy

dx
'i bulunuz.

Soru 30.4. y = sin3 x ise
dy

dx
'i bulunuz.

Soru 30.5. y = sec(tanx) ise
dy

dx
'i bulunuz.

Soru 30.6. y = sin(x2) cos(2x) ise
dy

dx
'i bulunuz.

Soru 30.7. y =

(
t2

t3 − 4t

)3

ise
dy

dt
'yi bulunuz.

Soru 30.8. y =

(
1 +

1

x

)3

ise y′′'yü bulunuz.

Soru 30.9. f(u) = u5 + 1 ve g(x) =
√
x ise (f ◦ g)′ (1)'i

bulunuz.

Soru 30.10. f(u) = 2u
u2+1 ve g(x) = 10x2+x+1 ise (f ◦ g)′ (0)'�

bulunuz.



31Antiderivatives Ters Türevler

De�nition. F is an antiderivative of f on an interval I if
F ′(x) = f(x) for all x ∈ I.

Example 31.1.
2x is the derivative of x2.
x2 is an antiderivative of 2x.

Example 31.2. If g(x) = cosx, then an antiderivative of g is

G(x) = sinx

because

G′(x) =
d

dx
(sinx) = cosx = g(x).

Example 31.3. If h(x) = 2x + cosx, then H(x) = x2 + sinx
is an antiderivative of h(x).

Remark. F (x) = x2 is not the only antiderivative of f(x) =
2x.
x2 + 1 is an antiderivative of 2x because d

dx

(
x2 + 1

)
= 2x.

x2 + 5 is an antiderivative of 2x because d
dx

(
x2 + 5

)
= 2x.

x2 − 1234 is an antiderivative of 2x because d
dx

(
x2 − 1234

)
=

2x.

Theorem 31.1. If F is an antiderivative of f on I, then
the general antiderivative of f is

F (x) + C

where C is a constant.

Example 31.4. Find an antiderivative of f(x) = 3x2 that sat-
is�es F (1) = −1.

solution: x3 is an antiderivative of f because d
dx

(
x3
)
= 3x2.

So the general antiderivative of f is

F (x) = x3 + C.

Then we calculate that

−1 = F (1) = 13 + C = 1 + C =⇒ C = −2.

Therefore F (x) = x3 − 2.

Tan�m. Bir I aral�§�ndaki her x ∈ I için F ′(x) = f(x) ola-
cak ³ekildeki F fonksiyonuna f fonksiyonunun bir ters türevi
denir.

Örnek 31.1.
x2 nin türevi 2x tir.
x2 de 2x in bir ters türevidir.

Örnek 31.2. g(x) = cosx ise, g nin bir ters türevi

G(x) = sinx

olur, çünkü

G′(x) =
d

dx
(sinx) = cosx = g(x).

Örnek 31.3. h(x) = 2x+cosx ise, H(x) = x2+sinx fonksiy-
onu h(x) in bir ters türevidir.

Not. F (x) = x2 fonksiyonu f(x) = 2x in tek ters türevi
de§ildir.
x2 + 1 de 2x için bir ters türevdir çünkü d

dx

(
x2 + 1

)
= 2x.

x2 + 5 de 2x için bir ters türevdir çünkü d
dx

(
x2 + 5

)
= 2x.

x2 − 1234 de 2x için bir ters türevdir çünkü d
dx

(
x2 − 1234

)
=

2x.

Teorem 31.1. E§er F fonksiyonu f nin I üzerindeki ters
türevi ise, f nin genel ters türevi

F (x) + C

burada C bir sabit oluyor.

Örnek 31.4. F (1) = −1 sa§layan f(x) = 3x2 nin bir ters
türevini bulunuz .

çözüm: x3 fonksiyonu f nin bir ters türevidir çünkü d
dx

(
x3
)
=

3x2. Bu nedenle f nin genel ters türevi

F (x) = x3 + C.

�unlar� buluruz:

−1 = F (1) = 13 + C = 1 + C =⇒ C = −2.

Bu nedenle F (x) = x3 − 2.
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function, f(x) derivative, f ′(x)

fonksiyon, f(x) türev, f ′(x)

xn nxn−1

sin kx k cos kx

cos kx −k sin kx

ekx kekx

ln |x| 1
x

function, f(x) general antiderivative, F (x)

fonksiyon, f(x) genel ters türev, F (x)

xn (n ̸= −1) xn+1

n+1 + C

sin kx − 1
k cos kx+ C

cos kx 1
k sin kx+ C

ekx 1
ke

kx + C

1
x ln |x|+ C

Table 31.1: Elementary derivatives and antiderivatives
Tablo 31.1:

The Sum Rule and the Constant Multiple
Rule
Suppose that

� F is an antiderivative of f ;

� G is an antiderivative of g;

� k ∈ R.

The Sum Rule: The general antiderivative of f + g is

F (x) +G(x) + C.

The Constant Multiple Rule: The general antiderivative of
kf is

kF (x) + C.

Example 31.5. Find the general antiderivative of f(x) =
3√
x
+ sin 2x.

solution: We have f = 3g + h where g(x) = x− 1
2 and h(x) =

sin 2x. An antiderivative of g is

G(x) =
x− 1

2+1

− 1
2 + 1

=
x

1
2

1
2

= 2
√
x.

An antiderivative of h is

H(x) = −1

2
cos 2x.

Therefore the general antiderivative of f is

F (x) = 6
√
x− 1

2
cos 2x+ C.

De�nition. The general antiderivative of f is also called the
inde�nite integral of f with respect to x, and is denoted by

∫
f(x) dx.

Toplam ve Sabitle çarpım Kuralı
Varsayal�m ki

� F fonksiyonu f nin bir ters türevi;

� G fonksiyonu da g nin bir ters türevi;

� k ∈ R.

Toplam Kural�: f + g'nin ilkeli (ters türevi)

F (x) +G(x) + C.

Sabitle Çarp�m Kural�: kf 'nin ilkeli

kF (x) + C.

Örnek 31.5. f(x) = 3√
x
+ sin 2x nin ilkelini bulunuz.

çözüm: g(x) = x− 1
2 olmak üzere elimizde f = 3g+h ve h(x) =

sin 2x var. g'nin bir ilkeli

G(x) =
x− 1

2+1

− 1
2 + 1

=
x

1
2

1
2

= 2
√
x.

Ayr�ca h'nin bir ilkeli

H(x) = −1

2
cos 2x.

D�loay�s�yla f fonksiyonunun bir ilkeli

F (x) = 6
√
x− 1

2
cos 2x+ C.

Tan�m. f nin genel ters türev veya ilkeline ayn� zamanda f
nin x'e göre belirsiz integrali denir ve ³öyle gösterilir:

∫
f(x) dx.
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∫
f(x) dxthe integral sign

integral i³areti

x is the variable of integration
x ise integral de§i³keni olarak tan�mlan�r

the integrand
integralin integrand�

Example 31.6.
∫

2x dx = x2 + C

∫
cosx dx = sinx+ C

∫
(2x+ cosx) dx = x2 + sinx+ C

Example 31.7. Calculate
∫
(x2 − 2x+ 5) dx.

solution 1. Since d
dx

(
x3

3 − x2 + 5x
)
= x2 − 2x + 5 we have

that ∫
(x2 − 2x+ 5) dx =

x3

3
− x2 + 5x+ C.

solution 2.
∫

(x2 − 2x+ 5) dx =

∫
x2 dx−

∫
2x dx+

∫
5 dx

=

(
x3

3
+ C1

)
−
(
x2 + C2

)
+ (5x+ C3)

=

(
x3

3
− x2 + 5x

)
+ (C1 − C2 + C3) .

Because we only need one constant, we can de�ne C := C1 −
C2 + C3. Therefore

∫
(x2 − 2x+ 5) dx =

x3

3
− x2 + 5x+ C.

Örnek 31.6.
∫

2x dx = x2 + C

∫
cosx = sinx+ C

∫
(2x+ cosx) dx = x2 + sinx+ C

Örnek 31.7.
∫
(x2 − 2x+ 5) dx integralini bulunuz.

çözüm 1. d
dx

(
x3

3 − x2 + 5x
)
= x2 − 2x+ 5 oldu§undan

∫
(x2 − 2x+ 5) dx =

x3

3
− x2 + 5x+ C

buluruz.
çözüm 2.
∫

(x2 − 2x+ 5) dx =

∫
x2 dx−

∫
2x dx+

∫
5 dx

=

(
x3

3
+ C1

)
−
(
x2 + C2

)
+ (5x+ C3)

=

(
x3

3
− x2 + 5x

)
+ (C1 − C2 + C3) .

Yaln�zca bir sabite ihtiyac�m�z oldu§undan, C := C1−C2+C3

olarak tan�mlar�z. Yani
∫

(x2 − 2x+ 5) dx =
x3

3
− x2 + 5x+ C.
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Example 31.8. You drop a box o� the top of a tall building.
The acceleration due to gravity is 9.8ms−2. You can ignore air
resistance. How far does the box fall in 5 seconds?

Örnek 31.8. Bir binan�n üstünden bir kutu b�rak�l�yor.
Yerçekimi ivmesi 9.8ms−2 dir. Havadaki sürtünme ihmal
edilebilir. Kutu 5 saniyede ne kadar yol al�r?

solution: The acceleration is

a(t) = 9.8ms−2

downwards. Since

acceleration =
d

dt
(velocity),

the velocity is an antiderivative of the ac-
celeration. Therefore the velocity is

v(t) = 9.8t+ C ms−1.

You let go of the box at time t = 0.
So v(0) = 0. Thus C = 0. Hence

v(t) = 9.8t ms−1.

Now velocity = d
dt (position). So the

distance fallen is an antiderivative of ve-
locity. Hence

s(t) = 4.9t2 + C̃ m.

Because you let go of the box at time
t = 0, we have s(0) = 0. Thus C̃ = 0.
Therefore

s(t) = 4.9t2 m.

After 5 seconds, the box has fallen

s(5) = 4.9× 25 = 122.5 metres.

v

s(t)

çözüm: �vme

a(t) = 9.8ms−2

a³a§�ya do§ru olur. �imdi

ivme =
d

dt
(h�z),

h�z ivmenin bir ilkelidir. Dolay�s�yla h�z

v(t) = 9.8t+ C ms−1.

Kutuyu t = 0 an�nda b�rak�yorsunuz.
Böylece v(0) = 0 olur. Buradan C = 0
olur. Dolay�s�yla

v(t) = 9.8t ms−1.

�imdi h�z = d
dt (konum). Dolay�s�yla

dü³me mesafesi h�z�n bir ters türevi veya
ilkelidir. Yani

s(t) = 4.9t2 + C̃ m.

Kutuyu t = 0 an�nda dü³meye
b�rakt�§�n�zda, s(0) = 0 olur. Böylece
C̃ = 0. Yani

s(t) = 4.9t2 m.

5 saniye sonra, kutunun dü³me mesafesi

s(5) = 4.9× 25 = 122.5 metres.
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Problems

Problem 31.1. Find an antiderivative for each function, then
check your answer by di�erentiating it.

Sorular

Soru 31.1. A³a§�daki fonksiyonlar�n birer ters türevini veya
ilkelini bulup, sonra cevab�n�z� türev alarak bulup kontrol edin.

(a). f(x) = 200x.

(b). g(x) = x3 − 1

x3
.

(c). h(x) = sin(πx)− 3 sin(3x).

(d). l(x) = x7 − 6x+ 8.

(e). m(x) =
2

3
x− 1

3 .

(f). p(x) =
1

3
x− 2

3 .

(g). r(x) =
2

3
sec2

x

3
.

(h). s(x) = − sec2
3x

2
.

Problem 31.2 (Right or Wrong?). Consider

∫ (
(2x+ 1)2 + cosx

)
dx =

(2x+ 1)3

3
+ sinx+ C.

Is this correct or incorrect? Why?

Problem 31.3 (Right or Wrong?). Consider
∫

(ex cos ex) dx = sin ex + C.

Is this correct or incorrect? Why?

Problem 31.4 (Right or Wrong?). Consider
∫ (

3x2 + 2x+ 7
)
dx = x3 + x2 + 7x.

Is this correct or incorrect? Why?

Problem 31.5. Find the following inde�nite integrals.

Soru 31.2 (Do§ru mu yoksa Yanl�³ m�?).
∫ (

(2x+ 1)2 + cosx
)
dx =

(2x+ 1)3

3
+ sinx+ C

yazal�m. Bu do§ru mu yoksa yanl�³ m�? Neden?

Soru 31.3 (Do§ru mu yoksa Yanl�³ m�?).
∫

(ex cos ex) dx = sin ex + C

yazal�m. Bu do§ru mu yoksa yanl�³ m�? Neden?

Soru 31.4 (Do§ru mu yoksa Yanl�³ m�?).
∫ (

3x2 + 2x+ 7
)
dx = x3 + x2 + 7x

yazal�m. Bu do§ru mu yoksa yanl�³ m�? Neden?

Soru 31.5. A³a§�daki belirsiz integralleri bulunuz.

(a).
∫

2x dx

(b).
∫ (

1− x2 − 3x5
)
dx

(c).
∫

4 +
√
t

t3
dt

(d).
∫

(2 cos 2θ − 3 sin 3θ) dθ

(e).
∫

2e3x dx

(f).
∫

1

x
dx



32Integration İntegral

Question: What is the area of R?

We can use two rectangles to approxi-
mate the area of R.

Then we have

area of R ≈ area of 2 rectangles

=

(
3

4
× 1

2

)
+

(
0× 1

2

)

=
3

8
= 0.375.

Can we do better than this? Yes! We
could use more rectangles.

We can say that

area of R ≈ area of 4 rectangles

=

(
15

16
× 1

4

)
+

(
3

4
× 1

4

)

+

(
7

16
× 1

4

)
+

(
0× 1

4

)

=
17

32
= 0.53125.

Every time we increase the number of
rectangles, the total area of the rectan-
gles gets closer and closer to the area of
R.

area of R ≈ area of 16 rectangles

= 0.63476.

1

1

R

y = 1− x2

x

y

0.5 1

0.75

1

3
4

1
2

height=0

x

y

0.25 0.5 0.75 1

1

15
16 3

4
7
16

1
4

x

y

1

1

x

y

Soru: R bölgesinin alan� kaçt�r?

R nin alan�n� yakla³�k olarak hesaplamada
iki dikdörtgen kullan�rsak, Bu durumda

R'nin alan� ≈ 2 dikdörtgenin toplam alan�

=

(
3

4
× 1

2

)
+

(
0× 1

2

)

=
3

8
= 0.375.

Bundan daha iyisini yapabilir miyiz? Evet!
Daha fazla dikdörtgen kullanabiliriz.

We can say that

area of R ≈ area of 4 rectangles

=

(
15

16
× 1

4

)
+

(
3

4
× 1

4

)

+

(
7

16
× 1

4

)
+

(
0× 1

4

)

=
17

32
= 0.53125.

Dikdörtgenlerin say�s�n� her artt�rd�§�m�zda,
dikdörtgenlerin toplam alan�, R alan�na
daha da yak�nla³�yor.

R'nin alan� ≈ 16 dikdörtgenin toplam alan�

= 0.63476.
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Limits of Finite Sums Sonlu Toplamların Limitleri

1

1

R

y = 1 − x2

x

y

" " " " " " " " " " " "

0 1

∆x

Here's the plan:

Step 1. We will cut [0, 1] into n pieces of width

∆x =
1− 0

n
=

1

n
.

Step 2. We will use n rectangles to approximate the area of
R. See �gure 32.1.

Step 3. Then we will take the limit as n → ∞.

�³te izleyece§imiz yol:

Adim 1. [0, 1]'i n parçaya bölersek

∆x =
1− 0

n
=

1

n
.

Adim 2. n tane dikdörtgenle R'nin alan�n� yakla³�k olarak bu-
luruz. Bkz. ³ekil 32.1.

Adim 3. Daha sonra n → ∞ iken limit al�r�z.

1
n

2
n

3
n

n−1
n

1
( 1

n
, f
( 1

n

))

( 2
n
, f
( 2

n

))

( 3
n
, f
( 3

n

))

( n−
1

n
, f
( n−

1

n

))

(1,
f (
1))

y = 1− x2

x

y

Figure 32.1: We can use n rectangles to approximate the area of R.
�ekil 32.1: n tane dikdörtgeni R'nin alan�n� yakla³�k hesaplamakta kullanabiliriz.

Let f(x) = 1− x2. Then

� the �rst rectangle has area 1
nf
(
1
n

)
;

� the second rectangle has area 1
nf
(
2
n

)
;

� the third rectangle has area 1
nf
(
3
n

)
;

and so on.

Let f(x) = 1− x2. Then

� ilk dikdörtgen alan� 1
nf
(
1
n

)
;

� ikinci dikdörtgen alan� 1
nf
(
2
n

)
;

� üçüncü dikdörtgen alan� 1
nf
(
3
n

)
;

ve saire.



180

The area of all n rectangles is

area =

n∑

k=1

(area of the kth rectangle)

=

n∑

k=1

1

n
f

(
k

n

)

=

n∑

k=1

1

n

(
1−

(
k

n

)2
)

=

n∑

k=1

(
1

n
− k2

n3

)

=

n∑

k=1

1

n
−

n∑

k=1

k2

n3

= n

(
1

n

)
− 1

n3

n∑

k=1

k2

= 1− 1

n3

(
n(n+ 1)(2n+ 1)

6

)

= 1− 2n2 + 3n+ 1

6n2
.

Taking the limit gives

lim
n→∞

(
n∑

k=1

1

n
f

(
k

n

))
= lim

n→∞

(
1− 2n2 + 3n+ 1

6n2

)

= 1− 2

6
=

2

3
.

Therefore the area of R is 2
3 .

n dikdörtgenin toplam alan�

area =

n∑

k=1

(area of the kth rectangle)

=

n∑

k=1

1

n
f

(
k

n

)

=

n∑

k=1

1

n

(
1−

(
k

n

)2
)

=

n∑

k=1

(
1

n
− k2

n3

)

=

n∑

k=1

1

n
−

n∑

k=1

k2

n3

= n

(
1

n

)
− 1

n3

n∑

k=1

k2

= 1− 1

n3

(
n(n+ 1)(2n+ 1)

6

)

= 1− 2n2 + 3n+ 1

6n2
.

Limit al�n�rsa

lim
n→∞

(
n∑

k=1

1

n
f

(
k

n

))
= lim

n→∞

(
1− 2n2 + 3n+ 1

6n2

)

= 1− 2

6
=

2

3
.

Buradan R'nin alan� 2
3 olur.

Riemann Sums

a b

y = f(x)

x

y

Figure 32.2: A function f : [a, b] → R.
�ekil 32.2: Bir fonksiyon f : [a, b] → R.

Now let f : [a, b] → R be a function. We will cut [a, b] into
n subintervals (the pieces don't have to all be the same size).
In each subinterval we will choose one point ck ∈ [xk−1, xk], as
shown in �gure 32.3.The width of each subinterval is ∆xk =
xk − xk−1.

On each subinterval [xk−1, xk], we draw a rectangle of width
∆xk and height f(ck). See �gure 32.4.

Riemann Toplamı
�imdi f : [a, b] → R bir fonksiyon olsun. [a, b]'yi n aral�§a
böleriz (parçalar�n hepsinin ayn� geni³likte olmas� gerekmez).
Her alt-aral�kta, �ekil 32.3'de gösterildi§i gibi [xk−1, xk] cinsin-
den bir nokta ck seçeriz. Her alt aral�§�n geni³li§i ∆xk =
xk − xk−1'd�r.

x0

a

xn

b

x1 x2 x3 xn−1xk−1 xk

c1 c2 c3 ck

∆x1

∆x2

∆x3 ∆xk

Figure 32.3: We split the interval [a, b] into n subintervals.
Note that a = x0 < x1 < x2 < x3 < . . . < xn−1 < xn = b.
�ekil 32.3: [a, b] aral�§�n� n alt-aral�§a bölünür. Dikkat edilirse,
a = x0 < x1 < x2 < x3 < . . . < xn−1 < xn = b dir.

Her bir [xk−1, xk] alt-aral�§�nda, geni³li§i ∆xk ve yüksekli§i
f(ck) olan dikdörtgenler çizilir. Bkz. ³ekil 32.4
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a x1 x2 x3 xk−1 xk b

k
th

re
ct

a
n

g
le

∆xk

f(ck)

y = f(x)

x

y

Figure 32.4: n rectangles.
�ekil 32.4: n tane dikdörtgeni.

Note that if f(ck) < 0, then the rectangle on [xk−1, xk] will
have `negative area' � this is ok.

The total of the n rectangles is

n∑

k=1

f(ck)∆xk.

This is called a Riemann Sum for f on [a, b]. Then we want
to take the limit as n → ∞ (or more precisely, we want to take
the limit as max{∆x1,∆x2, . . . ,∆xn} → 0). Sometimes this
limit exists, sometimes this limit does not exist.

f(ck) < 0 oldu§una dikkat edersek, taban� [xk−1, xk] olan
dikdörtgen `negatif aalanl�' � olur.

n dikdörtgenin toplam alan�

n∑

k=1

f(ck)∆xk.

Bu toplama bir f nin [a, b] üzerindeki bir Riemann
Toplam� denir. Sonra n → ∞ iken limit al�n�r (veya daha
do§rusu, maks{∆x1,∆x2, . . . ,∆xn} → 0 iken limit al�n�r). Bu
limit bazen mevcuttur, bazen mevcut de§il.



33The Definite Integral Belirli İntegral

De�nition. If the limit

lim
n→∞

n∑

k=1

f(ck)∆xk

exists, then it is called the de�nite integral of f over [a, b].
We write ∫ b

a

f(x) dx = lim
n→∞

n∑

k=1

f(ck)∆xk

if the limit exists.

Tan�m. E§er

lim
n→∞

n∑

k=1

f(ck)∆xk

limiti mevcutsa, bu limite f 'nin [a, b] üzerindeki belirli
integrali ad� verilir. �öyle gösteririz

∫ b

a

f(x) dx = lim
n→∞

n∑

k=1

f(ck)∆xk

tabi e§er limit mevcutsa.

∫ b

a

f(x) dx

lower limit of integration
integralin alt s�n�r�

upper limit of integration
integralin üst s�n�r�

integral sign
integral i³areti

x is the variable of integration
x, integral de§i³kenidir

�a'dan b'ye f 'nin
integrali�

�the integral of f
from a to b�

the integrand
integralin integrand�

a b

area =

∫ b

a

f(x) dx

y = f(x)

x

y
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De�nition. If
∫ b

a
f(x) dx exists, then we say that f is inte-

grable on [a, b].

Example 33.1. f(x) = 1 − x2 is integrable on [0, 1] and∫ 1

0
(1− x2) dx = 2

3 .

Remark.
∫ b

a

f(x) dx =

∫ b

a

f(u) du =

∫ b

a

f(t) dt

It doesn't matter which letter we use for the dummy variable.

Theorem 33.1. If f is continuous on [a, b], then f is
integrable on [a, b].

If f has �nitely many jump discontinuities but is oth-
erwise continuous on [a, b], then f is integrable on [a, b].

Example 33.2. De�ne a function g : [0, 1] → R by

g(x) =

{
1 x ∈ Q
0 x ̸∈ Q.

See �gure 33.1.This function is not integrable on [0, 1].

Tan�m. E§er
∫ b

a
f(x) dx mevcutsa, f fonksiyonu [a, b]

üzerinde integrallenebilir denir.

Örnek 33.1. f(x) = 1−x2 fonksiyonu [0, 1] üzerinde integral-
lenebilir ve∫ 1

0
(1− x2) dx = 2

3 .

Not. ∫ b

a

f(x) dx =

∫ b

a

f(u) du =

∫ b

a

f(t) dt

takma de§i³ken için hangi sembol kulland�§�m�z�n bir önemi
yok.

Teorem 33.1. E§er f fonksiyonu [a, b]'de sürekli ise,
[a, b]'de f integrallenebilirdir.

E§er f sonlu say�da s�çramal� süreksizli§i varsa veya
[a, b]'de sürekli ise, then [a, b] üzerinde f integrallenebilirdir.

Örnek 33.2. �u fonksiyonu tan�mlarsak g : [0, 1] → R öyle ki

g(x) =

{
1 x ∈ Q
0 x ̸∈ Q.

Bkz. ³ekil 33.1. Bu fonksiyon [0, 1]'de integrallenemez.

1

1
y = g(x)

x

y

Figure 33.1: The graph of g(x) de�ned in Example 33.2.
�ekil 33.1: Örnekteki g(x) gra�§i
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Properties of Definite Integrals

Theorem 33.2. Suppose that f and g are integrable. Let
k be a number. Then

(i).
∫ a

b

f(x) dx = −
∫ b

a

f(x) dx;

(ii).
∫ b

a

kf(x) dx = k

∫ b

a

f(x) dx;

(iii).
∫ c

a

f(x) dx+

∫ b

c

f(x) dx =

∫ b

a

f(x) dx

(iv).
∫ a

a

f(x) dx = 0;

(v).
∫ b

a

(
f(x) + g(x)

)
dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx;

(vi). (b− a)min f ≤
∫ b

a

f(x) dx ≤ (b− a)max f ;

(vii). if f(x) ≤ g(x) on [a, b], then

∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx;

(viii). if g(x) ≥ 0 on [a, b], then

∫ b

a

g(x) dx ≥ 0;

(ix ). if f is an even function, then

∫ a

−a

f(x) dx = 2

∫ a

0

f(x) dx;

and

(x ). if f is an odd function, then

∫ a

−a

f(x) dx = 0.

Belirli İntegralin Özellikleri

Teorem 33.2. f ve g integrallenebilir olsunlar. k bir sabit
say� olsun. Bu durumda

(i).
∫ a

b

f(x) dx = −
∫ b

a

f(x) dx;

(ii).
∫ b

a

kf(x) dx = k

∫ b

a

f(x) dx;

(iii).
∫ c

a

f(x) dx+

∫ b

c

f(x) dx =

∫ b

a

f(x) dx

(iv).
∫ a

a

f(x) dx = 0;

(v).
∫ b

a

(
f(x) + g(x)

)
dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx;

(vi). (b− a)min f ≤
∫ b

a

f(x) dx ≤ (b− a)maks f ;

(vii). f(x) ≤ g(x) on [a, b] ise,

∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx;

(viii). [a, b] üzerinde g(x) ≥ 0 ise,

∫ b

a

g(x) dx ≥ 0;

(ix ). f çift fonksiyon ise,

∫ a

−a

f(x) dx = 2

∫ a

0

f(x) dx;

ve

(x ). if f tek fonksiyon ise,

∫ a

−a

f(x) dx = 0.

a b

y = 1
2f(x)

y = f(x)

(ii)

a c b

∫ c

a
f(x) dx

∫ b

c
f(x) dx

(iii)

a

(iv)

∫ a

a
f(x) dx = 0

a b

(vi)

a b

y = f(x)

y = g(x)
(vii)

−a a

y = f(x)

y = g(x)

(ix)

−a a

(x)
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Example 33.3. Suppose that
∫ 1

−1

f(x) dx = 5,
∫ 4

1

f(x) dx =

−2 and
∫ 1

−1

h(x) dx = 7. Then

∫ 1

4

f(x) dx = −
∫ 4

1

f(x) dx = 2,

∫ 1

−1

(
2f(x) + 3h(x)

)
dx = 2

∫ 1

−1

f(x) dx+ 3

∫ 1

−1

h(x) dx

= 2(5) + 3(7) = 31

and ∫ 4

−1

f(x) dx =

∫ 1

−1

f(x) dx+

∫ 4

1

f(x) dx

= 5 + (−2) = 3.

Example 33.4. Show that
∫ 1

0

√
1 + cosx dx ≤

√
2.

solution: The maximum value of
√
1 + cosx on [0, 1] is√

1 + 1 =
√
2. Therefore

∫ 1

0

√
1 + cosx dx ≤ (1− 0)max

√
1 + cosx = 1×

√
2.

Example 33.5. Calculate
∫ 2

−2

(x3 + x) dx.

solution: Because (x3 + x) is an odd function, we have that

∫ 2

−2

(x3 + x) dx = 0.

Example 33.6. Calculate
∫ 1

−1

(1− x2) dx.

solution: Because (1− x2) is an even function, we have that

∫ 1

−1

(1− x2) dx = 2

∫ 1

0

(1− x2) dx = 2× 2

3
=

4

3
.

Örnek 33.3. Varsayal�m ki
∫ 1

−1

f(x) dx = 5,
∫ 4

1

f(x) dx = −2

ve
∫ 1

−1

h(x) dx = 7. O zaman

∫ 1

4

f(x) dx = −
∫ 4

1

f(x) dx = 2,

∫ 1

−1

(
2f(x) + 3h(x)

)
dx = 2

∫ 1

−1

f(x) dx+ 3

∫ 1

−1

h(x) dx

= 2(5) + 3(7) = 31

ve ∫ 4

−1

f(x) dx =

∫ 1

−1

f(x) dx+

∫ 4

1

f(x) dx

= 5 + (−2) = 3.

Örnek 33.4. Gösteriniz ki
∫ 1

0

√
1 + cosx dx ≤

√
2.

çözüm: [0, 1] üzerindeki
√
1 + cosx'nin maksimum de§eri√

1 + 1 =
√
2. Buradan

∫ 1

0

√
1 + cosx dx ≤ (1− 0)maks

√
1 + cosx = 1×

√
2.

Örnek 33.5.
∫ 2

−2

(x3 + x) dx hesaplay�n�z.

çözüm: (x3 + x) tek fonksiyon oldu§undan, ³unu elde ederiz:

∫ 2

−2

(x3 + x) dx = 0.

Örnek 33.6.
∫ 1

−1

(1− x2) dx hesaplay�n�z.

çözüm: (1− x2) çift fonksiyon oldu§u için,

∫ 1

−1

(1− x2) dx = 2

∫ 1

0

(1− x2) dx = 2× 2

3
=

4

3
.
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Example 33.7. Calculate
∫ b

0
x dx for b > 0.

solution 1: We will use a Riemann Sum. First we cut [0, b]
in to n pieces using

0 <
b

n
<

2b

n
<

3b

n
< . . . <

(n− 1)b

n
< b

and ck = kb
n . Note that ∆xk = b

n for all k. See �gure 33.2.
Then

n∑

k=1

f(ck)∆xk =

n∑

k=1

kb

n

b

n
=

b2

n2

n∑

k=1

k

=
b2

n2

(
n(n+ 1)

2

)
=

b2

2

(
1 +

1

n

)
.

Then ∫ b

0

x dx = lim
n→∞

n∑

k=1

f(ck)∆xk

= lim
n→∞

b2

2

(
1 +

1

n

)
=

b2

2
.

b

b

y = x

x

y

Figure 33.2: Approximating
∫ b

0
x dx by n rectangles.

�ekil 33.2: n dikdörtgenle
∫ b

0
x dx ye yakla³�k bulmak.

solution 2: Alternately, we can look at �gure 33.3 and say
that

∫ b

0

x dx = area of a triangle =
1

2
× b× b =

b2

2
.

Example 33.8.

∫ b

a

x dx =

∫ 0

a

x dx+

∫ b

0

x dx

= −
∫ a

0

x dx+

∫ b

0

x dx

= −a2

2
+

b2

2

=
b2

2
− a2

2
.

Örnek 33.7. b > 0 ise
∫ b

0
x dx integralini bulunuz.

çözüm 1: Riemann Toplam� kullanaca§�z. Önce [0, b]'yi n
parçaya

0 <
b

n
<

2b

n
<

3b

n
< . . . <

(n− 1)b

n
< b

ve ck = kb
n kullanarak böleriz. Dikkat edilirse her k için ∆xk =

b
n olur. Bkz. ³ekil 33.2. Bu durumda

n∑

k=1

f(ck)∆xk =

n∑

k=1

kb

n

b

n
=

b2

n2

n∑

k=1

k

=
b2

n2

(
n(n+ 1)

2

)
=

b2

2

(
1 +

1

n

)
.

O halde ∫ b

0

x dx = lim
n→∞

n∑

k=1

f(ck)∆xk

= lim
n→∞

b2

2

(
1 +

1

n

)
=

b2

2
.

b

b

∫ b

0

x dx

y = x

b

b

x

y

Figure 33.3: The integral of x from 0 to b.
�ekil 33.3: 0 dan b ye x in integrali.

çözüm 2: Alternatif olarak, ³ekil 33.3 e bakarak

∫ b

0

x dx = area of a triangle =
1

2
× b× b =

b2

2
.

Örnek 33.8.
∫ b

a

x dx =

∫ 0

a

x dx+

∫ b

0

x dx

= −
∫ a

0

x dx+

∫ b

0

x dx

= −a2

2
+

b2

2

=
b2

2
− a2

2
.



34The Fundamental
Theorem of Calculus

Kalkülüsün Temel
Teoremi

We don't want to have to use Riemann sums every time we need
to calculate a de�nite integral � we want a better way. The
following theorem is the most important theorem in Calculus.
If you can only memorise one theorem for the exams, it should
be this one.

Bir belirli integrali hesaplaman�z gerekti§inde her defas�nda
Riemann toplamlar�n� kullanmam�z gerekmiyor � daha iyi bir
yol istiyoruz. A³a§�daki teorem Kalkülüsün en önemli teo-
remidir. S�navlar için bir teorem ezberleyece§im diyorsan�z,
i³te bu o teoremdir.

Theorem 34.1 (The Fundamental Theorem of Calculus).
Suppose that f : [a, b] → R is a continuous function.

(i). Then the function F : [a, b] → R de�ned by

F (x) =

∫ x

a

f(t) dt

is continuous on [a, b]; di�erentiable on (a, b); and
its derivative is

F ′(x) =
d

dx

∫ x

a

f(t) dt = f(x).

(ii). If F is any antiderivative of f on [a, b], then

∫ b

a

f(x) dx = F (b)− F (a).

Remark. Part (i) of the theorem tells how to di�erentiate∫ x

a
f(t) dt.

Example 34.1. Find dy
dx if y =

∫ x

a
(t3 + 1) dt.

solution:

dy

dx
=

d

dx

∫ x

a

(t3 + 1) dt = x3 + 1.

Example 34.2. Find dy
dx if y =

∫ x

1
sin t dt.

solution:
dy

dx
=

d

dx

∫ x

1

sin t dt = sinx.

Example 34.3. Find dy
dx if y =

∫ x

0
sin ln tan et

2

dt.

Teorem 34.1 (Kalkülüsün Temel Teoremi). f : [a, b] →
R'nin sürekli bir fonksiyon oldu§unu varsayal�m.

(i). Bu durumda F : [a, b] → R,

F (x) =

∫ x

a

f(t) dt

de [a, b] üzerinde süreklidir; (a, b) üzerinde
türevlenebilir; ve türevi f(x)'tir

F ′(x) =
d

dx

∫ x

a

f(t) dt = f(x).

(ii). E§er F de f 'nin [a, b] üzerindeki herhangi bir ters
türevi ise, bu durumda

∫ b

a

f(x) dx = F (b)− F (a).

Not. Teoremin (i) k�sm�
∫ x

a
f(t) dt'in türevini nas�l alaca§�m�z�

söyler.

Örnek 34.1. y =
∫ x

a
(t3 + 1) dt ise, dy

dx 'i bulunuz.

çözüm:
dy

dx
=

d

dx

∫ x

a

(t3 + 1) dt = x3 + 1.

Örnek 34.2. y =
∫ x

1
sin t dt ise, dy

dx 'i bulunuz.

çözüm:
dy

dx
=

d

dx

∫ x

1

sin t dt = sinx.

Örnek 34.3. y =
∫ x

0
sin ln tan et

2

dt ise, dy
dx 'i bulunuz.

187



188

solution:
dy

dx
=

d

dx

∫ x

0

sin ln tan et
2

dt = sin ln tan ex
2

.

Example 34.4. Find dy
dx if y =

∫ 5

x
3t sin t dt.

solution:
dy

dx
=

d

dx

∫ 5

x

3t sin t dt

=
d

dx

(
−
∫ x

5

3t sin t dt

)

= −3x sinx.

Example 34.5. Find dy
dx if y =

∫ x2

1
cos t dt.

solution: This time we will need to use the Chain rule. Let
u = x2. Then

dy

dx
=

dy

du

du

dx

=

(
d

du

∫ u

1

cos t dt

)(
d

dx
x2

)

= (cosu) (2x) = 2x cosx2.

Remark. Part (ii) of the theorem tells us how to calculate the
de�nite integral of f over [a, b]:

Step 1. Find an antiderivative F of f .

Step 2. Calculate F (b)− F (a).

Notation. We will write
[
F (x)

]b
a
= F (b)− F (a).

Example 34.6.
∫ π

0

cosx dx =
[
sinx

]π
0

(because d
dx sinx = cosx)

= sinπ − sin 0

= 0− 0

= 0

Example 34.7.
∫ 0

−π
4

secx tanx dx =
[
secx

]0
−π

4

(because d
dx secx = secx tanx)

= sec 0− sec−π

4

= 1−
√
2.

Example 34.8.
∫ 4

1

(
3

2

√
x− 4

x2

)
dx =

[
x

3
2 +

4

x

]4
1(

because d
dx

(
x

3
2 +

4

x

)
=

3

2

√
x− 4

x2

)

=

(
4

3
2 +

4

4

)
−
(
1

3
2 +

4

1

)

= (8 + 1)− (1 + 4)

= 4.

çözüm:

dy

dx
=

d

dx

∫ x

0

sin ln tan et
2

dt = sin ln tan ex
2

.

Örnek 34.4. y =
∫ 5

x
3t sin t dt ise, dy

dx 'i bulunuz.

çözüm:
dy

dx
=

d

dx

∫ 5

x

3t sin t dt

=
d

dx

(
−
∫ x

5

3t sin t dt

)

= −3x sinx.

Örnek 34.5. y =
∫ x2

1
cos t dt ise, dy

dx 'i bulunuz.

çözüm: Bu sefer Zincir kural� kullanmam�z gerekecek. u = x2

diyelim. O zaman

dy

dx
=

dy

du

du

dx

=

(
d

du

∫ u

1

cos t dt

)(
d

dx
x2

)

= (cosu) (2x) = 2x cosx2.

Not. Teoremin (ii) k�sm� f 'nin [a, b] üzerindeki belirli integrali
nas�l hesaplayaca§�m�z� söyler :

Adim 1. f 'nin bir ters türevi olan F 'yi bulunuz.

Adim 2. F (b)− F (a) say�s�n� hesaplay�n�z.

Notasyon. We will write
[
F (x)

]b
a
= F (b)− F (a).

Örnek 34.6.∫ π

0

cosx dx =
[
sinx

]π
0

(çünkü d
dx sinx = cosx)

= sinπ − sin 0

= 0− 0

= 0

Örnek 34.7.
∫ 0

−π
4

secx tanx dx =
[
secx

]0
−π

4

(çünkü d
dx secx = secx tanx)

= sec 0− sec−π

4

= 1−
√
2.

Örnek 34.8.
∫ 4

1

(
3

2

√
x− 4

x2

)
dx =

[
x

3
2 +

4

x

]4
1(

çünkü d
dx

(
x

3
2 +

4

x

)
=

3

2

√
x− 4

x2

)

=

(
4

3
2 +

4

4

)
−
(
1

3
2 +

4

1

)

= (8 + 1)− (1 + 4)

= 4.
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Total Area
Example 34.9. Let f(x) = x2 − 4 and g(x) = 4 − x2. See
�gure 34.1. We have that

∫ 2

−2

f(x) dx =

∫ 2

−2

(x2 − 4) dx =
[x3

3
− 4x

]2
−2

=

(
8

3
− 8

)
−
(−8

3
+ 8

)
= −32

3

and ∫ 2

−2

g(x) dx =

∫ 2

−2

(4− x2) dx =
[
4x− x3

3

]2
−2

=

(
8− 8

3

)
−
(
8 +

−8

3

)
=

32

3
.

The total area between the graph of y = f(x) and the x-axis,
over [−2, 2], is

∣∣− 32
3

∣∣ = 32
3 . The total area between the graph

of y = g(x) and the x-axis, over [−2, 2], is
∣∣ 32
3

∣∣ = 32
3 .

−2 −1 1 2

−4

−3

−2

−1

1 y = x2 − 4

x

y

−2 −1 1 2

−1

1

2

3

4

y = 4− x2

x

y

Figure 34.1: Graphs showing
∫ 2

−2
(x2−4) dx and

∫ 2

−2
(4−x2) dx.

�ekil 34.1:
∫ 2

−2
(x2 − 4) dx ve

∫ 2

−2
(4 − x2) dx integrallerini

gösteren gra�kler.

Example 34.10. Let f(x) = sinx. Calculate

(i). the de�nite integral of f over [0, 2π]; and

(ii). the total area between the graph of y = f(x) and the
x-axis over [0, 2π].

solution:

(i). ∫ 2π

0

sinx dx =
[
− cosx

]2π
0

= − cos 2π + cos 0

= −1 + 1 = 0.

(ii).

total area =

∫ π

0

sinx dx+

∣∣∣∣
∫ 2π

π

sinx dx

∣∣∣∣

=
[
− cosx

]π
0
+

∣∣∣∣
[
− cosx

]2π
π

∣∣∣∣
= − cosπ + cos 0 + |− cos 2π + cosπ|
= −(−1) + 1 + |−1 + (−1)| = 4.

Toplam Alan
Örnek 34.9. f(x) = x2− 4 ve g(x) = 4−x2 olsun. Bkz. ³ekil
34.1. Burada

∫ 2

−2

f(x) dx =

∫ 2

−2

(x2 − 4) dx =
[x3

3
− 4x

]2
−2

=

(
8

3
− 8

)
−
(−8

3
+ 8

)
= −32

3

ve ∫ 2

−2

g(x) dx =

∫ 2

−2

(4− x2) dx =
[
4x− x3

3

]2
−2

=

(
8− 8

3

)
−
(
8 +

−8

3

)
=

32

3
.

y = f(x) gra�§i ve x-ekseni aras�nda kalan, [−2, 2] üzerindeki
toplam alan, is

∣∣− 32
3

∣∣ = 32
3 . y = g(x) ve x-ekseni aras�nda

kalan, [−2, 2] üzerindeki toplam alan, ise
∣∣ 32
3

∣∣ = 32
3 olur.

π
2

π 3π
2

2π

−1

−0.5

0.5

1

y = sinx

x

y

Figure 34.3: The total area between the graph y = sinx and
the x-axis over [0, 2π].
�ekil 34.3: [0, 2π] üzerinde y = sinx gra�§iyle x-ekseni aras�nda
kalan toplam alan.

Örnek 34.10. f(x) = sinx olsun.

(a). f 'nin [0, 2π] üzerindeki belirli integralini; ve

(b). y = f(x) gra�§i ile x-ekseni aras�nda [0, 2π] üzerinde kalan
alan� bulunuz.

çözüm:

(a). ∫ 2π

0

sinx dx =
[
− cosx

]2π
0

= − cos 2π + cos 0

= −1 + 1 = 0.

(b).

toplam alan =

∫ π

0

sinx dx+

∣∣∣∣
∫ 2π

π

sinx dx

∣∣∣∣

=
[
− cosx

]π
0
+

∣∣∣∣
[
− cosx

]2π
π

∣∣∣∣
= − cosπ + cos 0 + |− cos 2π + cosπ|
= −(−1) + 1 + |−1 + (−1)| = 4.
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Summary

To �nd the total area between the graph of y = f(x) and the
x-axis over [a, b]:

Step 1. Divide [a, b] at the zeroes of f .

Step 2. Integrate f over each subinterval.

Step 3. Add the absolute values of the integrals.

Example 34.11. Find the total area between the graph of
y = x3 − x2 − 2x and the x-axis for −1 ≤ x ≤ 2.

solution:

1. Let f(x) = x3 − x2 − 2x. Since 0 = f(x) = x3 − x2 − 2x =
x(x + 1)(x − 2) implies that x = 0 or x = −1 or x = 2, we
divide [−1, 2] into [−1, 0] and [0, 2].

2. We calculate that
∫ 0

−1

(x3 − x2 − 2x) dx =

[
x4

4
− x3

3
− x2

]0

−1

= (0− 0− 0)−
(
1

4
+

1

3
− 1

)

=
5

12

and
∫ 2

0

(x3 − x2 − 2x) dx =

[
x4

4
− x3

3
− x2

]2

0

=

(
16

4
− 8

3
− 4

)
− (0− 0− 0)

= −8

3
.

3. Therefore

total area =

∣∣∣∣
5

12

∣∣∣∣+
∣∣∣∣−

8

3

∣∣∣∣ =
37

12
.

−1 −0.5 0.5 1 1.5 2

−2

−1.5

−1

−0.5

0.5

area = 5
12

area = 8
3

x

y

Figure 34.2: The total area between the graph y = x3−x2−2x
and the x-axis over [−1, 2].
�ekil 34.2: [−1, 2] üzerinde olan, y = x3 − x2 − 2x ve x-ekseni
aras�ndaki toplam alan.

Summary

[a, b] üzerindeki y = f(x) gra�§i ve x-ekseni aras�nda kalan
toplam alan� bulmak için:

Adim 1. f 'nin köklerinin oldu§u yerlerde [a, b] bölünür .

Adim 2. Her bir alt-aral�k üzerinde f integre edilir.

Adim 3. Her bir integralin mutlak de§erleri toplan�r.

Örnek 34.11. −1 ≤ x ≤ 2 ise y = x3 − x2 − 2x gra�§i ve
x-ekseni aras�nda kalan alan� bulunuz.

çözüm:

1. f(x) = x3 − x2 − 2x olsun. 0 = f(x) = x3 − x2 − 2x =
x(x+ 1)(x− 2) oldu§undan x = 0 veya x = −1 veya x = 2
oldu§undan, [−1, 2]'yi [−1, 0] ve [0, 2]'ye ay�r�r�z.

2. Kolayca hesaplanaca§� üzere

∫ 0

−1

(x3 − x2 − 2x) dx =

[
x4

4
− x3

3
− x2

]0

−1

= (0− 0− 0)−
(
1

4
+

1

3
− 1

)

=
5

12

ve

∫ 2

0

(x3 − x2 − 2x) dx =

[
x4

4
− x3

3
− x2

]2

0

=

(
16

4
− 8

3
− 4

)
− (0− 0− 0)

= −8

3
.

3. Dolay�s�yla

toplam alan =

∣∣∣∣
5

12

∣∣∣∣+
∣∣∣∣−

8

3

∣∣∣∣ =
37

12
.

olur.
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The Average Value of a Continuous
Function
The average of {1, 2, 2, 6, 9} is 1+2+2+6+9

5 = 20
5 = 4. We can

also calculate the average value of a continuous function.

De�nition. If f is integrable on [a, b], then the average value
of f on [a, b] is

av(f) =
1

b− a

∫ b

a

f(x) dx.

Example 34.12. Find the average value of f(x) =
√
4− x2

on [−2, 2].

solution: Since
∫ 2

−2

f(x) dx =
1

2
× the area of a circle of radius 2

=
1

2
π22 = 2π,

we have that

av(f) =
1

2− (−2)

∫ 2

−2

f(x) dx =
2π

4
=

π

2
.

Example 34.13. Find the average value of g(x) = x3 − x on
[0, 1].

solution:

av(g) =
1

1− 0

∫ 1

0

g(x) dx =

∫ 1

0

(x3 − x) dx

=

[
x4

4
− x2

2

]1

0

=
1

4
− 1

2
= −1

4
.

−2 2

π
2

2
y =
√
4− x2

y = π
2

x

y

Figure 34.4: The average value of f(x) =
√
4− x2 on [−2, 2] is

av(f) = π
2 .

�ekil 34.4: [−2, 2] üzerinde f(x) =
√
4− x2'nin ortalama de§eri

ort(f) = π
2 .

Sürekli Bir Fonksiyonun Ortalama
Değeri
{1, 2, 2, 6, 9} kümesinin ortalamas� 1+2+2+6+9

5 = 20
5 = 4 tür.

Sürekli bir fonksiyonun ortalama de§erini de hesaplayabiliriz..

Tan�m. [a, b] üzerinde f integrallenebilir ise, f 'nin [a, b]
üzerinde ortalama de§eri

ort(f) =
1

b− a

∫ b

a

f(x) dx.

Örnek 34.12. f(x) =
√
4− x2 'nin [−2, 2] üzerindeki orta-

lama de§erini bulunuz.

çözüm:
∫ 2

−2

f(x) dx =
1

2
× 2 yar�çapl� çemberin alan�

=
1

2
π22 = 2π,

oldu§undan,

ort(f) =
1

2− (−2)

∫ 2

−2

f(x) dx =
2π

4
=

π

2
.

Örnek 34.13. g(x) = x3 − x 'in [0, 1] üzerindeki ortalama
de§erini bulunuz.

çözüm:

ort(g) =
1

1− 0

∫ 1

0

g(x) dx =

∫ 1

0

(x3 − x) dx

=

[
x4

4
− x2

2

]1

0

=
1

4
− 1

2
= −1

4
.

1

− 1
4

y = x3 − x

y = − 1
4

x

y

Figure 34.5: The average value of g(x) = x3 − x on [0, 1] is
av(g) = − 1

4 .
�ekil 34.5: [0, 1] üzerinde g(x) = x3 − x'in ortalama de§eri
ort(g) = − 1

4 .
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Indefinite Integrals & Definite Integrals

Remember that Remember that
∫

f(x) dx is a function.
∫ b

a

f(x) dx is a number.

For example For example
∫

x dx =
x2

2
+ C

∫ 1

0

x dx =
1

2

and and
∫

cosx dx = sinx+ C.
∫ π

2

0

cosx dx = 1.

Belirsiz Integral ve Belirli Integral

Bilinmesi gereken Bilinmesi gereken
∫

f(x) dx bir fonksiyon.
∫ b

a

f(x) dx bir say�.

Örne§in Örne§in
∫

x dx =
x2

2
+ C

∫ 1

0

x dx =
1

2

ve ve
∫

cosx dx = sinx+ C.
∫ π

2

0

cosx dx = 1.

Problems

Problem 34.1 (The Fundamental Theorem of Calculus).

(a). Find
dy

dx
if y =

∫ x

0

√
1 + t2 dt.

(b). Find
db

dt
if b =

∫ t4

0

√
u du.

(c). Find
dp

dx
if p =

∫ x2

2

sin(t3) dt.

(d). Find
dz

dx
if z =

∫ 10

√
x

sin(t2) dt.

Sorular

Soru 34.1 (Kalkülüsün Temel Teorem).

(a). y =

∫ x

0

√
1 + t2 dt ise

dy

dx
'i bulunuz.

(b). b =

∫ t4

0

√
u du ise

db

dt
'yi bulunuz.

(c). p =

∫ x2

2

sin(t3) dt ise
dp

dx
'i bulunuz.

(d). z =

∫ 10

√
x

sin(t2) dt ise
dz

dx
'i bulunuz.

Problem 34.2 (De�nite Integrals). Find the following de�-
nite integrals.

Soru 34.2 (Belirli �ntegraller). A³a§�daki belirli integralleri
bulunuz.

(a).
∫ 0

−2

(2x+ 5) dx,

(b).
∫ 1

0

x3 dx,

(c).
∫ 2

−2

sin θ dθ,

(d).
∫ 4

−3

(
5− x

2

)
dx,

(e).
∫ π

4

−π
4

1− cos 2t

2
dt,

(f).
∫ 32

1

t−
6
5 dt,

(g).
∫ 0

π
2

1 + cos 2x

2
dx,

(h).
∫ −1

1

(r + 1)2 dr,

(i).
∫ √

2

1

s2 +
√
s

s2
ds,

(j).
∫ 4

−4

|x| dx,

(k).
∫ π

π
2

sin 2x

2 sinx
dx.,

(l).
∫ π

3

0

2 sec2 x dx.



35The Substitution
Method

Yerine Koyma Yöntemi

The Substitution Method for Indefinite
Integrals
By the Chain rule,

d

dx

(
un+1

n+ 1

)
= un du

dx
.

So ∫
un du

dx
dx =

un+1

n+ 1
+ C.

But we know that
∫

un du =
un+1

n+ 1
+ C

also. So it looks like

du =
du

dx
dx.

Example 35.1. Find
∫
(x3 + x)5(3x2 + 1) dx.

solution: Let u = x3 + x. Then du = du
dx dx = (3x2 + 1) dx.

By substitution, we have that
∫

(x3 + x)5(3x2 + 1) dx =

∫
u5 du

=
u6

6
+ C =

1

6
(x3 + x)6 + C.

Example 35.2. Find
∫ √

2x+ 1 dx.

solution: Let u = 2x + 1. Then du = du
dx dx = 2dx. So

dx = 1
2 du. Therefore
∫ √

2x+ 1 dx =

∫
u

1
2

(
1
2du

)
=

1

2

∫
u

1
2 du

=
1

2

(
u

3
2

3
2

)
+ C =

1

3
(2x+ 1)

3
2 + C.

Belirsiz İntegralde Yerine Koyma Yöntemi
Zincir Kural� gere§ince,

d

dx

(
un+1

n+ 1

)
= un du

dx
.

Bu yüzden ∫
un du

dx
dx =

un+1

n+ 1
+ C.

Biliyoruz ki ∫
un du =

un+1

n+ 1
+ C

do§rudur. Yani ³una benziyor.

du =
du

dx
dx.

Örnek 35.1.
∫
(x3 + x)5(3x2 + 1) dx'i bulunuz.

çözüm: u = x3+x. olsun. Öyleyse du = du
dx dx = (3x2+1) dx.

De§i³ken de§i³tirerek, ³unu bulmak mümkün
∫

(x3 + x)5(3x2 + 1) dx =

∫
u5 du

=
u6

6
+ C =

1

6
(x3 + x)6 + C.

Örnek 35.2.
∫ √

2x+ 1 dx'i bulunuz.

çözüm: Diyelim ki u = 2x + 1. O zaman du = du
dx dx = 2dx

olur. Yani dx = 1
2 du. Böyle olunca

∫ √
2x+ 1 dx =

∫
u

1
2

(
1
2du

)
=

1

2

∫
u

1
2 du

=
1

2

(
u

3
2

3
2

)
+ C =

1

3
(2x+ 1)

3
2 + C.

193
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Theorem 35.1 (The Substitution Method). If

� u = g(x) is di�erentiable;

� g : R → I; and

� f : I → R is continuous,

then ∫
f(g(x))g′(x) dx =

∫
f(u) du.

Example 35.3. Find
∫

5 sec2(5t+ 1) dt.

solution: Let u = 5t+ 1. Then du = du
dt dt = 5dt. So

∫
5 sec2(5t+ 1) dt =

∫
sec2 u du

= tanu+ C

(because
d

du
tanu = sec2 u)

= tan(5t+ 1) + C.

Example 35.4. Find
∫

cos(7θ + 3) dθ.

solution: Let u = 7θ + 3. Then du = du
dθ dθ = 7dθ. So

dθ = 1
7du and

∫
cos(7θ + 3) dθ =

1

7

∫
cosu du

=
1

7
sinu+ C =

1

7
sin(7θ + 3) + C.

Example 35.5. Find
∫

x2 sin(x3) dx.

solution: Let u = x3. Then du = du
dx dx = 3x2 dx. So

1
3du = x2 dx and

∫
x2 sin(x3) dx =

∫
1

3
sinu du = −1

3
cosu+ C

= −1

3
cos(x3) + C.

Example 35.6. Find
∫

x
√
2x+ 1 dx.

solution: Let u = 2x + 1. Then du = du
dx dx = 2dx. So

dx = 1
2du and

∫
x
√
2x+ 1 dx =

∫
x
√
u

1

2
du.

But we still have an x here. We can't integrate until we change
all the x terms to u terms. Note that

u = 2x+ 1 =⇒ u− 1 = 2x =⇒ 1

2
(u− 1) = x.

Teorem 35.1 (Yerine Koyma Yöntemi).

� u = g(x) türevlenebilir;

� g : R → I; ve

� f : I → R sürekli,

bunun üzerine
∫

f(g(x))g′(x) dx =

∫
f(u) du.

Örnek 35.3.
∫

5 sec2(5t+ 1) dt'yi bulunuz.

çözüm: u = 5t + 1 diyelim. Buradan du = du
dt dt = 5dt olur.

Yani
∫

5 sec2(5t+ 1) dt =

∫
sec2 u du

= tanu+ C

(
d

du
tanu = sec2 u oldu§undan)

= tan(5t+ 1) + C.

Örnek 35.4.
∫

cos(7θ + 3) dθ'y� bulunuz.

çözüm: u = 7θ+3 olsun. Buradan du = du
dθ dθ = 7dθ. Böylece

dθ = 1
7du ve

∫
cos(7θ + 3) dθ =

1

7

∫
cosu du

=
1

7
sinu+ C =

1

7
sin(7θ + 3) + C.

bulunur.

Örnek 35.5.
∫

x2 sin(x3) dx'i bulunuz.

çözüm: u = x3 olsun. Yani du = du
dx dx = 3x2 dx. Böylece

1
3du = x2 dx ve

∫
x2 sin(x3) dx =

∫
1

3
sinu du = −1

3
cosu+ C

= −1

3
cos(x3) + C.

bulunur.

Örnek 35.6.
∫

x
√
2x+ 1 dx'i bulunuz.

çözüm: u = 2x + 1 diyelim. Bu durumda du = du
dx dx = 2dx

olur. Yani dx = 1
2du ve

∫
x
√
2x+ 1 dx =

∫
x
√
u

1

2
du

buluruz. Elimizde hala x var. Bütün x'li terimleri u'lu terim-
lere dönü³türmedikçe integre edemiyoruz. �unu ak�lda tutarak,

u = 2x+ 1 =⇒ u− 1 = 2x =⇒ 1

2
(u− 1) = x.
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Therefore
∫

x
√
2x+ 1 dx =

∫
1

2
(u− 1)

√
u

1

2
du

=
1

4

∫
u

3
2 − u

1
2 du

=
1

4

(
2

5
u

5
2 − 2

3
u

3
2

)
+ C

=
1

10
u

5
2 − 1

6
u

3
2 + C

=
1

10
(2x+ 1)

5
2 − 1

6
(2x+ 1)

3
2 + C.

Example 35.7. Find
∫

2z
3
√
z2 + 1

dz.

solution: Let u = z2 + 1. Then du = du
dx dx = 2z dz and

∫
2z

3
√
z2 + 1

dz =

∫
du

u
1
3

=

∫
u− 1

3 du

=
u

2
3

2
3

+ C

=
3

2
u

2
3 + C

=
3

2
(z2 + 1)

2
3 + C.

Example 35.8. Find
∫
sin2 x dx.

solution: We use the identity

sin2 x =
1− cos 2x

2

to calculate that
∫

sin2 x dx =

∫
1− cos 2x

2
dx

=
1

2

∫
(1− cos 2x) dx

=
1

2

(
x− 1

2
sin 2x

)
+ C

=
1

2
x− 1

4
sin 2x+ C.

Example 35.9. Similarly
∫

cos2 x dx =

∫
1 + cos 2x

2
dx =

1

2
x+

1

4
sin 2x+ C.

Bu yüzden
∫

x
√
2x+ 1 dx =

∫
1

2
(u− 1)

√
u

1

2
du

=
1

4

∫
u

3
2 − u

1
2 du

=
1

4

(
2

5
u

5
2 − 2

3
u

3
2

)
+ C

=
1

10
u

5
2 − 1

6
u

3
2 + C

=
1

10
(2x+ 1)

5
2 − 1

6
(2x+ 1)

3
2 + C.

bulunmu³ olur.

Örnek 35.7.
∫

2z
3
√
z2 + 1

dz integralini bulunuz.

çözüm: u = z2 + 1 diyelim. Buradan du = du
dx dx = 2z dz ve

oradan da
∫

2z
3
√
z2 + 1

dz =

∫
du

u
1
3

=

∫
u− 1

3 du

=
u

2
3

2
3

+ C

=
3

2
u

2
3 + C

=
3

2
(z2 + 1)

2
3 + C.

elde edilir

Örnek 35.8.
∫
sin2 x dx integralini bulunuz.

çözüm: Burada kullanaca§�m�z özde³lik

sin2 x =
1− cos 2x

2

ve buradan da
∫

sin2 x dx =

∫
1− cos 2x

2
dx

=
1

2

∫
(1− cos 2x) dx

=
1

2

(
x− 1

2
sin 2x

)
+ C

=
1

2
x− 1

4
sin 2x+ C

bulunur.

Örnek 35.9. Benzer ³ekilde
∫

cos2 x dx =

∫
1 + cos 2x

2
dx =

1

2
x+

1

4
sin 2x+ C

bulunur.
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The Substitution Method for Definite In-
tegrals

Theorem 35.2 (The Substitution Method). If

� u = g(x) is di�erentiable on [a, b];

� g′ is continuous on [a, b]; and

� f is continous on the range of g,

then ∫ b

a

f(g(x))g′(x) dx =

∫ g(b)

g(a)

f(u) du.

Example 35.10. Calculate
∫ 1

−1

3x2
√
x3 + 1 dx.

solution 1. We can use the previous theorem to solve this
example. Let u = x3 + 1. Then du = 3x2 dx. Moreover
x = −1 =⇒ u = 0 and x = 1 =⇒ u = 2. So

∫ x=1

x=−1

3x2
√
x3 + 1 dx =

∫ u=2

u=0

√
u du =

[
2

3
u

3
2

]2

0

=
2

3

(
2

3
2 − 0

3
2

)
=

2

3
2
√
2 =

4
√
2

3
.

solution 2. Alternately, we can �rst �nd the inde�nite inte-
gral, then �nd the required de�nite integral.

Let u = x3 + 1. Then du = 3x2 dx. So
∫

3x2
√
x3 + 1 dx =

∫ √
u du =

2

3
u

3
2 + C =

2

3
(x3 + 1)

3
2 + C.

Therefore
∫ 1

−1

3x2
√
x3 + 1 dx =

[
2

3
(x3 + 1)

3
2

]1

−1

=

(
2

3
(1 + 1)

3
2

)
−
(
2

3
(−1 + 1)

3
2

)

=
2

3
× 2

3
2 =

4
√
2

3
.

Example 35.11. Calculate
∫ π

2

π
4

cot θ cosec2 θ dθ.

solution: Let u = cot θ. Then du = du
dθ dθ = − cosec2 θ dθ. So

−du = cosec2 θ dθ. Moreover θ = π
4 =⇒ u = cot π

4 = 1 and
θ = π

2 =⇒ u = cot π
2 = 0. Hence

∫ θ=π
2

θ=π
4

cot θ cosec2 θ dθ =

∫ u=0

u=1

u (−du) = −
∫ 0

1

u du

= −
[
u2

2

]0

1

= −
(
02

2
− 12

2

)
=

1

2
.

Belirli İntegralde Değişken Değiştirme

Teorem 35.2 (De§i³ken De§i³tirme Yöntemi). E§er

� u = g(x) fonksiyonu [a, b]'de türevliyse;

� g′ fonksiyonu [a, b]'de sürekliyse; ve

� f fonksiyonu da g'nin görüntü kümesinde sürekliyse,

bu durumda

∫ b

a

f(g(x))g′(x) dx =

∫ g(b)

g(a)

f(u) du

olur.

Örnek 35.10.
∫ 1

−1

3x2
√
x3 + 1 dx integralini bulunuz.

çözüm 1. Bu soruyu yapmak için önceki teoremi kullanabil-
iriz. Diyelim ki, u = x3 + 1 olsun. Bu durumda du = 3x2 dx
olur. Ayr�ca x = −1 =⇒ u = 0 ve x = 1 =⇒ u = 2 olur.
Buradan

∫ x=1

x=−1

3x2
√
x3 + 1 dx =

∫ u=2

u=0

√
u du =

[
2

3
u

3
2

]2

0

=
2

3

(
2

3
2 − 0

3
2

)
=

2

3
2
√
2 =

4
√
2

3

bulunmu³ olur.
çözüm 2. De§i³imli olarak, önce belirsiz integrali bulur, daha
sonra da belirli integrali bulabiliriz.

�imdi u = x3 + 1 olsun. Buradan du = 3x2 dx olur. Bu
sebeple
∫

3x2
√
x3 + 1 dx =

∫ √
u du =

2

3
u

3
2 + C =

2

3
(x3 + 1)

3
2 + C.

Böylece

∫ 1

−1

3x2
√
x3 + 1 dx =

[
2

3
(x3 + 1)

3
2

]1

−1

=

(
2

3
(1 + 1)

3
2

)
−
(
2

3
(−1 + 1)

3
2

)

=
2

3
× 2

3
2 =

4
√
2

3
.

Örnek 35.11.
∫ π

2

π
4

cot θ cosec2 θ dθ'y� bulunuz.

çözüm: u = cot θ olsun. Buradan du = du
dθ dθ = − cosec2 θ dθ

olur. Böylece −du = cosec2 θ dθ bulunur. Ayr�ca θ = π
4 =⇒

u = cot π
4 = 1 ve θ = π

2 =⇒ u = cot π
2 = 0 bulunur. Bunun

sonucu olarak da
∫ θ=π

2

θ=π
4

cot θ cosec2 θ dθ =

∫ u=0

u=1

u (−du) = −
∫ 0

1

u du

= −
[
u2

2

]0

1

= −
(
02

2
− 12

2

)
=

1

2

bulunur
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Problems

Problem 35.1. Use a substitution to evaluate the following
inde�nite integrals. You must show your working.

Sorular

Soru 35.1. Yerine koyma (de§i³ken de§i³tirme) yöntemi kulla-
narak, a³a§�daki belirsiz integralleri bulunuz. �³lemlerini
aç�klamal�s�n�z.

(a).
∫

2(2x+ 4)5 dx.

(b).
∫

2x(x2 + 5)−4 dx.

(c).
∫

(3x+ 2)(3x2 + 4x)4 dx.

(d).
∫

sec 2t tan 2t dt.

(e).
∫

9r2 dr√
1− r3

.

(f).
∫ √

x sin2(x
3
2 − 1) dx.

(g).
∫

1√
x(1 +

√
x)2

dx

(h).
∫

r4
(
7− r5

10

)3

dr.

(i).
∫

1

θ2
sin

1

θ
cos

1

θ
dθ.

(j).
∫

x(x− 1)10 dx.

(k).
∫

x3
√

x2 + 1 dx.

(l).
∫

z2e(z
3) dz.

Problem 35.2. Use a substitution to evaluate the following
de�nite integrals. You must show your working.

Soru 35.2. Yerine koyma (de§i³ken de§i³tirme) yöntemi kulla-
narak, a³a§�daki belirli integralleri bulunuz. �³lemlerini
aç�klamal�s�n�z.

(a).
∫ 3

0

√
y + 1 dy.

(b).
∫ 0

−1

√
y + 1 dy.

(c).
∫ π

4

0

tanx sec2 x dx

(d).
∫ 1

−1

t3(1 + t4)3 dt.

(e).
∫ √

3

−
√
3

4x√
x2 + 1

dx.

(f).
∫ π

6

0

(1− cos 3t) sin 3t dt.

(g).
∫ 1

0

(4y−y2+4y3+1)−
2
3 (12y2−2y+4) dy

(h).
∫ 0

−π
2

sinx

(3 + 2 cosx)2
dx.

(i).
∫ π

2

0

sinx

(3 + 2 cosx)2
dx.



36Area Between Curves Eğriler Arasındaki
Alanlar

a b

y = f(x)

y = g(x)

x

y

Figure 36.1: The region between the curves y = f(x) and y =
g(x) for a ≤ x ≤ b.
�ekil 36.1: a ≤ x ≤ b iken y = f(x) ve y = g(x) e§rileri
aras�ndaki alan.

De�nition. If

� f is continous;

� g is continous; and

� f(x) ≥ g(x) on [a, b],

then the area of the region between the curves y = f(x)
and y = g(x) for a ≤ x ≤ b is

area =

∫ b

a

(
f(x)− g(x)

)
dx.

Example 36.1. Find the area between y = 2−x2 and y = −x.

Tan�m. E§er

� f sürekli;

� g sürekli; ve

� [a, b] üzerinde f(x) ≥ g(x) 'se,

o zaman a ≤ x ≤ b oldukça y = f(x) ve y = g(x) e§rileri
aras�ndaki alan

alan =

∫ b

a

(
f(x)− g(x)

)
dx.

? ?

y = 2− x2

y = −x

x

y

Figure 36.2: The region between the curves y = 2 − x2 and
y = −x.
�ekil 36.2: y = 2− x2 ve y = −x aras�ndaki bölge

Örnek 36.1. y = 2− x2 ve y = −x aras�ndaki alan� bulunuz.

çözüm: �lk olarak integrasyon s�n�rlar�n� buluruz:

2− x2 = −x

0 = x2 − x− 2

0 = (x+ 1)(x− 2) =⇒ x = −1 veya 2.

198
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solution: First we need to �nd the limits of integration:

2− x2 = −x

0 = x2 − x− 2

0 = (x+ 1)(x− 2) =⇒ x = −1 or 2.

We need to integrate from x = −1 to x = 2. Therefore

area =

∫ 2

−1

(
(2− x2)− (−x)

)
dx

=

∫ 2

−1

(2 + x− x2) dx

=
[
2x+ 1

2x
2 − 1

3x
3
]2
−1

=

(
4 +

4

2
− 8

3

)
−
(
−2 +

1

2
+

1

3

)

=
9

2
.

Example 36.2. Find the area bounded by y =
√
x, y = x− 2

and the x-axis, for x ≥ 0 and y ≥ 0.

solution: First we calculate that
√
x = x− 2

x = (x− 2)2 = x2 − 4x+ 4

0 = x2 − 5x+ 4 = (x− 1)(x− 4) =⇒ x = 1 or 4.

Since
√
1 ̸= 1− 2, we must have x = 4. See �gure 36.3.

Therefore

area = blue area+ red area

=

∫ 2

0

√
x dx+

∫ 4

2

(√
x− (x− 2)

)
dx

=

∫ 2

0

x
1
2 dx+

∫ 4

2

(x
1
2 − x+ 2) dx

=

[
2

3
x

3
2

]2

0

+

[
2

3
x

3
2 − 1

2
x2 + 2x

]4

2

=

(
2

3
(2)

3
2 − 0

)
+

(
2

3
(4)

3
2 − 1

2
(16) + 2(4)

)

−
(
2

3
(2)

3
2 − 1

2
(4) + 2(2)

)

=
4
√
2

3
+

16

3
− 8 + 8− 4

√
2

3
+ 2− 4 =

10

3
.

x = −1 den x = 2'ye integre ederiz. Böylece

area =

∫ 2

−1

(
(2− x2)− (−x)

)
dx

=

∫ 2

−1

(2 + x− x2) dx

=
[
2x+ 1

2x
2 − 1

3x
3
]2
−1

=

(
4 +

4

2
− 8

3

)
−
(
−2 +

1

2
+

1

3

)

=
9

2
.

Örnek 36.2. x ≥ 0 ve y ≥ 0 olmak üzere y =
√
x, y = x − 2

ve x-ekseni ile s�n�rl� alan� bulunuz.

2 ?

y =
√
x

y = x− 2

x

y

Figure 36.3: The region between the curves y =
√
x, y = x− 2

and the x-axis for x ≥ 0 and y ≥ 0.
�ekil 36.3: x ≥ 0 and y ≥ 0 oldu§unda y =

√
x, y = x − 2 ve

x-ekseni ile s�n�rl� bölge.

çözüm: �lk olarak
√
x = x− 2

x = (x− 2)2 = x2 − 4x+ 4

0 = x2 − 5x+ 4 = (x− 1)(x− 4) =⇒ x = 1 veya 4.

√
1 ̸= 1 − 2 oldu§undan, x = 4 buluruz. Bkz. ³ekil 36.3.

Buradan

area = mavi alan+ k�rm�z� alan

=

∫ 2

0

√
x dx+

∫ 4

2

(√
x− (x− 2)

)
dx

=

∫ 2

0

x
1
2 dx+

∫ 4

2

(x
1
2 − x+ 2) dx

=

[
2

3
x

3
2

]2

0

+

[
2

3
x

3
2 − 1

2
x2 + 2x

]4

2

=

(
2

3
(2)

3
2 − 0

)
+

(
2

3
(4)

3
2 − 1

2
(16) + 2(4)

)

−
(
2

3
(2)

3
2 − 1

2
(4) + 2(2)

)

=
4
√
2

3
+

16

3
− 8 + 8− 4

√
2

3
+ 2− 4 =

10

3

elde edilir.
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Problems

Problem 36.1 (Total Area). Calculate the total area between
the curve y = 2x2 and the curve y = x4 − 2x2 for −2 ≤ x ≤ 2.

Problem 36.2 (Total Area). Find the total areas of the
regions shown in the following �gures:

(a). Figure 36.5. (b). Figure 36.6. (c). Figure 36.7.

−2 −1 1 2−1

8

x

y

Figure 36.4: The total area between the curve y = 2x2 and the
curve y = x4 − 2x2, for −2 ≤ x ≤ 2.
�ekil 36.4: −2 ≤ x ≤ 2 oldu§unda y = 2x2 ve y = x4 − 2x2

aras�ndaki alan.

−π −π
2

−1

1y = π
2
(cosx) sin(π + π sinx)

x

y

Figure 36.5: The total area between the curve y =
π
2 (cosx) sin(π + π sinx) and x-axis, for −π ≤ x ≤ 0.
�ekil 36.5:

Sorular

Soru 36.1 (Toplam Alan). y = 2x2 e§risiyle y = x4 − 2x2

e§risi aras�ndaki alan� −2 ≤ x ≤ 2 ise bulunuz.

Soru 36.2 (Toplam Alan). Find the total areas of the regions
shown in the following �gures:

(a). �ekil 36.5. (b). �ekil 36.6. (c). �ekil 36.7.

1 2

1

2

y =
1 +
√ x

y
=
3−

x

y =
x
2

4

x

y

Figure 36.6: The region bounded by y = 1+
√
x, y = 3−x and

y = x2

4 in the �rst quadrant.
�ekil 36.6:

−3 −2 −1 1

−4

−2

2

4

y
=
x 2

−
4

y
=
−x

2 −
2x

x

y

Figure 36.7: The total area between the curve y = x2 − 4 and
the curve y = −x2 − 2x, for −3 ≤ x ≤ 1.
�ekil 36.7: −3 ≤ x ≤ 1 oldu§unda y = x2 − 4 ve y = −x2 − 2x
aras�ndaki alan.



Solutions to Selected Problems
2.1.

(a).

P Q R P ∨ Q (P ∨ Q) ∨ R Q ∨ R P ∨ (Q ∨ R)
T T T T T T T
T T F T T T T
T F T T T T T
T F F T T F T
F T T T T T T
F T F T T T T
F F T F T T T
F F F F F F F

(c).

P Q P ∨ Q ¬(P ∨ Q) ¬P ¬Q ¬P ∧ ¬Q
T T T F F F F
T F T F F T F
F T T F F F F
F F F T T T T

(d).

P Q P ∧ Q ¬(P ∧ Q) ¬P ¬Q ¬P ∨ ¬Q
T T T F F F F
T F F T F T T
F T F T T F T
F F F T T T T

(g).
P ¬P P ∨ ¬P true
T F T T
F T T T

5.1.

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3(b).

x

y

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3

(d).

x

y

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3(e).

x

y

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3(g).

x

y

5.2. We calculate that

∥AB∥ =
√
(4 − 1)2 + (2 − 1)2 =

√
32 + 12 =

√
10 ≈ 3.16

∥BC∥ =
√
(3 − 4)2 + (3 − 2)2 =

√
(−1)2 + 12 =

√
2 ≈ 1.41

∥CA∥ =
√

(1 − 3)2 + (1 − 3)2 =
√
(−2)2 + (−2)2 =

√
8 ≈ 2.83.

Hence ∥AB∥ is the largest number.

6.1.

(a). f(x) = 3 is even.

(b). f(x) = x77 is odd.

(c). f(x) = x2 + 1 is even.

(d). f(x) = x3 + x is odd.

(e). f(x) = x3 + x2 is neither even
nor odd.

(f). f(x) = x3+1 is neither even nor
odd.

(g). f(x) = 1
x2−1

is even.

(h). f(x) = 1
x2+1

is even.

(i). f(x) = 1
x−1 is neither even nor

odd.

(j). f(x) = sin x is odd.

(k). f(x) = 2x+1 is neither even nor
odd.

(l). f(x) = cos x is even.

6.2.

−3 −2 −1 1 2 3

−3

−2

−1

1

2

3

x

y

6.3.

1 2 3 4 5

1

2

3

4

5

x

y

6.4.

(a). −π
2

(b). 3π
4

(c). 2π
3

(d). π

(e). π
5

(f). π
9

(g). 270◦

(h). 18◦

(i). 30◦

(j). 150◦

(k). −36◦

(l). 540◦ = 180◦

6.5.

(a). R

(b). [0,∞)

(c). [−2,∞)

(d). (−∞, 0] ∪ [3,∞)

(e). (−∞, 3) ∪ (3,∞)

(f). (−∞,−4) ∪ (−4, 4) ∪ (4,∞)

8.1.

(a). (3, 0)

(b). (−3, 0)

(c). (−1,
√
3)

(d). (1,
√
3)

(e). (1,
√
3)

(f). (−3, 0)

(g). (−1,
√
3)

(h). (−1, 0)

(i). (2, 2).

8.2.

(a). (
√
2, 45◦)

(b). (3, 180◦)

(c). (2,−30◦)

(d). (5, π − tan−1 4
3 ) ≈ (5, 126.87◦)

(e). (2
√
2,−135◦)

(f). (2, 150◦).

201
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8.3.

x

y

−2 −1 1 2

−2

−1

1

2

(c).

x

y

−2 −1 1 2

−2

−1

1

2

30◦

(d).

x

y

−2 −1 1 2

−2

−1

1

2

120◦

(e).

x

y

−2 −1 1 2

−2

−1

1

2

(f).

9.1.

(a). viii (b). iii (c). i (d). ii (e). vi (f). iv

9.2.

(a). (3, 0) (b). (0,−2) (c). (0, 1
16 )

9.3.

(a). (±3, 0) (b). (±3, 0) (c). (0,±1) (d). x2

4 + y2

2 = 1

9.4.

(a). (±
√
2, 0)

(b). (0,±4)

(c). (±
√
10, 0)

(d). 64x2 − 36y2 = 2304

10.1.
(a). The distance is

d =
√
(x2 − x1)2 + (y2 − y1)2 + (z2 − z1)2

=
√
(2 − −1)2 + (5 − 1)2 + (0 − 5)2 =

√
32 + 42 + 52

=
√
9 + 16 + 25 =

√
50

(b).
√
2 (c). 50 (d).

√
101 (e). 6

10.2. First we rearrange the equation into standard form

x
2
+ y

2
+ z

2 − 6y + 8z = 0

x
2
+ (y

2 − 6y + 9) − 9 + (z
2
+ 8z + 16) − 16 = 0

x
2
+ (y − 3)

2 − 9 + (z + 4)
2 − 16 = 0

x
2
+ (y − 3)

2
+ (z + 4)

2
= 25

(x − 0)
2
+ (y − 3)

2
+ (z + 4)

2
= 5

2
.

Then it is easy to see that the centre of the sphere is (0, 3,−4) and the radius
is 5.

10.3. Centre = (
√
2,

√
2,−

√
2). Radius =

√
2.

11.1.

(a). 3
√
13

(b).
√
29

(c). 3
√
13

(d). (9,−6)

(e). 3
√
13

(f). (−9, 6)

(g). 3
√
13

(h). (1, 3)

(i).
√
10

(j).
√
13 +

√
29

(k). (12,−19)

(l).
√
505

(m). ( 1
5 ,

14
5 )

(n).
√

197
5

11.2.

(a). We have that

5a − 3b = 5(i + 2j + 3k) − 3(2i + 5k) = 5i + 10j + 15k − 6i − 15k

= −i + 10j.

(b). (0, 0, 0)

11.3.

(a). We require the vector

u =
v

∥v∥ =
6i + 2j − 3k√
62 + 22 + (−3)2

=
6i + 2j − 3k√

49
=

6

7
i +

2

7
j − 3

7
k.

(b). u = 2
3 i +

1
3 j − 2

3k

(c). w = 84
13 i − 35

13k

12.1.

(a). (i) −25 (ii) 5 and 5 (iii) −1 (iv) −2i + 4j −
√
5k

(b). (i) 25 (ii) 5 and 15 (iii) 1
3 (iv) 10

9 i + 11
9 j − 2

9k

(c). (i) 13 (ii) 3 and 15 (iii) 1
15 (iv) 26

225 i +
26
45 j − 143

225k

12.2. ∡BAC = cos−1 1√
5

≈ 63.435◦, ∡ABC = cos−1 3
5 ≈ 53.130◦ and

∡BCA = cos−1 1√
5
≈ 63.435◦.

12.3. Yes.

12.4.

(a). If ∥u∥ = ∥v∥, then we have that u • (u+v) = u •u+u •v = ∥u∥2 +u •v =
u • v + ∥v∥2 = u • v + v • v = (u + v) • v as required.

(b). Since u •(u+v) = ∥u∥ ∥u + v∥ cos θ and (u+v) •v = ∥u + v∥ ∥v∥ cosϕ =
∥u + v∥ ∥u∥ cosϕ, we can see from part (a) that cos θ = cosϕ. Therefore
θ = ϕ.

12.5. Suppose that the x-axis points to the east, that the y-axis points to
the north and that the z-axis points upwards. The vector u = (0,−5,−1) is
parallel to the northwards part of the pipe (pointing to the south). The vector
v = (10, 0, 1) is parallel to the eastwards part of the pipe. Thus

θ = cos
−1

(
u • v

∥u∥ ∥v∥

)
= cos

−1

( −1√
26

√
101

)
= 91.12

◦
.

The question could be interpreted in di�erent ways, so I would accept both
91.12◦ and 180◦ − 91.12◦ = 88.88◦ as correct answers.

13.1.

(a). 2i + j + 2k

(b). 0

(c). −6k

(d). 6i − 12k

(e). i − j + k

(f). −2k

(g). 0

(h). −j − k

(i). 4j + 2k

13.2.

(a). 3√
2

(b). ( 1√
2
, 0,− 1√

2
)

13.3.

(a). no (b). yes (c). no (d). yes (e). no

13.4. 9
√
3 and 21√

2

13.5. −7

14.1. x = 3 + t, y = −4 + t, z = −1 − t.

14.2. x = 1 − 2t, y = 2 − 2t, z = −1 + 2t.

14.3. x = 2 − 2t, y = 3 + 4t, z = −2t.

14.4. d = 7
√
3
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14.5. d = 0 (the point is on the line)

14.6. (a). Yes, at the point P (9, 10, 7) (t = 2 = s). (b). d = 0.

14.7. Immediately we can see that we have P1(10,−3, 0), v1 = 4i + 4k,
P2(10, 0, 2) and v2 = −4i − 4k. Since v1 × v2 = 0, the lines are parallel. We
calculate that

−−−→
P1P2 = P2 − P1 = (10, 0, 2) − (10,−3, 0) = (0, 3, 2)

−−−→
P1P2 × v1 = (0, 3, 2) × (4, 0, 4) = (12, 8,−12)

d =

∥∥∥−−−→P1P2 × v1

∥∥∥
∥v1∥

=
∥(12, 8,−12)∥

∥(4, 0, 4)∥ =
4
√
22

4
√
2

=
√
11

14.8. First we have P1(10, 0, 0), v1 = 4i − j + 4k, P2(10, 1, 2) and v2 =
−4i − 4k. Note that the lines are skew because v1 × v2 = 4i − 4k ̸= 0. Thus

−−−→
P1P2 = P2 − P1 = (10, 1, 2) − (10, 0, 0) = (0, 1, 2)

−−−→
P1P2 • (v1 × v2) = (0, 1, 2) • (4, 0,−4) = −8

d =

∣∣∣−−−→P1P2 • (v1 × v2)
∣∣∣

∥v1 × v2∥
=

|−8|
4
√
2

=
8

4
√
2

=
√
2.

15.1. x + 3y − z = 9

15.2. x − 2y + z = 6

15.3.

(a). P ( 3
2 ,− 3

2 ,
1
2 )

(b). P (2,− 20
7 , 27

7 )

15.4.

(a). x = 1 − t, y = 1 + t, z = −1

(b). x = 1 + 14t, y = 2t, z = 15t

15.5.

(a). 3

(b). 3
√

2
2

15.6. Let n1 = i + j and n2 = 2i + j − 2k. Then we have

θ = cos
−1

(
n1 • n2

∥n1∥ ∥n2∥

)
= cos

−1

(
2 + 1√
2
√
9

)
= cos

−1

(
1√
2

)
= 45

◦

16.1. (a). −2i + 4j − 4k (b). 39
25 i +

52
25 j +

13
5 k (c). 2

3 i − 2
3 j − 2

3k

16.2. (a). −2i + 7j + 3k (b). − 8
7 i +

4
7 j +

10
7 k (c). i

16.3. (a). (8, 1, 1) (b). ( 213
20 , 401

40 , 57
8 ) (c). (2, 0, 3)

16.4.

(a). x = 1 − t, y = −1 + t, z = 1 + 4t

(b). x = 8 − 6t, y = 3 − 2t, z = −2 + 14
5 t.

(c). B(7, 7, 5
4 )

17.1. 12

17.2.

(a). 5 · 4 · 3 = 60 (b). 5 · 5 · 5 = 125 (c). 5 · 4 · 4 = 80

17.3. There are 81 · 10 · 10 · 10 = 81000 di�erent postcodes.

If we insist that no digits are repeated, then the �rst two digits can not be
11 (Bilecik), 22 (Edirne), 33 (Mersin), 44 (Malatya), 55 (Samsun), 66 (Yozgat)
or 77 (Yalova). That leaves 81 − 7 = 74 choices for the �rst two digits. There
are then 8 choices for the 3rd digit, 7 choices for the 4th digit and 6 choices
for the �nal digit. Hence there are 74 · 8 · 7 · 6 = 24864 possible postcodes.

18.1. C5 3 = 10

18.3.

(a). C24 3 = 2024 (b). C19 3 = 969

18.4.

(a).
(

P8 8
P2 2 · P2 2 · P2 2

) (
P5 5
P2 2

)
= 302 400

(b).
(

P6 6
P2 2

)
( P3 3 ) = 2160

18.5. Note that a number is divisible by 5 if the its last digit is 0 or 5. Since
we don't have a 0, we must �nd the number of 3 digit numbers which end in
a 5 and such that none of the digits are repeated. The answer is P5 2 = 20.

18.6. P8 2 · P10 3 = 40 320.

19.1. The sample space is S = {HHH,HTH, THH, TTH} since the third
coin is always H.

(a). 1
4 (b). 1

2 (c). 1
4 (d). 0 (e). 3

4 (f). 1
4

19.2.

(a).
C26 5

C52 5

≈ 0.0253

(c).
C48 4

C52 4

≈ 0.7187

(d).
C39 13

C52 13

≈ 0.0128

(f).
C16 13

C52 13

≈ 8.8187 × 10
−10

20.1.

(a). 13
20 (c). 7

10 (d). 1
4 (f). 3

5 .

20.2.

(a). 7
17 (b). 1

3 (c). 63
65 (d). 5

6 (e). 91
95

21.1.

(a). 4
51 (b). 1

17 (c). 40%

21.2.

(a). 1
3 (c). 0, 49 (d). 3

4

22.1.

(a).
54
125

(b).
71
125

(c). 14
25 (d). 17

25 (e). 21
25

22.2.

(a). 1
6 . (b). 1

4 . (c). 1
4 .

23.1. One way to draw each graph is shown below, but of course there are
∞ di�erent ways to draw them.

(a).
a b c d ee1 e2 e3 e4

(b).
a

b d

e

c

e1

e2 e3

e4

e5

e6

e7 e8
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(c).

a

b

c

d

e

e1

e2

e3

e4
e5

e6
e7

e8

23.3. Both G and H are planar graphs as shown below.

a

cg

d

f

b

e

G

a b

de

f c

H

23.4.

(a). yes (b). no (c). no (d). yes

23.5. One such example is

This graph has 2 vertices, 0 edges and 1 face. So n(V ) − n(E) + n(F ) = 3.
This example does not disprove theorem 23.3 because it is not connected.

24.1.

(a). false

(b). false

(c). false

(d). true

(e). true

(f). true

(g). false

(h). true

24.2.

(a). −9

(b). 5
8

(c). − 5
2 (d). 2

3 (e). 1
10

(f). −1

(g). 3
2

(h). 1
5

(i). lim
v→2

v3 − 8

v4 − 16
= lim

v→2

(v − 2)(v2 + 2v + 4)

(v − 2)(v + 2)(v2 + 4)
= lim

v→2

v2 + 2v + 4

(v + 2)(v2 + 4)
= 12

32 =

3
8

24.3. Clearly lim
x→0

2 − x
2

= 2 − 0
2

= 2 and lim
x→0

2 cos x = 2 cos 0 = 2. It

follows by the Sandwich Theorem that lim
x→0

g(x) = 2 also.

24.4.

(a). lim
x→4

(
g(x)

2
)
= 9

(b). lim
x→4

(g(x) + 3) = 0

(c). lim
x→4

xf(x) = 0

(d). lim
x→4

g(x)

f(x) − 1
= 3

25.1. First note that f is clearly continuous for all x ̸= −2. Since f(−2) = 4b,
we require that lim

x→−2
f(x) = 4b also. But lim

x→−2
x = −2. So we must have

b = − 1
2 .

25.2.

(a). Since x2 −4 ̸= 0 if x ̸= ±2, it follows that the rational function x3−8

x2−4
is

continuous on (−∞,−2), on (−2, 2) and on (2,∞). Hence f(x) is also
continuous on these open intervals.

(b). Since

lim
x→2

f(x) = lim
x→2

x3 − 8

x2 − 4
= lim

x→2

(x − 2)(x2 + 2x + 4)

(x − 2)(x + 2)

= lim
x→2

x2 + 2x + 4

x + 2
=

12

4
= 3 = f(2),

it follows that f is continuous at x = 2.

(c). Since lim
x→−2

f(x) = lim
x→−2

x3 − 8

x2 − 4
does not exist, it follows that f is

discontinuous at x = −2.

25.3. Since tan, cos and sin are continuous functions, we use theorem 25.3
to calculate that

lim
t→0

tan

(
π

4
cos

(
sin t

1
3
))

= tan lim
t→0

(
π

4
cos

(
sin t

1
3
))

= tan

(
π

4
lim
t→0

cos
(
sin t

1
3
))

= tan

(
π

4
cos

(
lim
t→0

sin t
1
3
))

= tan

(
π

4
cos

(
sin lim

t→0
t
1
3
))

= tan

(
π

4
cos

(
sin 0

))

= tan

(
π

4
cos 0

)
= tan

π

4
= 1.

26.1.

(a). 2
5

(b). 0

(c). −∞

(d). − 2
3

(e). −1

(f). 1

(g). ∞

(h). 2

(i). ∞

(j). 0

(k). ∞

(l). this limit does not
exist

28.1.

(a).
ds

dt
= 2t

−2 − 8t
−3

=
2

t2
− 8

t3
.

(b). We calculate that

w
′
=

d

dz
(z + 1)(z − 1)(z

2
+ 1) =

d

dz
(z

2 − 1)(z
2
+ 1)

=
d

dz
(z

4 − 1) = 4z
3

and

w
′′

=
d

dz
4z

3
= 12z

2
.

(c). We calculate that

dy

dx
= (2x + 3)

′
(x

4
+ 1

3x
3
+ 11) + (2x + 3)(x

4
+ 1

3x
3
+ 11)

′

= 2(x
4
+ 1

3x
3
+ 11) + (2x + 3)(4x

3
+ x

2
)

= 2x
4
+ 2

3x
3
+ 22 + 8x

4
+ 2x

3
+ 12x

3
+ 3x

2

= 10x
4
+ 44

3 x
3
+ 3x

2
+ 22

by the product rule.
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28.2. First note that

b =
x2 − 1

x2 + x − 2
=

(x − 1)(x + 1)

(x + 2)(x − 1)
=

x + 1

x + 2
.

Using the quotient rule, we calculate that

db

dx
=

(
u

v

)′
=

u′v − uv′

v2
=

(x + 1)′(x + 2) − (x + 1)(x + 2)′

(x + 2)2

=
(x + 2) − (x + 1)

(x + 2)2
=

1

(x + 2)2
.

28.3.

(a). y′ = 2x3 − 3x − 1

(b). y′ = 3x2 + 4x − 8

(c). r′ = − 2
3s3

+ 5
2s2

(d). y = −19

(3x−2)2

(e). g′(x) = x2+x+4

(x+0.5)2

(f). v′ = t2−2t−1

(1+t2)2

(g). f ′(s) = 1√
s(

√
s+1)2

(h). v′ = − 1
x2 + 2x− 3

2

(i). r′ = 3θ−4

(j). w′ = −z−2 − 1

(k). s′ = 15t2 − 15t4

(l). w′ = − 6
z3

+ 1
z2

29.1.

(a).
ds

dx
= sec

2
x. (b).

dr

dθ
= θ cos θ.

29.2.

(b). By the quotient rule, we have that

d

dx
(cot x) =

d

dx

(
cos x

sin x

)

=
(cos x)′ sin x − (cos x)(sin x)′

sin2 x

=
− sin x sin x − cos x cos x

sin2 x

=
−1

sin2 x
= − cosec

2
x

as required.

29.3.

(a). y′ = −10 − 3 sin x

(b). y′ = 2x cos x − x2 sin x

(c). y′ = − cosec x cot x − 2√
x

(d). f ′(x) = sin x sec2 x + sin x

(e). g′(x) = cos x

(f). w′ = − cosec2 z

(1+cot z)2

(g). h′(x) = 3x2 sin x cos x +
x3 cos2 x − x3 sin2 x

(h). p′ = sec2 t

(i). r′ = sec2 t

(j). 0

30.1.
ds

dt
= −5

(
t

2
− 1

)−11

.

30.2.
dy

dt
= − 5

3
sin

(
5 sin

(
t

3

))
cos

(
t

3

)
.

30.3.
dy

dx
=

3x − 2√
3x2 − 4x + 6

.

30.4.
dy

dx
= 3 sin

2
x cos x.

30.5.
dy

dx
= tan(tan x) sec

2
x sec(tan x).

30.6.
dy

dx
= 2x cos(2x) cos(x

2
) − 2 sin(2x) sin(x

2
).

30.7. Let u = t
t2−4

. Then

dy

dx
=

d

dx

(
t2

t3 − 4t

)3

=
d

dx

(
t

t2 − 4

)3

=
d

dx
u
3
=

(
d

du
u
3

)
du

dx
= 3u

2 d

dx

(
t

t2 − 4

)

=

(
3t2

(t2 − 4)2

)(
(t)′(t2 − 4) − (t)(t2 − 4)′

(t2 − 4)2

)

=

(
3t2

(t2 − 4)2

)(
(t2 − 4) − (t)(2t)

(t2 − 4)2

)

= − 3t2(t2 + 4)

(t2 − 4)4
.

30.8. y
′′

=
6

x3

(
1 +

1

x

)(
1 +

2

x

)
.

30.9.
5
2 .

30.10. 0.

31.1.

(a) F (x) = 100x2.

(b) G(x) = x4

4 + 1
2x2 .

(c) H(x) = − 1
π cos(πx) + cos(3x).

(d) L(x) = x8

8 − 3x2 + 8x.

(e) M(x) = x
2
3 is an antiderivative of m(x) = 2

3x
− 1

3 because

M
′
(x) =

d

dx
x

2
3 =

2

3
x

2
3
−1

=
2

3
x
− 1

3 = m(x).

(f) P (x) = x
1
3 .

(g) R(x) = 2 tan x
3 .

(h) S(x) = − 2
3 tan 3x

2 .

31.2. It is incorrect because d
dx

(
(2x+1)3

3 + sin x
)
̸= (2x + 1)2 + cos x.

31.3. It is correct. By the Chain Rule (with u = ex),

d

dx
sin e

x
=

(
d

du
sinu

)(
d

dx
e
x

)
= (cosu)(e

x
) = e

x
cos e

x
.

Thus sin ex is an antiderivative of ex cos ex.

31.4. It is incorrect because the �+C� is missing.

31.5.

(a).
∫
2x dx = x2 + C

(b).
∫ (

1 − x2 − 3x5
)

dx = x − x3

3 − x6

2 + C

(c).
∫

4+
√

t

t3
dt =

∫
4t−3 + t−

5
2 dt = −2t−2 − 2

3 t
− 3

2 + C

(d).
∫
(2 cos 2θ − 3 sin 3θ) dθ = sin 2θ + cos 3θ + C

(e).
∫
2e3x dx = 2

3 e
3x + C

(f).
∫

1
x dx = ln |x| + C

34.1.

(a). dy
dx =

√
1 + x2.

(b). db
dt = 4t5.

(c). We calculate that

dp

dx
=

d

dx

∫ x2

2

sin(t
3
) dt =

(
d

du

∫ u

2

sin(t
3
) dt

)(
d

dx
x
2

)

= sin(u
3
) 2x = 2x sin(x

6
).

(d). dz
dx = − 1

2x
− 1

2 sin x = − sin x
2
√

x
.
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34.2.

(a). 6

(d). 133
4

(e). π
4 − 1

2

(f). 5
2

(g). 0

(h). − 8
3

(i).
√
2 − 4√8 + 1

(j). 16

(k). −1

(l). 2
√
3

35.1.

(a). 1
6 (2x + 4)6 + C.

(b). − (x2+5)−3

3 + C.

(c). (3x2+4x)5

10 + C.

(d). 1
2 sec 2t + C.

(e). −6
√
1 − r3 + C.

(f). − 1
3 (x

3
2 −1)− 1

6 sin(x
3
2 −1)+C.

(g). − 2
1+

√
x
+ C

(h). − 1
2

(
7 − r5

10

)4
+ C.

(i). − 1
2 sin2 1

θ + C.

(j). 1
12 (x − 1)12 + 1

11 (x − 1)11 + C

(k). 1
5 (x

2 + 1)
5
2 − 1

3 (x
2 + 1)

3
2 + C.

(l). 1
3 e

z3 + C.

35.2.

(a). 14
3 (b). 2

3 (c). 1
2

(d). 0

(e). 0

(f). 1
6

(g). 3

(h). − 1
15

(i). 1
15

36.1. We calculate that

total area =

∫ 2

−2

2x
2 − (x

4 − 2x
2
) dx = 2

∫ 2

0

4x
2 − x

4
dx

= 2

[
4

3
x
3 − x5

5

]2

0

= 2

((
4

3
(8) − 32

5

)
− (0 − 0)

)

=
128

15
.

36.2.

(a). 2 (b). 5
2 (c). 38

3
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ac�k aral�k, 12
aksiyom, 5
akustik çanak, 44
alan

e§riler aras�ndaki, 196
paralelkenar�n, 61
üçgenin, 61

ancak ve ancak, =⇒ , 6
and, ∧, 5, 6
angle

between planes, 76
between vectors, 56

anticlockwise, 33
antiderivative, 170
aral�k, 12
area

between curves, 196
of a parallelogram, 61
of a triangle, 61

artan fonksiyon, 21
azalan fonksiyon, 21

basit olay, 102
ba§lant�l�, 130
belirli integrali, 179
belirsiz integrali, 171
be³inci türevi, 161
bipartite graph, 126
birim fonksiyon, 140
birle³imi, 12
birle³ik olay, 102
bölüm kural�

limitler için, 142
türev için, 159

cartesian coordinates, 14
chain rule, 166
circle, 37
clockwise, 33
closed interval, 12
combination, 96
complete graph, 125
component form, 52
compound event, 102
connected, 130
constant multiple rule

for antiderivatives, 171
for derivatives, 157
for limits, 142

continuous function, 146, 148
contrapositive, 6, 7
converse, 6, 7
coordinates

cartesian, 14
polar, 33

cos, 25
cosec, 25
cosecant, 25

derivative, 163
cosine, 25

derivative, 162
cosinüs, 25
cot, 25
cotangent, 25

derivative, 163
cross product, 60
csc, 25
cycle graph, 126
çember, 37
çarp�m kural�

limitler için, 142
türev için, 159

çift fonksiyonel, 21

de§er kümesi, 17
decreasing function, 21
de�nite integral, 179
de§il, ¬, 6
derivative, 153, 154
devrik, 6, 7
di�erence rule

for limits, 142
di�erentiable, 153
digraph, 124
directed graph, 124
directed multigraph, 125
directrix, 38
discontinuous function, 146
distance

between two lines, 70
from a point to a line, 69
from a point to a plane, 75
in R2, 15
in R3, 49

do§al say�lar, 9
do§ru parças�d�r, 68
do§ru, 67
domain, 17
dot product, 56
dördüncü türevi, 161
dummy variable, 180
dü³ey do§ru testi, 20

edge, 122
e§im, 151
elips, 37
ellipse, 37, 40
Euler yolu, 130
Euler's formula, 132
Eulerian trail, 130
even function, 21
event, 102
exponential function, 24

factorial, 92
faktöriyel, 92
fark kural�

limitler için, 142
�fth derivative, 161
foci, 40
focus, 38
fonksiyon, 17

artan, 21
azalan, 21
birim, 140
çift, 21
kuvvet, 23
lineer, 22
logaritmik, 24
ortalama de§eri, 189
parçal� tan�ml�, 20
rasyonel, 23
sabit, 140
sürekli, 146, 148
tek, 21
trigonometrik, 25
üstel, 24

for all, ∀, 7, 8
fourth derivative, 161
f ′, 153
f ′′, 160
f ′′′, 161
f (n), 161
function, 17

average value, 189
continuous, 146, 148
decreasing, 21
discontinuous, 146
even, 21
exponential, 24
identity, 140
increasing, 21
linear, 22
logarithmic, 24
odd, 21
piecewise-de�ned, 20
power, 23
rational, 23
trigonometric, 25

fundamental theorem of calculus, 184

görüntü kümesi, 17
graf, 19
graph, 19, 122

hacmi
paralelyüzlünün, 65

half-open interval, 12
her, ∀, 7, 8
hiperbol, 37
hyperbola, 37, 42

identity function, 140
if and only if, i�, ⇐⇒ , 6
ikinci türevi, 160
implies, =⇒ , 6
increasing function, 21
inde�nite integral, 171
initial point, 51
integer, 9
integrable, 180
integrallenebilir, 180
intersection

points of, 70
interval, 12
ise, =⇒ , 6
isolated vertex, 123

kalkülüsün temel teoremi, 184
kapal� aral�k, 12
kartezyan koordinatlar, 14
kesi³im

noktalar�, 70
kesi³im noktalar�, 70
kombinasyon, 96
koordinatlar

kartesyen, 14
kutupsal, 33

kosekant, 25
türev, 163

kosinüs
türev, 162

kotanjant, 25
türev, 163

kutupsal koorinatlar, 33
kuvvet fonksiyon, 23
kuvvet kural�

limitler için, 142
kök kural�

limitler için, 142
Königsberg bridge problem, 121

limit, 139
limit kurallar, 142
limit laws, 142
line, 67
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line segment, 68
linear function, 22
lineer fonksiyon, 22
lines of intersection, 74
logarithmic function, 24
logaritmik fonksiyon, 24

Monty Hall Problem, 113
multidigraph, 125
multigraph, 123

N, 9
n inci türevi, 161
natural number, 9
neighbour, 123
node, 122
norm, 52
∥·∥, 15
normal vector, 73
not, ¬, 6
not, ∼, 6
nth derivative, 161
number

even, 21
integer, 9
natural, 9
odd, 21
rational, 10
real, 10

odd function, 21
olay, 102
open interval, 12
or, ∨, 5
origin, 14, 48
orijin, 14, 48
orthogonal, 57
outdegree, 125

parabol, 37
parabola, 37, 38
parametric equations, 68
parametrik denklemleri:, 67
parçal� tan�ml� fonksiyon, 20
pendant, 123
permutation, 95
piecewise-de�ned function, 20
planar graph, 125
plane, 73
point of discontinuity, 146
points of intersection, 70
polar coordinates, 33
polinom, 23
polynomial, 23
power function, 23
power rule

for limits, 142
probability tree, 117
product rule

for derivatives, 159
for limits, 142

projection
of a vector onto a line, 78
of a line onto a plane, 81
of a point onto a plane, 80

of a vector onto a plane, 79
of a vector onto a vector, 58

proposition, 5
pseudograph, 123

Q, 10
quotient rule

for derivatives, 159
for limits, 142

R, 10
R2, 14
radian, 25, 168
radyan, 25, 168
range, 17
rasyonel fonsiyon, 23
rasyonel say�lar, 10
rational function, 23
rational number, 10
real number, 10
reel say�lar, 10
riemann sum, 177, 178
riemann toplam�, 178
root rule

for limits, 142

sabit fonksiyon, 140
sabitle çarp�m kural�

limitler için, 142
ters türevi için, 171
türev için, 157

sample space, 102
sandwich theorem, 144
sandöviç teoremi, 144
say�lar

do§al, 9
rasyonel, 10
reel, 10
tam, 9

sec, 25
secant, 25

derivative, 163
second derivative, 160
sekant, 25

türev, 163
simple event, 102
simple graph, 123
sin, 25
sine, 25

derivative, 162
sinüs, 25

türev, 162
slope, 151
sphere, 50
substitution method

for de�nite integrals, 194
for inde�nite integrals, 191

sum rule
for antiderivatives, 171
for derivatives, 158
for limits, 142

sürekli fonksiyon, 146, 148
süreksizdir, 146
süreksizlik noktas�, 146

takma de§i³ken, 180
tam say�lar, 9
tan, 25
tangent, 25

derivative, 163
tangent line, 151
tanjant, 25

türev, 163
tan�m kümesi, 17
target, 17
tek fonksiyon, 21
teorem, 5
terminal point, 51
ters türevi, 170
there exists, ∃, 8
third derivative, 161
three-dimensional graph, 125
toplam alan, 186
toplam kural�

limitler için, 142
ters türevi için, 171
türev için, 158

total area, 186
trigonometric function, 25
trigonometrik fonksiyon, 25
triple scalar product, 65
trivial graph, 133
türevi, 153
türevlenebilir, 153

∪, 12
union, 12
unit vector, 54
uzakl�k

R2'de, 15
üçüncü türevi, 161
üstel fonksiyon, 24

vard�r, ∃, 8
ve, ∧, 5, 6
vector

normal, 73
vector projection, 58
vertex, 122
vertical line test, 20
veya, ∨, 5
volume

of a parallelepiped, 65

walk, 130
wheel graph, 126
whispering dish, 44
whispering gallery, 45

yar�-ac�k aral�k, 12
yerine koyma yöntemi

belirli integralde, 194
belirsiz integralde, 191

yol, 130

Z, 9
zincir kural�, 166
z�t, 6, 7

örnek uzay, 102
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