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Time Allowed: 120 min.

Answer 4 questions.

SIGNATURE:

Do not open the exam until you are told that you may begin.
Sinavin basladig: yiiksek sesle soylenene kadar sayfayi ¢evirmeyin.

. You will have 120 minutes to answer 4 questions from a choice of 5.

If you choose to answer more than 4 questions, then only your best 4
answers will be counted.

The points awarded for each part, of each question, are stated next to
it.

. All of the questions are in English. You must answer in English.

. You must show your working for all questions.

This exam contains 8 pages. Check to see if any pages are missing.

If you wish to leave before the end of the exam, give your exam script
to an invigilator and leave the room quietly. You may not leave in the
first 20 minutes, or in the final 10 minutes, of the exam.

Switch your mobile phone off and seal it in the envelope provided. Do
not open your envelope until the exam is finished or you have left the
room.

Calculators, mobile phones and any digital means of communication
are forbidden. The sharing of pens, erasers or any other item between
students is forbidden.

. All bags, coats, books, notes, etc. must be placed away from your desks

and away from the seats next to you. You may not access these dur-
ing the exam. Take out everything that you will need before the exam
starts.

Any student found cheating or attempting to cheat will receive a mark
of zero (0), and will be investigated according to the regulations of
Yiiksekogretim Kurumlar: Ogrenci Disiplin Yénetmeligi.

10.

. Sinav siiresi toplam 120 dakikadir.

Sinavda 5 soru sorulmustur. Bu
sorulardan 4 tanesini segerek cevaplayimiz. 4’den fazla soruyu cevap-
larsaniz, en yiiksek puani aldiginiz 4 sorunun cevaplari gecerli olacaktir.

. Sorularin her béliimiiniin kag puan oldugu yanlarinda belirtilmistir.
. Tim sorular ingilizcc’dir. Cevaplarinizi ingilizcc veriniz.
. Sonuca ulagmak igin yaptiginiz iglemleri ayrintilariyla gosteriniz.

. Smav 8 sayfadan olugsmaktadir. Liitfen eksik sayfa olup olmadigini kon-

trol edin.

. Sinav siiresi sona ermeden sinavinizi teslim edip gikmak isterseniz, sinav

kagidiniz1 gézetmenlerden birine veriniz ve siav salonundan sessizce
¢ikiniz. Sinavin ilk 20 dakikas1 ve son 10 dakikas: iginde sinav salonun-
dan ¢ikmaniz yasaktir.

. Cep telefonunuzu kapatinmiz ve size verilen zarfin igine koyunuz. Zarfi,

smav siiresi bitene kadar ya da smav salonundan g¢ikana kadar

agmayiniz.

. Smmav esnasinda hesap makinesi, cep telefonu ve dijital bilgi aligverisi

yapilan her tiirli malzemelerin kullanimi ile diger silgi, kalem, vb.
aligveriglerin yapilmasi kesinlikle yasaktir.

. Canta, palto, kitap ve ders notlariniz gibi egyalariniz siralarin iizerinden

ve yanimizdaki sandalyeden kaldirilmalidir. Sinav siiresince bu tiir
egyalar1 kullanmaniz yasaktir, bu nedenle ihtiyaciniz olacak herseyi
simav baglamadan yaniniza aliniz.

Her tiirlii sinav, ve diger caligmada, kopya ceken veya kopya g¢ekme
girisiminde bulunan bir 6grenci, o sinav ya da ¢aligmadan sifir (0) not
almig sayilir, ve o 6grenci hakkinda Yiiksekogretim Kurumlar: ogrenci
Disiplin Y6netmeligi hiiktimleri uyarinca disiplin kovusturmas: yapilir.
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Question 1 (Integration)

4 23
(a) [5pts] Calculate/ <3x—z) dx.
0

(c) [10pts] Calculate /se02(3ac—|—2) dx.

An easy question to begin with.

4 3 2474
/ (31 - l> dx = [SIQ — l]
0 4 2 16,

2 16
=24-16 =
. dy . ™o
(b) [10 pts] Find % if Yy :/O m dt.

Let w = 32 + 2. Then du = 3 dx. Since %tanu =

sec? u, we have that

1
/sec2(3x+2) dx :/gsec2 u du
1ta +C
= —tanu
3

1
=3 tan(3z +2) + C.

By the Fundamental Theorem of Calculus,

dy d [™ 1
dr  dx J, 1+12
od [t
=), v e
1
:71+u2
7
T 144922

dt

dt




Question 2 (The Chain Rule)

(a) [1pts] Please write your student number at the top-right of this page.

Suppose that f(u) =

2u
u2+1

and u = g(z) = 222 + o + 1.

(b) [24pts] Calculate (f o g)'(0) and (f o g)'(—1).

STUDENT NO:

IR EEEE

Final Exam

By the Chain Rule,
(fog) (@) = f(9(x))d (@).
Clearly ¢'(x) = 4 + 1. Moreover
_d ( 2u ) 2u) (u? + 1) — (2u) (u? + 1)’
du \ u? + 1 (u? +1)2
2( — (2u)(2u) 2 —2u?
(142 +1)2 (w24 1)2
Now g(0) =1, g(—1) =2, ¢’(0) =1 and ¢’(—1) = —3. Since
py o 2—2
F)= (14 1)2 =0
and N G
f/(2) = m = 957
we have that
(f29)'(0) = f'(9(0))g'(0) = f'(1)g'(0) =0
and
(Fog) (1) = F(g(-1)g'(-1) = f'(2)g'(~1) = 5 x =3
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Question 3 (Triangles) Consider the triangle with vertices at A(2,-2,1), B(0,—1,2) and C(3,—1,1).

(a) [3pts] Find ﬁ, /ﬁ and ]%

We have that
AB=B - A=(0,-1,2) - (2,-2,1) = (-2,1,1) = —2i +j + k,

AC=C—A=(3,-1,1)— (2,-2,1) = (1,1,0) = i + ]
BC=C-B=(3,-1,1)— (0,-1,2) = (3,0, -1) = 3i — k.

(b) [7pts] Find cos#.

We can calculate that

AB-AC (-2 + M)+ M0 _ -1 1

cosf = =

] R~ e~




(question 3 continued)

(c) [15pts] Find the area of the triangle with vertices at A, B and C.

Note that

E X B = (ugvy — uzv2)i — (u1vs — uzvy)j + (u1ve — ugvy )k

= ((M)(0) = ()(D)i— ((=2)(0) = (1)(D))j + ((=2)(1) = (1)(1))k
= —i+j—3k

The area of the traiangle is

5 |48 < |

1 1 1
5 I=i+j—3k| = 5\/(—1)2 +12 4 (=3)2 = 5\/1+1+9 =

—

Question 4 (Cylindrical and Spherical Polar Coordinates)

(a) [7pts] Convert the cylindrical polar coordinates (r, 6, z) = (1,45°,1) into spherical polar coordinates.

First we calculate that p = /22 +y2+ 22 = V12 + 22 = /1 +1 = /2. Then cos¢ = = = % which implies that

14
¢ = 45°. Thus
(p, 6, ) = (V/2,45°,45°).

5



(question 4 continued)

(b) [9pts] Sketch the surface ¢ = 120° in R3.

(c) [9pts] Sketch the surface § = 90° in R3.

120°

LNy ] ]

O/s




Question 5 (Lines) Let L; be the line which passes through the points A(1,0,1) and B(2,1,0).
Let Ly be the line v = -1 —3t, y = —1—3t, z = 1.5+ 3t.

(a) [5pts] Find parametric equations for L.

(c¢) 15pts] Find the distance between Ly and L.

The distance between the two lines is equal to the
distance from A to Ls. Let P = P(—1,—1,1.5) be a
point on Lo and let S = A(1,0,1).

We calculate that PS = § — P = (1,0,1) —

(—1,-1,1.5) = (2,1,—0.5) and
PSxva=(2,1,— ) (~3,-3,3)
= ((1)(3) - 05)( 3))i
-(20B) OWSM
+(2)(=3) = (1)(-3))k
1.5 — 4. 53 — 3k.
Then the distance from S to Lo is
L[S
[[vall

~ V/([1.5)2 + (—4.5)2 + (-3)2
VPR

9 27 36
VitaT+t7

3v/3
_ VI8 _3V2 _ V2
T 3v3 3V3 V3

havex =1+4+t,y=t, z=1—1.

Let vi = AB = B — A = (2,1,0) — (1,0,1) =
(1,1,-1) =i+ j—k. Using Py = A(1,0,1), we

(b) [5pts] Show that L; is parallel to Lo.

vy = —3v1, the two lines are parallel.

Clearly vo = —3i — 3j + 3k is parallel to Ls.

Since

/s



cos § = sin (g — 6‘)
cos? 0 +sin?0 =1
1+ tan? 6 = sec?
1+ cot? 0 = cosec? 0
cos(A + B) = cos Acos B — sin Asin B
sin(A + B) = sin A cos B + cos Asin B
c0s20 = cos? 0 —sin? 0
sin 26 = 2sin 6 cos 0
cos? 0 = %(1 + cos 20)

sin?6 = %(1 — cos 26)

x = psin ¢ cos 6

x =rcosf
. y = psin¢sin @
y=rsinf
z = pcos ¢
224y =12

p= /I2+y2+22

d
dx

d o _
HSIH.Z‘ =

d —
dz COST =

sin x

tanz =
cos T

d _
Etan:v =

secx = —L 4 secx =
cos @ dx

L8 % cotx =

cotz = sinx d

1

cosecr = = —
sin x

%ln\:ﬂ =

L™ = nx"

—1

CcCos T

—sinzx

2

sec™ x

secx tan
2

— cosec” x

= —cosecz cotx

8|~

cos0 =cos0° =1 sin0 =sin0° =0

= ST ot o __ 1

cos & = cos 30° = @ sin g =sin30” = 3
T o_ 1 sin T = sin45° = L
cos 7 = cos45° = 7 1 75
cos T =cos60° = L sin T = sin 60° = Y3
3 2 3 2

cos 5 = cos90° =0 sin 5 =sin90° =1

b
av(f) = [ @) do

V:/abA(x) da

b
V= / 7T(R(gv))2 dx

8/s

f'(g(x)) ¢’ (2)
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c=+1a? — b2 or c=+Vva?+ b2
proj,u = (u—‘;>v 6 = cos™? <L>
[Ivl] llull {1Vl

u X v = (ugv3 — ugv2)i — (u1v3 —

|3 x|

uzv1)j + (u1ve — ugvi)k

P3|

A i N Gl

vl
HP1P2 X V1H
d="+——1 d=
vl

([l
—_—
’Plpz . (Vl X V2)

lvi X va|



