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SIGNATURE:

Time Allowed: 90 min.

You must answer all
questions.

Do not open the exam until you are told that you may begin.
Sinavin basladig1 yiiksek sesle soylenene kadar sayfayi ¢evirmeyin.

You will have 90 minutes.

The points awarded for each part, of each question, are stated next to
it.

All of the questions are in English. You must answer in English.
You must show your working for all questions.
This exam contains 8 pages. Check to see if any pages are missing.

If you wish to leave before the end of the exam, give your exam script
to an invigilator and leave the room quietly. You may not leave in the
first 20 minutes, or in the final 10 minutes, of the exam.

Switch your mobile phone off and seal it in the envelope provided. Do
not open your envelope until the exam is finished or you have left the
room.

All communication between students, either verbally or non-verbally,
is strictly forbidden. Students who finish early must leave the room
without communicating with other students.

Calculators, mobile phones and any digital means of communication
are forbidden. The sharing of pens, erasers or any other item between
students is forbidden.

All bags, coats, books, notes, etc. must be placed away from your desks
and away from the seats next to you. You may not access these dur-
ing the exam. Take out everything that you will need before the exam
starts.

Any student found cheating or attempting to cheat will receive a mark
of zero (0), and will be investigated according to the regulations of
Yiiksekogretim Kurumlarr Ogrenci Disiplin Yonetmeligi.

10.

11.

. Sinav siiresi toplam 90 dakikadir.

. Sorularin her béliimiiniin kag puan oldugu yanlarinda belirtilmistir.
. Tlm sorular ingilizce’din Cevaplarinizi ingilizce veriniz.

. Sonuca ulagmak igin yaptigimz iglemleri ayrintilariyla gosteriniz.

. Sinav 8 sayfadan olugmaktadir. Liitfen eksik sayfa olup olmadigini kon-

trol edin.

. Sinav siiresi sona ermeden sinavinizi teslim edip gikmak isterseniz, sinav

kagidinizi gézetmenlerden birine veriniz ve sinav salonundan sessizce
¢ikimiz. Sinavin ilk 20 dakikas1 ve son 10 dakikas: iginde sinav salonun-
dan gikmaniz yasaktir.

. Cep telefonunuzu kapatimz ve size verilen zarfin igine koyunuz. Zarfi,

bitene kadar

simav siiresi
agmayiniz.

ya da smav salonundan g¢ikana kadar

. Smav esnasinda Ogrenciler arasinda, sozli ya da sézsiiz, her tirla

iletisim kesinlikle yasaktir. Sinavini erken bitiren Ogrenciler, diger
ogrencilerle hig bir gekilde iletisim kurmadan sessizce siniftan ¢gikmalidir.

. Smmav esnasinda hesap makinesi, cep telefonu ve dijital bilgi aligverisi

yapilan her tiirlii malzemelerin kullanimi ile diger silgi, kalem, vb.
aligveriglerin yapilmasi kesinlikle yasaktir.

Canta, palto, kitap ve ders notlariniz gibi egyalariniz siralarin iizerinden
ve yammnizdaki sandalyeden kaldirilmalidir. Sinav siiresince bu tir
egyalar1 kullanmaniz yasaktir, bu nedenle ihtiyaciniz olacak herseyi
sinav baglamadan yaniniza aliniz.

Her tiirlii sinav, ve diger c¢aligmada, kopya ¢eken veya kopya g¢ekme
girisiminde bulunan bir 6grenci, o sinav ya da ¢aligmadan sifir (0) not
almig sayilir, ve o 6grenci hakkinda Yiiksekogretim Kurumlar: Ogrcnci
Disiplin Yonetmeligi hiikiimleri uyarinca disiplin kovusturmasi yapilir.
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Definition We write lim f(x) = L if and only if, for all € > 0, there exists § > 0 such that for all x,

T—cC

O<|z—cl<é = |f(z)—L| <e.

Question 1 (The Precise Definition of a Limit)
32?2 — 12

[20pts] Use the definition above to prove that lim 12.
z—=2 xr—2
Let € > 0. Choose = 5. Then for all z we have that
3z% — 12 3(x—2 2
0<|z—2/<0 — L_lgzw_lg
r—2 r—2

=3|(z+2) —4
=3z —2|
<36
=ec.

§ : 3z2—-12
Therefore lim, 5 *=—= = 12.




Question 2

Question 3 (Arc Length)

[1pt] Please write your student number at the top-right of this page.
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[20pts] Find the length of the curve y = % + o2 fromz=1toxz=2. E
X =
We calculate that
dy d (z* 1 5 2 ; 1 P
el e e e =
dr  dx \ 4 82 8x3 423 :
dy s 11 6 1 | :
1 - =1 - = — - = by . =
+(dm) T T e T T e T T4 2
<
The length of the curve is &
2 2 2 4 2 i
dy 3 1 x 1 16 1 1 1 3
L= 1 — ) dx= —dr=|————| =|——=)—-(-—-= d
/1 +<dm> v N . +4x3 . {4 8$2:|1 <4 32) (4 8) B
128 1 8 4 123 5
32 32 32 32 32 S
Yy
Length of curve =
y="+ g
‘ o
1 2
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Question 4 (Volumes Using Cylindrical Shells) The region bounded by y = /z, y = 2z —1 and x = 0 is shown above.
This region is rotated about the y-axis to generate a solid.
[20pts] Use the shell method to calculate the volume of the solid.

First we calculate that

2 — 1=z
4o —dx+1=12
422 —524+1=0

5 1
2
o 7:0
x 4.’L’+4
(- D7) =0
r—1)(z—-)=0.
4
Since 2(&) —1= —5 %: i, the curves must intersect when x = 1.

As shown on the figure above, we have that

shell radius = x

shell height = vz — (22 — 1) = o — 22 + 1.
Therefore the volume of the solid is
' hell hell
V= / 2 (12(16111%) (hbelzht) dx
/ x5 — 222 +x dx

1
28 25 1o
72_7 —
[51’ 3" 233}0

2 2
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Volume =



Question 5 (Inverse Trigonometric Functions)
3dr

5—4r2 + 8r
[HINT: First write 5 — 472 4 8r in the form a? — u?.]

[20pts] Calculate

First note that
5—4r? +8r=5—-4(r? —2r) =5 —-4(r* = 2r +1-1)=5—-4(r* = 2r + 1) +4 =9 — 4(r — 1)?

Let u = 2(r — 1) = 2r — 2. Then du = *dr = 2 dr. It follows that

3dr / 3dr 3 du 3'_1U+C' 35, _1<27’2>+C
= == | ———— = —sin"' = = —sin .
V5 —4r? 4+ 8r VI—4(r—-1)2% 2/ V32 —u? 2 3 2 3

/ 3dr _
Vb —4r2 + 8r

s




Question 6 (Indeterminate Forms)

[19pts] Calculate lim (3: — I) sec .
TG 2

[State which rules, if any, you are using.]

We calculate that
. 7r . T 1
lim (:U — 7) secx = lim (I’ — 7)
P 2 P 2/ \cosw
_
= lim —2
.’1:—}%* COS ™
d T
o 2 (@735)
e—5  J-COST
. 1
= lim -
z—z- —sinz
1
-1
=1
by I’'Hopital’s Rule.

. T
lim (x— = )secx =
T35 2
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cos 6 = sin (£ —0)

cos?0 +sin?0 =1

1+ tan? 0 = sec? 6
1 4 cot? 6 = cosec? 0
cos(A + B) = cos Acos B — sin Asin B
sin(A 4+ B) = sin A cos B + cos Asin B
cos 20 = cos2 0 — sin? 6
sin 20 = 2sin 6 cos 6
cos? § = %(1 + cos 20)

sin? 6 = %(1 — cos 20)

cos0 =cos0° =1

Ccos

COs

Ccos

Ccos

NN wE AN oy

= cos 30° = g sin % = sin 30°
_ _ 1 in T — sin 45°
= cos45° = sin 7 sin

V2
= cos 60° = % sin § = sin 60°
=co0s90° =0 sin 5 = sin 90°

sin0 =sin0° =0

= ‘S ‘ =
(V) SP—‘
@l N

(uwv) = wv’ 4+ u'v
(g) _u vv—2uv
(fog) () =f"(9(=) g’ (x)

—1y/ . 1
U= @)= 5=y

8/s

27 (i) (heighe) 42

b dy 2
1 — d.
V' <dz> v

b du\ 2
S 2y /14 <£> dx
T

a
a

h
Il
—_— —

e

__ sinz
tanx = -
secx = —L—

cos T
cotx = 8%
sin x

dd " = pen—1

xT

d —

- SInx = COSXT
dx

d _ .
= COSXT = —S8SInx
dx

di tanx = sec? x
T

Jtanz dz = In|secz| + C

diseca: =secxrtanz
xT

Jsecx dz = In|secx + tanz| + C

di cotx = — cosec? x
€T

J cotz do =1In|sinz|+ C

cosecw = cscx = % cosec T = — cosec x cot T
J cosecz dz = —In |cosecz + cot z| + C
Esn T S = o
%88071 z = \:c\</;12—a2
%1n|x| ==
sinhg = €= cosha = €24e”"

2

cosh?z —sinh?z =1

sinh 2z = 2sinh x cosh x

COSh2 = cosh221+1

tanh?z = 1 — sech? z

d

cosh 2z = cosh? z — sinh? z

sinh2 T = cosh2z—1
2, _ 2
coth® x = 1 4 cosech” x

d

£ sinhx = coshzx 2 coshx = sinhz

dx dx

2 tanhz = sech? z 4 cothz = — cosech? ©

dx dz

% sechx = —sech x tanh z % cosech x = — cosech x coth z

sech™ !z = cosh™! %

cosech™ !z = sinh~! % coth™' z = tanh~?! %

\/ﬁ (a >0)

x217a2 (x> a>0)
Py (2 < a?)
P2 (2 > a?)
z\/% 0<z<l)
= SN ;‘2%12 (x £0, a>0)



