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e The exam consists of 6 questions.
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e Please read the questions carefully and write your answers under the corresponding ques-
tions. Be neat.

e Show all your work. Correct answers without sufficient explanation might not get full
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e Do not leave the exam room during the first 20 minutes.
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1. (10 points) Classify the following differential equations.Write the order, linearity and the
homogeneity of the equations.

a)
R T >
Solution: It is a third order, nonlinear, and non-homegeneous differential equation.
b)
g" = (2')? + 2’ sint.

Solution: It is a second order, non-linear, and homegeneous differential equation.

2. (20 points) Solve the following initial value problem.
y' — tanzy = sin 2z, y(0) = 2.
Solution: Note that the integrating factor is A(z) = e/ ~tanzde — ellcoszl — o5 where —g <

t < g Therefore, we get

(cosz)y(x) = /cosxsin 2xdr = 2 / cos® x sin vdr =

() 2cos? x C
r) = —
y 3 COS &
Since y(0) = 2, it follows that
2cos20 C 4
y(O) 3 * cos0 ¢ 3

Then, the solution of the initial value problem is

2cos? x 4
y(z) =

3 3cosz




3. (15 points) Find the general solution of the following differential equation.
vy = (y—1)cotz.

Solution: It is a separable differential equation. We solve the problem as follows.

dy

d
o (y — 1) cotrx = y—yl = cot xdx

— ﬂl:/co‘cxdaﬁLC:/c,osxdx—l—C
Yy —

sinz
= In(y — 1) =lnsinz +C =y — 1= Dsinr = y(z) = Dsinz + 1.

where D = e, Since this is a linear equation an alternative solution is given as follows
dy

d
y—1)cotr = el —cotxy = —cot x.
d d
x
Thus, the integrating factor is

\ = ef—cot:pdx _ e—ln(sinx) _ 1

sinz
Consequently, the general solution can be obtained as follows.

1 CoS T 1
o) = [-Sia - +C
sin x

sin” sin

This yields

y(x) = Csinzx + 1.




4. (15 points) Write the linear, homogeneous, and constant coefficient differential equation whose
general solution is
y(t) = cre’ + cote’ + c3cos 20 + ¢4 sin 27

Solution: The roots of the characteristic polynomial are 1, 1, 2i, -2i. The characteristic equation
is

(r—120*+4)=0
(r*=2r+1)(r* +4) =0
rt —2r® + 5% —8r +4=0.
Consequently, the differential equation is

y @ — 20" 4 5y" — 8y + 4y = 0.




5. (20 points) Solve the following initial value problem.
y' — 2y +y=1+4e y0)=3,9(0) =1,

Solution:
The characteristic equation is 72 —2r +1 = 0 and its roots are r; = ry = 1. Therefore, the solution
of the homogeneous equation is
yu(t) = cre’ + cote’.
To find a particular solution, let us use the method of undetermined coefficients.
y, = A+ Bt*e!
y; = 2Bte' + Bt’e!
y, = 2Be' + 4Bte' + Bt%e!.
Let us substitute these expressions in the differential equation. Then, we get
y' =2y +y=1+4¢
2Be! + ABte! + Bt?e! — 4Bte! — 2Bt%e! + A + Bt?e! = 1 + 4é
A+ (B — 2B+ B)t’¢' + (4B — 4B)te' + 2Be' = 1 + 4¢'
which implies that A =1, B =2 and y, = 1 + 2t%¢'. Thus, the general solution is
y(t) = cre’ + cote! 4 2t%e" + 1.
Let us use the initial conditions to determine ¢; and cs.
y(0)=3=c1+1=3=c¢ =2,
yO)=l=ca+u=1=c=—L
Consequently, the solution of the initial value problem is
y(t) = 2e' — te' + 2t%e" + 1.




6. (20 points) Solve the following initial value problem.
t
e
"2y =—— 4(0)=3,y'(0) =1.
y' =2y +y 1+t27y() ,y'(0)
Solution: The characteristic equation is 72 — 2r +1 = 0 and its roots are r, = 75 = 1. Therefore,
the solution of the homogeneous equation is

yu(t) = cre’ + cote’.

To find a particular solution, let us use method of variation of the parameters. Assume that
Yp(t) = ure’ + uate’.

Then, we solve the following system of linear equations.

uhe! + uhte =0

t
uhe! + uhe' + uhte' = ﬁ
If we substract the first equation from the second one, we obtain
1t e’ / 1 1
Ugl = m = Uy = m = U9 :/mdt = arctant—i—clo.

Since
uje’ + uhte’ =0
uy +upt =0
=
1+¢2
this implies that

t 1
[ = (1 4+ 2) + .
U / e 2n( +17) + 20

Consequently, the general solution is

1
y(t) = croe’ + capte’ — 3 In (t* + 1) €' + te' arctant.

Since y(0) = 3, we get ¢; = 3. Since
1 2t 1

PN ot t
y'(z) = cre +02(t+1)e—§1+t2 T
and y'(0) = 1, it follows that ¢; + ¢; = 1. Therefore, we get ¢co = —2 and ¢; = 3. Then, the
solution of the initial value problem is

et + te! arctan t.

1
et — §ln (t2 + 1) et + el arctant + ¢

1
y(a) = 3¢’ — 2te’ — §6t In (14 ¢*) + te' arctant.




