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1. Find the general solution of the differential equation (3x2 4 y?)dx + 2xydy = 0 which is homogeneous and exact.

Solution:

(a) First Way: The equation 2xydy + (3x2 +y%)dx = 0 is an exact differential eq. Let us take M(x,y) = 3x* +y* and N(x,y) = 2xy.
The derivative of M with respect to y and the derivative of N with respect to x are My, = 2y and N, = 2y, so the equation above
is an exact differential equation. Therefore, there exists a function F(x,y) = 0 such that Frdx + Fydy = 0.

Fr=M=3x4+y> = F(x,y) = /(3x2 +y2)dx = x° +xy* + h(y)

Fy=N=2xy=F=2y+/(y)=2xy=h(y)=0=h(y)=C
The solution is F(x,y) = x> +xy> +C =0

(b) Second Way: The equation above is a homogeneous differential equation, so we use the substitution v = Y = y=vx and
X

@ x@—i-v
dx  dx
dy 3x2 432 dv 3x2 +v2x2 3402
—_— = = X——+Vv=— = -
dx 2xy dx 2x2y 2v
@ 3+ e 3437
dx 2v N 2v
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= = dv=—3-dx
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2. (a) Find the solution of the initial value problem y” — 3y’ — 10y = 0 and y(0) = 7,y/(0) = 7.

Solution:

(a) First Way: The char. eq. of the differential equation above is r2 —3r—10 = 0. The roots are r; = 5 and r, = —2. The
general solution is y(t) = c¢je> +coe™ . Let us calculate 1 and c».

cr+ep=17 c1=3
S5¢1—2¢c, =17 = =4

Therefore the solution is y(r) = 3¢ 4-4e~ 2.
(b) Second Way: Let us solve same question by using Laplace Transformation.
2y -3y —10y} = {0}
(L {y} =53(0) =¥ (0) = 3(s:Z {y} = ¥(0) = 10.L {3} =0
SPLY—Ts—T-3sL{y}+21-10L{y} =0
(s —3s—10).Z{y} =Ts+7—-21
7s—14 7s—14 3 4

L= (2—35—10)  (5-5)(s12) s—5 st2

3 4
_ o1
=2 {s—S * s—|—2}
y(t) =3 442

© Find the solution of y +4y + 5y = —2¢~ %, y(0) = 0 and y/(0) = 0.

Solution:

(a) First Way: The characteristic equation of the d,ifferential eq. above is r*> +4r +5 = (r42)? + 1 = 0. Therefore, the
roots of the char. eq. are r| = —2+i,ry = =2 —iand y,(t) = e~ (c| cost +casint). Let us find y,, by using method of
undetermined coefficients.

yp(t) =Ae ¥ = y;,(t) = —2A¢ ¥ and yZ(t) =447
2t

yZ +4y;, +5yp =—2e"
4Ae % 4 4(—24e ) 4 54e7H = 27X
Ae ¥ =2 5 A=—2=y,=-2"

The general solution of the problem is y(r) = e~ (c{ cost +cpsint) — 2¢~ 2. Let us use the initial conditions y(0) = 0
and y'(0) = 0.
¥(0) = 0= y(0) = ¢ (c; cos0+ ¢ 5in0) —2e" =0 = ¢; =2
Y (0)=0=y (1) = —2¢ % (cicost +casint) + e~ (—cy sint + ¢y cost) +4e ™
=/(0) = —2¢" (c1cos0+ ¢y sin0) +¢° (—c1sin0+ ¢ cos0) +4 =0= —2¢; +cr +4=0=¢, =0
The solution of the initial value problem is y(r) = 2~ cost — 2e ™.

(b) Second Way : Let us use Laplace Transformation to solve differential equation.

-2
2 —
(s*+4s+5Z{y} = e
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2 1 1
3. Find the solution of the following system of differential equations X' = Ax where A= [0 1 0| witheigenvalues A; =3
1 -1 2
1

and A = A3 =1and x(0) = | -2|.
3

Solution: The eigenvalues of the system are given at the question as 4y = 3 and A, = A3 = 1. Let us find the corresponding
eigenvectors.

2-3 1 1] [w 1 1 1] [ 0 1
(A-3Du=0=| 0 1-3 =10 -2 0| |u]=|0=u=]0
1 -1 2-3|us 1 -1 -1 |us 0 1

2-1 1 17 [ 11 1] w 0 M1

A-Dv=0=| 0 1-1 0 ||m 0 0 0f|m|=|0l=v=]0

1 -1 2-1] |» 1 -1 1] |vs 0 ~1

=v.
2—1 1 1 wi I 1 1] [wy 1 )
A-Dw=v=| 0 1-1 wa| = [0 wal=[0]|=>w=]|1
1 -1 2—1| (w3 I -1 1] |ws —1 10
1 1 1 [
The general solution is x(¢) = ¢y |0 ey | 0 |e4c3 0 f(r+ |1 ¢'. Let us compute arbitrary coefficients ¢; and ¢;
1 —1 —1 0

1 1 1 1 0 clter=1 =2
x(0)= |-2| =x(0)=c; [0]+c2 | 0 [ +c3 00+ (1] )= c3=-2 = c=-1
3 1 —1 —1 0 ci—cp=3 c3=-2
1 1 1 0 1 —2t—1
=x(@)=20l—|0|d=2||0 |+ |1]|=x@)=2]0|F+| -2 |
1 —1 1 0 1 2t+1
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4. Find the solution of the following system of differential equations.

¥ = {(Z) —13]”[4;—3]’ x(0) = {8]'

Solution: Let us find the eigenvalues of the matrix A = B 713} .

A—2All=0= ‘26’1 _31_/1‘ S 2A)(=3-A)—0= A = 3,4y = 2.

The eigenvector corresponding to A; = —3 is obtained by solving the system (A +3/)v = 0.
2+3 1 O] |5 1]0 oy 1
0 -34+3]0]| |0 O0fO -5
The eigenvector corresponding to A = 2 is obtained by solving the system (A —2I)w = 0.

2=2 1 |o]_[o 1]o)_ _[i
0 3-2/0]" o =5]0 Y=o

The general solution of the homogeneous system x’ = Ax is

x; (1) = ¢ {_15} e ey Ll)} e

Let us find x,, by using method of undetermined coefficients.

. Ae ' +B ;L —Ae™"]
Xr=\cet4+p| 7 X T | —cet

ROV A N I I —Ae™] _[2 1][Ae'+B L7 ]
0 -3 4" -3 —Ce'| 7|0 3] |Ce'+D| " |4 3]

N —Ae™"]  [2Ae™' +2B+Ce™' +D+17]

—Ce™'| | =3Ce™' =3D+4e" -3 |

N —Ae™'l _[2A+C] _;  [2B+D+T7]
—Ce'| T |-3c+4]¢ —3D-3 |
~A=2A+C+1 —C=-3C+4 2B+D+7=0 -3D-3=0=A=-1B=-3C=2D=-1

—e -3
X = gt

} Let us use initial value x(0) = { 4 }

. . 1 1 —e ! —
The general solution of the system is X = ¢ {_5} e ¥ te {0} e+ {25,, 1

~11
1 1 | 1 1 —-1-3 +cp—4 0 1 19
X(O):Cl|:—5:|eo+c2|:0:|eo+|:2:0_1:|:C]|:—5:|+C2|:O:|+|:2—1:|:|:Clsci2+1:|:|:0:|:>clzg 022?

. o L[] e 191 4, [—eT" =3
The solution of thwe system is X = 3 LS} e 7'+ 5 {O] e + 201




