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e A student who has cheated or attempted to cheat in the exam will

get a zero (0) Problem | Points

Score

o Calculators, cell phones are not allowed. 1 25

e In order to receive credit, you must show all of your work. If you
do not indicate the way in which you solved a problem, you may get 2 25

little or no credit for it, even if your answer is correct.

e Use a BLUE ball-point pen to fill the cover sheet. Please make sure 3 25
that your exam is complete. 4 25
e Time limit is 80 min.
Do not write in the table to the right. Total: 100

Elementary Laplace Transforms: Suppose that a,b € R, n € N, and .Z {f(¢)} exists and F(s) = Z {f(1)}

1
o Z{l}=-,5>0
§ s

21} = TF(2), e>0

. Plon)— . . c"f{cosat}zm,s>0
s—a’ ’ . a o L{uc(t)f(t—c)}=e“L{f(t)}

) ! o Z{sinar} = ol s>0 s

OX{I}ZF,S>0, s o Lluc(t)} = . ,5>0
! o Z{coshat} = 5——, s> |d "
. pipery— " 7-a o 2L f(0)} = F(s—a)
(s—a) , o Z{sinhat} = 2 s> lal o L{ecosht} = s—za .

at ___ b (s—a)?>+b

o Z{esinbt} Goaf i

1. (a) Find the solution of the 2% —y =2, y(0) = yo, yo € R

Solution: 2% —y =2t is a linear differential equation. Let us find the integrating factor.

| ld t
——dt _—
A:e 2 = e 2

The general solution is

y(t) = e? (—2te_% 4t —|—C)

y(t)=-2t—4 +Ceb

Let us use initial values y(0) = yo, y(0) = —4+C = yg = C = yo +4, then y(1) = —21 — 4+ (yo +4)e?

(b) There exists a number a € R such that:

o If yg < athen y(t) — —oo ast — oo.
o If yo > a then y(t) — o0 as t — . Find a.

Solution: If yy+4 <0 and — oo, then (yg +4)e? — —oo 50 y(f) — —oo.
If yo+4 > 0 and 1 — oo, then (yg+4)eZ — oo, 50 y(t) — oo
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2x — 3y
3x+5y

2. (a) Find the general solution of y =

Solution: First Way : Let us substitute x — Ax and y — Ay, then

, 2Ax—3Ay A(2x—3y) 2x—3y
© 3Ax+5Ay  A(3x+5y)  3x+5y

y

Therefore, it is a homogeneous differential equation and we use the substitution y = vx.

y:vxéﬂzx@—ﬁ-v

dx dx
dv  2x—3wx  2-3v
xa+‘}73x+5vx73+5v
dv 2-3v  2-3v-3v-57 2-6v—57
Yix T3y T 3450 T 345y
dv  2—6v—>5/

Ydx T 3450
345y _dx
2 —6v—>5v2 V_7
34+5v _ dx
2—ev—52""" | %

1
751n|276v75v2\ = Inx +InC

2—6v—51 = ——
VoY (Cx)?
2
Y oy 1
2-62 —55 =
x “xr  (Cx)?

1
2x* —6xy—5y> =D,D = I
Second Way: Verilen diferansiyel denklemi (3y—2x)dx+ (3x+5y)dy = 0 seklinde yeniden diizenleyelim.M (x,y) =
3y—2xve N(x,y) = 3x+ 5y alalim. M, = N, = 3 oldugundan verilen denklem tam diferansiyel denklemdir. Buna
gore Fy(x,y)dx+ F,(x,y)dy = 0 olacak sekilde bir F (x,y) = 0 fonksiyonu vardir. Dolayistyla

F.=M(x,y)=3y—2x= F(x,y) = /(3y—2x)dx:>F(x,y) =3xy —x* +h(y)
2

5
Fy =N(x,y) =3x+5y=F,=3x+h'(y) =3x+5y = h(y) = %—FC

) Y
F(x,y) =3xy—x +7+C:O

(b) Find the solution of the y” — 6y’ 4+ 9y = 0, y(0) =0, y/(0) = 3.

Solution: The characteristic equation of the given differential equation and its roots are obtained as follows.

P—6r+9=0= (r—-3)=0=>r=rn=3

y(x) = ¢ e 4 coxe™

The solution of the initial value problem

y(0)=0=y(0)=c1=0
Y(0)=3=y = 3c18F +3caxe + cre = Y(0)=3ci+c=3=c=3
y(t) = 3xe™
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- L 3 1 2
/ —
3. |25 points | Solve the initial value problem x’ = [ 4 1] x, x(0) = [ J .

Solution: First Way : The eigenvalue and the corresponding eigenvectors of matrix A = {_3 4 _11] are obtained by
as follows
JA—AIl=0= 4 _1-2 =0=>0B3-2A)(-1-4)—-1(-4)=0=>A"-2A4+1=0=>(A—-1)"=0= A4 =A=1

0
3—-1 1 0| | 2 110 2 1|0 oy 1
0| | -4 —2]0 00/0] "V |}2
_ 2 1|1 2 11 Cwr| | ow 10 1 _ {10
AN B H R R RO NS
The general solution of the given system is

[ Yera([ oo f])

Let us find arbitrary coefficients ¢ and ¢ by using initial value x(0) = {_21} .

M =7Lz=1=>(A—I)V=0$ |:

—

x(0) = [_21} = x(0) = ¢ {_12} ter m - [_QJ — ey =2andc; =3

Therefore, the solution of the initial value problem is

x(1) =2 [—12} ¢+ ({—12} " m) ¢
o= el B

x0=| ¢

Alternatively we can find the solution by using fundamental matrix. The general solution can be rewrite as

=% ol o)
= W(1) = [ezle, (Zttil)e’] =¥l = 1 [(—thz-tl)e’ —;I} =9 1(0) = E ﬂ

el

e
x(1) = (¥~ (0)x(0) = [-2& (—ZZil)e’] B ﬂ [—21} = {—ezef (—2tti1)e’} m = {—32? —21] ¢
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z{x}—{sf

Z1{x}) =

—1
s+1

1

2 —2s+1

]l [—21} N <s—3><s+11>—4<—1> P—T s13] [—21:

!

Second Way : We can solve this problem by using Laplace Transformation.

z{xf}:x{{i _ll]x}
szix-x0= |3, 2
(sl—[_34 jl})af{x}:x(o)

P =

—4)2+(s=3)(—1)| ~ 22541 |—s—5]

2s+1
x() fl{ <SS‘>52] }
(=17

C2(s-1)43 2 3
(s—12  (s—1)2  s—1 (s—1)2
—s—5  —(s—1)—-6 _ 1 6

2(s+1)+1(-1) } 1 {2s+1'

2s+1

G I B O U

(s—1)2 o os—1
IR
5— s—1)2
|
Cs—1 (s—1)2

=x()=2" {
| 2e"+ 3¢t
x(t) = |:_et _ 6te’]
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3
-2

- . . L 2
4, Find the solution of the initial value problem x’ = [_ 1

I+

1

0
0

J

Jenso-]

3 a2
22 =1

A—M|:O:>‘2_1}L ’:(2—/1)(—2—/1)—3(—1)

Solution: First Way : Let us find the eigenvalues and the corresponding eigenvectors of A = {

A—?LI|=O:>‘2_1;L _23_/1’:(2-1)(-2-1)-3(-1):12—1:o;ml=1and/12=—1
1 310 1 310 -3]
ll—lé(A—[)V—0:>|:1 SO]N[O 00]:>v—{1_
3 310 1 1|0 —1]
ll——1:>(A+I)W—0:>[_1 —IO]N 0 OO]ZMV_{I_
|3 —e? . 1 et e EFDS O I B
vo-| 20 | evio-55 % Slerte=-5[L Y
/ gy |3 et ] 1 1| _1]3—e 3¢ —3e”!
M =W(O¥ (0)_{ ¢ et 2) |1 =3 2|-€+e’ —e+3e!
t
x(1) = e'x +eA’/efof(x)dx
0

t -
x(t)*l 3¢ —e " 3¢ =3¢ [0 +1 3¢ —e! 3¢l —3e”! /1 3¢ —et 3e -3t [ d
|- +et —e+3e| 0] T2 |t —e 43¢ | ] 2 |—eF et —eF+3et| |- |t

5 |

t -
x(t)—l 3¢ —e " 3¢l —3e7! /l 3e" — e —3e" + 3™ dx

T2 |- te! —e+3e7| ) 2| et e —3eH

) |

t -
x(t)—l 3¢ —e" 3¢ -3¢’ / e dx

2 |- He! —e+3e! —e¥

5 |

oAt 2

x(t)—l 3¢ —e" 3¢ —3e7! 30 |3

2| tet —e 43¢’ e 1

3 3

x(t)—l 3eH — 2 — 3eH 36 n —3el +e '+ 36! —3e!

=5 oM 4 e 4 M 3o e —e ! —el 436!
1] 1 ]-1]

x(t)—3[_1}e +3{1]e

Second Way : Let us find the general solution of the homogeneous system x' = Ax

11:1:»<A—1>v=0:‘{_11 _338]~[(1) 38]$V:ﬁ]
A’]l:>(A+I)W0:>|:—3] _318]N|:(1) (l)g}iw{_ll]
-3 -1 _

Xh(t):cl[l]eﬂ—cz{l]e[

2

-1 -2

J

—1=0=A =1land A, = —1
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Let us find the x,, by using Method of Undetermined Coefficients.

3 1
X, = {_1 _2} X, + [_1 e

241 5 2 37[A] o [1] o [2A43B+41] o
[23}6 _[1 2] M"’ L R R R

2A =2A+3B+1 1,
B—-A-28-1 ~A=3B=73
REREE

Xp g _1:|€

We can use method of Variation of parameters to find x,,.

X =W(0) [ 9 00 = [_jft _ee:t} W) =g {e_’l _e;;l}

3 et 1Tet ot ][
A e! /75 —e! =3¢ | | =& di

— — 1
The general solution is X(¢) = X; +X, = ¢} { 13} e 4o { 11] e '+ 3
Co.

3|1 3|—1
Third Way : Let us solve the system by using Laplace Transformation.

11— 1
The solution of the initial value problem is X(¢) = X, +X, = = { 1} e '+ { ! ] e,

[_11} ¢ . Let us use initial values to find ¢; and
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2
, - 1 | ) 5 1 | s—1
S — — s — _ s+ s — _ 5§ —

ZAxt= { 1 erZ} { 5 ] T (s—2)(s+2)+3 [1 52} { § ] 21 {Hzll

s—2 s—2 s—2
s—1 B 1 1111

(s—2)(s—D(s+1) (s—2)(s+1) 3s—2 3s+1

—s+1 _ 1 1111
G-)6-De+]) -2+ 3s5—2 3541

1 1 1 1
3s—2 3 1

7f | +f+l
35—2 3s+1




