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e A student who has cheated or attempted to cheat in the exam will
get a zero (0).

e Calculators, cell phones are not allowed.

e In order to receive credit, you must show all of your work. If you
do not indicate the way in which you solved a problem, you may get
little or no credit for it, even if your answer is correct.

e Use a BLUE ball-point pen to fill the cover sheet. Please make sure
that your exam is complete.

e Time limit is 70 min.

Do not write in the table to the right.

Problem | Points | Score
1 25
2 25
3 25
4 25
Total: 100

Elementary Laplace Transforms: Suppose that a,b € R, n € N, and .Z {f(¢)} exists and F(s) = Z {f(1)}

1
o Z{l}=-,5>0
§ s

Llcosat} = —,s
s>a, { } s2+a?’

Z{sinar} = L@—Q—Laz’ s>0

L{e} =

)
sS—a

n!
g{tn}:S’lT7 S>0,

o Z{f(e)}=1F(C), >0
o L{uc(t)f(t—c)} =e “L{f(1)}

e*L’S

. g s o Lluc(t)} = ,s>0
\ o Z{coshat} = 5——, s> |q| §
o ey = M 7 o« LLAf()} = Fls—a)
s—a)" i — -
) o ¥ {sinhar} = a2 |a] o Pl coshr} . sa)zaer2

at o _ b _

o L{esinbt} = o
1. (a) Find the Laplace Transform of f(t) =2 —t3 +4sin5t — 2 .
Solution: .2 {f(1)} = {2—1*+4sin5t—2¢¥} = LI B S >4
s o5t 2425 Ts—47
0, 0<r<3, f
- -1, 3<t<5 2+
b) |20 points | Suppose that f () = .
(b) |20 points | Supp F0=9," 52127
17 7 S ! " n + !
. 2 4 8
(5 points) Sketch the graph of f(¢) - ; ;
(5 points) Express f(7) in terms of the unit step function u,(t). )
(10 points) Find the Laplace Transform of f(¢).
Solution: We express f(r) in terms of unit step functions u,(z).
f(t) = —us (1) +3us(t) —ur (1)
Let us calculate the Laplace transform of f(z).
—3s —5s —Ts
e 2e e
LU0} = 2 {uslo) + 3uslt) —ur ()} =~ + 2=
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. . . 2543
2. (a) Find the inverse Laplace Transform of F(s) = 22513

Solution:

25+3 s—1 1
t :.,E/ﬂ*l = - :gfl o) 5 et s iy .
o {S2—2S+2} { -2 (s—1)2+1} ¢ costoe sin

5241
b) | 15 points | Find the i Laplace Transf fF(s) = .
(b) ind the inverse Laplace Transform of F (s) CI6T2)6-3)

Solution:

_ s2+1 _ A
f)==2 l{(s+1)(s+2)(s3)}:g l{SH st2t

=+ 1=A(s+2)(s=3)+B(s+1)(s=3)+C(s +1)(s+2) > A= —% B=1,C=

=>f(t)=-5f'{—] :

2

25+1+S‘+2 2?—

1
F) = —ge e 4 ge
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3. Use the Laplace Transform to solve the initial value problem y” +2y’' +y =4e™", y(0) =2, y'(0) = —1.

Solution: Let us calculate the Laplace Transform of the given differential equation.

L +2 +y} =2 {4e7"}
4

(.2 {3} = 53(0) =y (0)] +2[2 () (O] + £ () = 5

4
2

25+ D)LY —2s+1—4=—
(s"+2s+ 1) Z{y} —2s+ T

4
2 _
(s+1)°Z{y}= ] +25+3

o (s+1)3

Let us write

257 +55+7 A LB . cC

(s+1)3 s+1  (s+1)2 " (s+1)3

=252+ 55+7T=A(s+ 1) +B(s+1)+Cs=—-1=4=C

=252+ 5543 =A(s+1)* +B(s+1)= (s+1)(s+3) = (s+1)[A(s+1)+B] =s=—-1=B=2andA =1
25 +5s+7 1 2 4

3 T 3t 3

(s+1)3 s+1 (s+1)?2  (s+1)

_ 2s2+5s+7 - 1 2 4
== { (511 }=$‘{H1+(5H)2+(5H)3}

y(t)=e ' +2e ! + 2%t
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4. Use the Laplace Transform to find the solution of the initial value problem y” +9y = f(r), y(0) =0, y'(0) = 1

1, 0<t<3m
Wheref(t):{o7 37r_<t< .

1 —37s
Solution: The Laplace Transform of f(¢) = 1 —u3zz(¢) is F(s) = — — ¢

N

2L+ =2{f(1)}
(P12 1= 1"
s+1—e 37
O

s+1 e 3™
L= s(s249)  s(s2+9)

. Therefore

s+1 Ay Bis+Ci

s(s24+9) s 249

1
s+1 :Al(s2+9)—|—(B1s—|-C1)s:>s—|—l = (Al +Bl)52+C1S+9A1 =A| = §, B, = —5, Ci=1
1 Ay Bas+Co

s(s249) s 5249

1 1
97 2 97 2

11 1 s 1 3 e 3 [ se3™
HN=g"{ -2~ S A
¥(t) {95 9s2+9+3s2+9} {9 s 9s2+9}

1 1 1. 1 1
y(t) = g~ §cos3t + 3 sin3zr — §u3ﬂ(t) + §u3n(t)cos(3(t —3m))

1 ZAQ(S2 +9)+ (Bas+Cr)s = 1= (A +Bz)s2 +Cos+94A) = Ay =

1 1 1 1 1
y(t) = . §cos3t—|— 3 sin 3t — §M3n(l) — §u3n(t)cos(3t)




