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1. Find the Laplace transform L[ f(t)](s) = F(s) of the following functions.

3, 0<t<2mw
a) |14 points )=« " T
(a) [ 14 points| f(¢) {0, N

Solution: The function f is piecewise continuous and of exponential order for ¢ > 0.
Since f is defined in two pieces, L{f(t)} is expressed as the sum of two integrals:

/OOO e SUf(t) dt = /O% e *(3) dt + /200 e *1(0) dt

s

Fi(s) = £17(0))
> +0
t=0

—27s —s(0)
:36 _ 3e _ §(1—672ﬂ'8)
S

367515
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p.695, pr.37

(b) F(t) = te? + tcos(3t).

Solution: By the linearity of Laplace transform,

F(s) = L{f(t)} = L{te*" +tcos(3t)} = L{te**} + L{tcos(3t)}
= —%L{e%} — %E{cos(?ut)}

__ 4 1 _4d_s _(8_2)—2_M
- dss—2 dss2+9 (s249)2
1 s2 -9

(-22 " 2Top

p.695, pr.37
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2. (a) Use the method of Variation of Parameters to solve y” +y = 2tant, —7/2 <t < 7/2,

Solution: The characteristic equation is
m?+1=0

so we have conjugate roots r = +i. The general homogeneous solution is then
y =ci1cost+ cosint

with two arbitrary constants ¢; and cs. Using the method of variation of parameters, we look for a particular solution
yp in the form

Yp = V1 Ccost + vasint
The two linearly independent solutions are y; = cost and y, = sint and their Wronskian is

cost sint

o 2 ‘ —sint cost

‘ = cos?t +sin’t =1
We find v] and v} as (the Cramer rule)

0 sint
2tant cost

2cos?t — 2
= —2tantsint = ————— = 2cost — 2sect and v} = C(.)St 0 = 2sint.
cost —sint 2tant

[
v =

Integrating the last expressions, we get
vy = /(2cost —2sect) dt = 2sint — 21In|sect + tant| and vy = /(QSint) dt = —2cost

Thus the general solution is

‘y =cycost+ casint + cost(2sint — 21n |sect + tant|) + 2sintcost, for — /2 <t < 7/2 ‘

p.491, pr.86

(b) Use the method of Undetermined Coefficients to solve y"' — y' = 4t.

Solution: The characteristic equations
0=r®—r=r@*=1)=rFr—-1)(r+2)
has roots r1 = 0, ro = —1 and r3 = 1. Therefore the general solution to the homogeneous equation 3" — ¢y’ = 0 is
y(t) = c1 + cae™ ! + czel.

Next we must find a particular solution to the non-homogeneous equation. Since 4t is a polynomial, we try the ansatz
Y (t) = At? + Bt + C. Since Y/ = 2At + B and Y" = 0, we get

4=Y"-Y =0-2At— B.
Clearly we require A = —2 and B = 0. C could take any value, so we choose C' = 0 for simplicity. Therefore
Y (t) = —2t*

is a particular solution.
The general solution to the non-homogeneous equation is thus

y(t) = 1 + coe™ 4 czet — 212,

p.695, pr.37
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3. (a) Find all solutions of the equation ﬁ = Z’; — ; .

Solution: This is a homogeneous equation which can be written as

dy (y/z)—4

de 1 (y/x)
The change of variables v = y/x, y = v, dy = xzdv + vdzx leads to

dv v—4

which is a separable equation. The general solution:

dv v—4 v2—4
r— = — vV = .
dx 1—v 1—v’
1—wv dzx

dv = —;

21T

1—w dx
/v274dv— T

Partial fractions gives

-v+1 A n B
v2—4 (v—2) v+2
—v+1=A(w+2)+Blv—-2)=A=-1/4,B = -3/4;

/ﬂdzﬂr/i/lldv: d—x;
v—2 v+ 2 T
In(|v — 2|~ Y4 v + 2|7%/%) = In|2| 4 C;
1 —

(v—2)(v+2)3
zt(v—2)(v+2)*=C.

Cz?;

Note that the last formula includes the singular solutions v = 2 and v = —2. Substituting y = vz gives

‘(y—2x)(y+2x)3 = C‘

p.583, pr.17

(b) ty' +y = 2sint, y(r/2) =1, t > 0.

Solution:
First we write the ODE in the standard form

'y 1\  2sint
y gy ~as ok

p(t) = e/ PO — of dt — Int — ¢

We require the integrating factor

Multiplying our ODE by ¢ puts us back at the original ODE:
ty' +y = 2sint.
Then we calculate that
ty' +y =2sint
(ty) = 2sint
ty = 2/sintdt = —2cost+C
2 . C
= ——cost+ —.
Y t t

p.583, pr.17
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4. (a) [12 points | Find all the equilibrium solutions/critical points of 4’ = y(1+y). Determine whether each one is asymptotically
stable, unstable or semistable.

Solution:
f)
5 i
4 i
3 i
2 i
1 4
(G \
. ‘ AN ‘ Y,
-3 -2 —1 1 2
The graph of f(y) = y(1 + y) is shown above. Clearly
0=y =yly+1) = wy=0orl.
We can see from the graph that y = —1 is an asymptotically stable equilibrium solution, while y = 0 is an unstable
equilibrium solution.
p.573, pr.38

d
(b) Draw a direction field for % =y(l+y).

Solution:
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