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Egzersiz 8 (Unitary Operators). [25p] Let X be a Hilbert space. Suppose that U : X — X is
unitary and M C X. Show that U(M*) = (UM)+

Egzersiz 9 (Orthogonal Projection). [15p] Let X be a Hilbert space and M C X be a sub-

space. Let ITj; : X — M be orthogonal projection. Suppose that II; # 0 (in other words, suppose
that 3f € X such that [Ty, f # 0). Show that ||| = 1.

Egzersiz 10 (Uniqueness of Orthogonal Projection). [5x6p] Let X be a Hilbert space. Sup-
pose that P € B(X) satisfies

P?=P and  (Pf.g)=(fPg) VfgeX.

Let M := Ran(P) and let IIp; : X — M denote orthogonal projection.

Show that
(a) Pf=fforall fe M, (d) g€ M+ = Pg=0; and
(b) M is closed;
(c) g€ M+ = Pge M+ (e) P=Ty.

Egzersiz 11 (Adjoints). Let X be a Hilbert space and let u,v € X. Let A: X — X be an
operator defined by

Af = (u, f)v
(a) [10p] Show that A is bounded.
(b) [10p] Calculate ||A]|.
(c) [10p] Calculate the adjoint of A.

Odev 3%in cozumleri

5. (a) Given that [|f + gl|I> = (f + g, f + g) = [IFI*+{f, 9) + (g, f)Jrllgl\2and(l\f\lﬂ\gl\)2 A2+ 2171 gl + gl

we can see that ||f + gll =[£Il + llgll if and only if 2Re (f, g) = (f,9) + (g, f) = 2| f]l llgll.
But Re (f,g) < |[{f,9)| < |Ifllllg]l by the Cauchy-Schwarz Inequality. The second “<” is an “=” if and only if
f = ag for some a € C (by the Cauchy-Schwarz Inequality). Since (ag,g) = @ Hg|| , the first “<” is an “=” if and

only if « € R and a > 0.

(b) Define f,g : [0,1] = R by f(z) = = and g(z) = 2z — 1. Then [If +gll.o = |£(1) + g(1)| = 2 and || — g0 =
1£(0) = g(0)| =1, 50 |If + gl + [If — g2 = 9. However ||f|l, =1 and |lgllo, =1, s0 2[IfI% +2llgl%, =8 #
1f+ gHio +If - gHic Therefore the maximum norm ||-|| . does not satisfy the parallelogram law.

6. (a) First, k : [0,1]x[0, 1] = C s continuous, so ||k|| , < co. Let f € C([0,1]). Then [(K f)(z)| = Uol k(z,y) f(y) dy| <
Jo 1k, ) 1F@)] dy < Ikl 1]l Therefore || K|l = supep(xy, 7)o =1 IE @)l < Ikl < co. So K is a
bounded operator.

(b) Let f € C([0,1]). Then H(Kf)(I)HLz = [y KN @) do = [} | [y k@, 9)f () dyl*
< o (g k@)l 1) dy)® de < [3 f3 k@, u) | |F@)* dydz < [kI2, fy fo 1f@)]? dy do = |[k|1% fo IF @)1 2 do
= [kl Hf(y)“ig Therefore | K|| < ||k||,, < oo as above. So K is a bounded operator.

7. (a) By definition of the operator norm, [|Bf|ly < ||B]||fllx for all f € X. But Bf € X, so [[ABf[yx <
IAIIBS I x < IANIBIf]lx for all f € X. It follows that |[AB|| = supfep(any, |7 x=1 IABfllx

< supsep(an), |5l x=1 IAIIBIIflx < IAlIBI.
(b) Let € > 0. Suppose A, — A and Bn — B. Then M := max,{||Bn||,||B||} < co. There exists N such that
lAn — Al < 557 and [|Bn — B|| < g5y for all n > N. But then |AnBnf — ABf|x < [|AnBnf — ABnfllx +

IABnf — ABflly < [ An = AlllIBnflix + | AIIBnf — Bflx < |lAn — All[|Bn]| ||f|\x + IAIIBn = Bl Ifllx <
2MMHfHX-‘,-HAH syar 1fllx = ellfllx foralln > N. Thereforen > N = ||AnB, — AB| <e. So A, B, — AB.

www.neilcourse.co.uk/mat461.html



