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Do not open the exam until you are told that you may begin.
Sinavin bagladig1 yiiksek sesle sdylenene kadar sayfayi ¢evirmeyin.

- You will have 60 minutes to answer 2 questions from a

choice of 3. If you choose Lo answer more than 2 ques-
tions, then only your best 2 answers will be counted.

. The points awarded for each part, of each question,

are stated next to it.

. All of the questions are in English. You may answer

in English or in Turkish.

4. You should write your student number on every page.

5. If you wish to leave before the end of the exam, give

your exam script to an invigilator and leave the room
quictly. You may not leave in the final 10 minutes of
the exam.

. Calculators, mobile phones and any digital means of

communication are forbidden. The sharing of pens,
erasers or any other item between students is forbid-
den.

. All bags, coats, books, notes, etc. must be placed

away from your desks and away from the seats next to
you. You may not access these during the exam. Take
out everything that you will need before the exam
starts.

. Any student found cheating or attempting to cheat

will receive a mark of zero (0), and will be investi-
gated according to the regulations of Yiiksckogretim
Kurumlar: Ogrenci Disiplin Yonetmeligi.

1.

Sinav siiresi toplam 60 dakikadir. Siavda 3 soru
sorulmugtur. Bu sorulardan 2 tanesini segerek cevap-

layimz. 2'den fazla soruyu cevaplarsaniz, en yitksck

puam aldifimz 2 sorunun cevaplari gegerli olacaktir.

. Sorularin her béliimiiniin kag puan oldugu yanlarinda

belirtilmigtir.

. Tiim sorular ingilizce'dir. Cevaplarimizi Ingilizce yada

Turkge verebilirsiniz.
(“)E',rcnci numaramzi her sayfaya yazinz.

Sinav siiresi sona ermeden simavimz teslim edip
cikmak isterseniz, sinav kafidimizi1 gézetmenlerden
birine veriniz ve sinav salonundan sessizce gikimiz.
Sinavin son 10 dakikas: iginde sinav salonundan
¢ikmamz yasaktir.

. Sinav esnasinda hesap makinesi, cep telefanu ve di-

jital bilgi aligverigt yvapilan her turlii malzemelerin
kullanimi ile difier silgi, kalem, vb. alisveriglerin
yapilmas: kesinhkle yasaktir.

. Canta, palto, kitap ve ders notlarimz gibi esvalarimz

siralarin  dizerinden ve yammazdaki  sandalyeden
kaldirlinahdir. Sinav siiresince bu tiir egyalan kullan-
maniz yasakuir, bu nedenle ihtiyacimiz olacak hersevi
sinav baglamadan yanimiza alimz.

. Her tirli smav, ve difer ¢ahgmada, kopyva gcken

veya kopya gekme girigiminde bulunan bir égrenci,
o sinav ya da ¢alismadan sifir (0) not almg sayilir,
ve o ogrenei hakkinda Yuksekogiretim  Kurumlan
Oftrenci Disiplin Yénetmeligi hitkiimleri uyarmca disi-
plin kovugturmas: yapihr,
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Question 1 (Banach spaces). Let X be a vector space.

(a) [sp] Give the definition of an mnner product on X, @
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(b) [4p} Give the definition of a Banach space.
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Let I =[0,2] C R,
C)y={f:I-C:fis continuous}

and

2
(f,9) 40 = /0 F@e(z) do.

(c) [10p] Show that (-, *)z2 is a inner product on c(I).
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Define

1l = ([ @) dr) :

' ' ' ~
This is a norm by question 2. Define a s sequence of functions (f,)%, by f ;_ ' : ¥

e 1 0<s<i-L, ! R
Fal2) = { n(1 - 2) 1-1cz<l, . '
0 1<z<2. . 5 g
- : - &
It is easy to see that f, € C(I) for all n € N, g £

(d) [12p] Show the b (fn)2,

1 is a Cauchy sequence in (C(1), ||- ll2)-

EEe) C{me N> ep. Ao
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() [17p] Show that (fu)72, does not have a limit in C(1). :
. Yo- PR P
” yh "'\;”Lz S NOE P/’f) )il S INABYA J,(@

b
€} 'k~ o o > .

e 1@ | W
Aeehoe (B) s ud Lo . L] "

() {20} Is (C(I), ||| ,2) a Banach space? e 0(I> .
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Question 2 (The Cauch 1y-Schwarz Inequality). Let X be a vector space.
3
(a) (awp] Give the definition of a norm on X.
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Now let (X, (-,-)) be an inner product space. Define a function Il : X = R by
IfIl = V{5, F)
for all f e X,

(b) 5p] Show that ||f]| > 0 for all f#0.
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(c) sp131 ow that [laf|| = [af |f]| for all f € X and a € C.

JaSiF sk, ad = a el 8 = w2l B> =l e
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Let f,g € X and define § := ]Fli[y‘
(d) 2p] Calculate ||g]|.

A il '
I3l - ” iy 3” = W'ljgll =
Df efy=@flgand fi =f - f.
(e) hiSl ow that ||f]* = |(3, f))? +||f¢l|
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~(f) fi,; Use (e) to show that |{f, §)| S fll- l

Su M.L"’O LTr
BIF-1 1080 5 181" = 1<R3 >

4L

.57l < ﬂ§

4
(&) il Use (1) to show that |(f,g)| < |I£]|lgll- [This is the Cauchy-Schwars Inequ ality.]
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Question 3 (Equivalence of Norms). Let X be a vector space.

(a) [5p! Complete the following definition:

Two norms on X, ll-ll, and ||-||,, are called equivalent if and only if ...

;] m,,m, > O YucL ”J‘
o I8 2 il cmlpl VieX.

(b) [10p| Show that equivaler

is an equivalence relation.
Lot ”/ ”zq,.‘,!//‘lglacnaw! 5 X.
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(c) [5p Give the definit f a separable normed vector space
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For the rest of this question: Suppose that fI-Il, and [|-||, are equivalent.
(d) 1200 Show that
Ais a dense subset of (X, [|-]l,) <= A is a dense subset of (X, [|],)
A S a (L«se SuLSe ; (X ' ” ) = VE>O V:(FX gﬂgA l ’,1 - _ng-
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{e) 11op) Show that
(X, ]I-ll,) is separable <= (X, I-Il,) is separable
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