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Soru 1 (Inner Products). Let X be a vector space.

(a) [10p] Give the definition of an inner product.

An inner product is a function (-,-) : X x X — C such that
(i
(i

(ii

af + Bg,h)y =a(f,h)+ B{g,h) for all f,g,h € X and for all a, 8 € C;
frag+ Bh)y =a(f,g9)+ B (f, h) for all f,g,h € X and for all a, § € C;
£, f)y>0forall fe X, f=#0; and

) (
) |
) (
) (f.9) ={g.f) forall f,g€X.

(iv

Now let (X, (-,-)) be an inner product space and define ||-|| := /(-,-) as usual. Let v € X be a unit
vector. Let f € X. Define f| := (u, f)u and f1 := f — f|.

(b) [10p] Show that u and f, are orthogonal.

Since
<u7fJ-> - <u7f_<uf>u> = <u’f>_<u’f> <uau>: <u,f)—<u,f> =0

we have that v and f; are orthogonal.

Let o € C. Define h := au.

(¢) [10p] Show that || f — Al > || fL] -

By Pythagoras, we have that

1 =R = f —aul® = ||fo + fiy — aul|* = [ £ + || £y = eu|® = L]

Therefore ||f —h|| > [|fL]-

Define U := {v € X : v is parallel to u} C X.

(d) [10p] Show that Hf - f”H =infyey ||f — v .

Clearly f € U. Therefore Hf = fi H > infyer | f — v

The “<” follows immediately from part (¢), and we are done.

(e) [10p] Show that if w € U and w # f|, then
If = wll > inf If —o].

We have

1 = wl® = NEL® + [y = wll” > £l = [1f = ] = ing 1f = o]

since w # f|.




Soru 2 (Norms). Let X be a vector space.

(a) [10p] Give the definition of a norm on X.

A norm is a function [|-|| : X — R which satisfies
(i) |Ifll >0forall fe X, f#0;
(ii) [|af| = |al||f]| for all f € X, o € C (or @ € R if X is a real vector space);
(i) [If + gl < [Ifll + llgl for all f,g € X.

(b) [15p] Show that every norm is continuous.

Let z, € X and z,, > ¢ € X as n — oo.

On your homework, you proved that ||| f|| — ||g]|| < ||f — ¢l|- Therefore

Hlzall = 2]l | < llzn — 2] — 0
as n — 00. S0 limy, o ||, ]| = ||z||. Hence ||-|| is continuous.
(c) [25p] Now suppose that Y is a finite dimensional complex vector space. Let {ej,ea,...,e,}

be a basis for X. Then any vector y € Y can be written as y = Z?zl Aje; for unique

1
A1, A2,..., Ay € C. Define a function |||y : ¥ — R by ||y[|y = (Z;’:l |)\j|2) * . Show that

l|-ly is a norm on Y.

1 1
[HINT: You may use the inequality Zle || 18] < ( ;?:1 |o¢j|2) 2 ( ?:1 |,8j|2) 2]

Let . =) pje; €Y, y=>3 Aje; €Y and « € C. Then

(a) @ If x # 0, then 3k such that pj; # 0 and so

2 2 2
lzlly = > 1" = [uel* > 0.
J

(b) [6] Clearly

n
2 2 2 2 2 2
lazlly = law* = la* Y ul* = laf* |alf5 .
Jj=1 J

(c) Finally

|z +ylly =D iy + A1
7
=D Il SN D i+ >IN
7 7 7 7

= lzll3 +2 " Re(u;A)) + lyll3

J

2 2
< ey +2 ) gl A+ Iyl
i

1
2 2

2 2 2 2
<lely +2| D Iyl DN +lylly
J

J

2 2

= llzlly +2llzlly llylly + llvlly
2
= (ll=lly +llylly)"-

Therefore [|-||y is a norm.
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Soru 3 (Banach spaces).

(a) [5p] Give the definition of a Banach space.

A complete normed space is called a Banach space

Let I = [a,b] C R and let

CY(I):={f:I— C: fis differentiable and f’ is continuous}.

(b) [5p] Show that C'(I) is a vector space.

Let f,g € CY(I) and A\ € C. Then f + \g is differentiable and (f + \g)’ = f' + \¢ is
continuous. Therefore f + Ag € C1(I), and so C(I) is a vector space.

Let
P A
11l 5= max| (&) + max | 1'(2)].

(c) [15p] Show that ||-[| , ; is a norm on C*(I).

(a) If f # 0, then 3z such that f(z) # 0 and so | f[|,, > 0.
(b) afllo,r = lafllo + llaf Nl = lal 1l + lallf o = lal 1 fllo,1-

© If +9llooq = If T 9l + 1"+ 9'llec < flle +9lloe + 11l + 119"l = 1 Fllccx +
1911001

Therefore [||| , ; is a norm on CL(I).

(d) [25p] Show that (C*(I),]||.,) is a Banach space.

[HINT: If f,, is a Cauchy sequence in C*(I) then f, and f, are Cauchy sequences in C(I). You may assume that
C(I) is complete. The Fundamental Theorem of Calculus tells us that f, (z) — fn(a) = [T f;, (t)dt. You may assume
that limp 00 [T f, (£)dt = [T limp o0 f), (t)dt.]

Let f, be a Cauchy sequence in C'(I). Then f, and f/ are Cauchy sequences in C'(I) —
which is complete. So f(z) := lim, oo fn(z) and g(x) := lim,_,~ f, (x) are continuous. We

must prove that f is differentiable and that ' = g.

By the Fundamental Theorem of Calculus,

@)= 1) = [ 120

for all n. So

f(x) = fla) = lim fo(z) = fn(a)

n— oo
€T

= lim fh(t) dt

n
n—oo a

= / ' lim f)(t) dt

a n— o0

= /j g(t) dt.

This proves that f is differentiable and that f’ = g. Therefore f € C'(I) and || f,, — f| . ; —
0.




