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Soru 1 (Inner Products). Let X be a vector space.

(a) [10p] Give the definition of an inner product.

An inner product is a function 〈·, ·〉 : X ×X → C such that

(i) 〈αf + βg, h〉 = α 〈f, h〉+ β 〈g, h〉 for all f, g, h ∈ X and for all α, β ∈ C;

(ii) 〈f, αg + βh〉 = α 〈f, g〉+ β 〈f, h〉 for all f, g, h ∈ X and for all α, β ∈ C;

(iii) 〈f, f〉 > 0 for all f ∈ X, f 6= 0; and

(iv) 〈f, g〉 = 〈g, f〉 for all f, g ∈ X.

Now let (X, 〈·, ·〉) be an inner product space and define ‖·‖ :=
√
〈·, ·〉 as usual. Let u ∈ X be a unit

vector. Let f ∈ X. Define f‖ := 〈u, f〉u and f⊥ := f − f‖.

(b) [10p] Show that u and f⊥ are orthogonal.

Since
〈u, f⊥〉 = 〈u, f − 〈u, f〉u〉 = 〈u, f〉 − 〈u, f〉 〈u, u〉 = 〈u, f〉 − 〈u, f〉 = 0

we have that u and f⊥ are orthogonal.

Let α ∈ C. Define h := αu.

(c) [10p] Show that ‖f − h‖ ≥ ‖f⊥‖ .

By Pythagoras, we have that

‖f − h‖2 = ‖f − αu‖2 =
∥∥f⊥ + f‖ − αu

∥∥2
= ‖f⊥‖2 +

∥∥f‖ − αu∥∥2 ≥ ‖f⊥‖2 .

Therefore ‖f − h‖ ≥ ‖f⊥‖ .

Define U := {v ∈ X : v is parallel to u} ⊆ X.

(d) [10p] Show that
∥∥f − f‖∥∥ = infv∈U ‖f − v‖ .

Clearly f‖ ∈ U . Therefore
∥∥f − f‖∥∥ ≥ infv∈U ‖f − v‖.

The “≤” follows immediately from part (c), and we are done.

(e) [10p] Show that if w ∈ U and w 6= f‖, then

‖f − w‖ > inf
v∈U
‖f − v‖ .

We have

‖f − w‖2 = ‖f⊥‖2 +
∥∥f‖ − w∥∥2

> ‖f⊥‖2 =
∥∥f − f‖∥∥2

= inf
v∈U
‖f − v‖2

since w 6= f‖.
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Soru 2 (Norms). Let X be a vector space.

(a) [10p] Give the definition of a norm on X.

A norm is a function ‖·‖ : X → R which satisfies

(i) ‖f‖ > 0 for all f ∈ X, f 6= 0;

(ii) ‖αf‖ = |α| ‖f‖ for all f ∈ X, α ∈ C (or α ∈ R if X is a real vector space);

(iii) ‖f + g‖ ≤ ‖f‖+ ‖g‖ for all f, g ∈ X.

(b) [15p] Show that every norm is continuous.

Let xn ∈ X and xn → x ∈ X as n→∞.

On your homework, you proved that |‖f‖ − ‖g‖| ≤ ‖f − g‖. Therefore∣∣ ‖xn‖ − ‖x‖ ∣∣ ≤ ‖xn − x‖ → 0

as n→∞. So limn→∞ ‖xn‖ = ‖x‖. Hence ‖·‖ is continuous.

(c) [25p] Now suppose that Y is a finite dimensional complex vector space. Let {e1, e2, . . . , en}
be a basis for X. Then any vector y ∈ Y can be written as y =

∑n
j=1 λjej for unique

λ1, λ2, . . . , λn ∈ C. Define a function ‖·‖Y : Y → R by ‖y‖Y :=
(∑n

j=1 |λj |
2
) 1

2

. Show that

‖·‖Y is a norm on Y .

[HINT: You may use the inequality
∑k

j=1 |αj | |βj | ≤
(∑k

j=1 |αj |2
) 1

2
(∑k

j=1 |βj |2
) 1

2 .]

Let x =
∑
µjej ∈ Y , y =

∑
λjej ∈ Y and α ∈ C. Then

(a) 6 If x 6= 0, then ∃k such that µk 6= 0 and so

‖x‖2Y =
∑
j

|µj |2 ≥ |µk|2 > 0.

(b) 6 Clearly

‖αx‖2Y =

n∑
j=1

|αµj |2 = |α|2
∑
j

|µj |2 = |α|2 ‖x‖2Y .

(c) 13 Finally

‖x+ y‖2Y =
∑
j

|µj + λj |2

=
∑
j

|µj |2 +
∑
j

µjλj +
∑
j

µjλj +
∑
j

|λj |2

= ‖x‖2Y + 2
∑
j

Re(µjλj) + ‖y‖2Y

≤ ‖x‖2Y + 2
∑
j

|µj | |λj |+ ‖y‖2Y

≤ ‖x‖2Y + 2

∑
j

|µj |2
 1

2
∑

j

|λj |2
 1

2

+ ‖y‖2Y

= ‖x‖2Y + 2 ‖x‖Y ‖y‖Y + ‖y‖2Y
= (‖x‖Y + ‖y‖Y )

2
.

Therefore ‖·‖Y is a norm.
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Soru 3 (Banach spaces).

(a) [5p] Give the definition of a Banach space.

A complete normed space is called a Banach space

Let I = [a, b] ⊆ R and let

C1(I) := {f : I → C : f is differentiable and f ′ is continuous}.

(b) [5p] Show that C1(I) is a vector space.

Let f, g ∈ C1(I) and λ ∈ C. Then f + λg is differentiable and (f + λg)′ = f ′ + λg′ is
continuous. Therefore f + λg ∈ C1(I), and so C1(I) is a vector space.

Let
‖f‖∞,1 := max

x∈I
|f(x)|+ max

x∈I
|f ′(x)| .

(c) [15p] Show that ‖·‖∞,1 is a norm on C1(I).

(a) If f 6≡ 0, then ∃x such that f(x) 6= 0 and so ‖f‖∞,1 > 0.

(b) ‖αf‖∞,1 = ‖αf‖∞ + ‖αf ′‖∞ = |α| ‖f‖∞ + |α| ‖f ′‖∞ = |α| ‖f‖∞,1.

(c) ‖f + g‖∞,1 = ‖f + g‖∞ + ‖f ′ + g′‖∞ ≤ ‖f‖∞ + ‖g‖∞ + ‖f ′‖∞ + ‖g′‖∞ = ‖f‖∞,1 +
‖g‖∞,1

Therefore ‖·‖∞,1 is a norm on C1(I).

(d) [25p] Show that (C1(I), ‖·‖∞,1) is a Banach space.

[HINT: If fn is a Cauchy sequence in C1(I) then fn and f ′
n are Cauchy sequences in C(I). You may assume that

C(I) is complete. The Fundamental Theorem of Calculus tells us that fn(x)− fn(a) =
∫ x
a
f ′
n(t)dt. You may assume

that limn→∞
∫ x
a
f ′
n(t)dt =

∫ x
a

limn→∞ f ′
n(t)dt.]

Let fn be a Cauchy sequence in C1(I). Then fn and f ′n are Cauchy sequences in C(I) –
which is complete. So f(x) := limn→∞ fn(x) and g(x) := limn→∞ f ′n(x) are continuous. We
must prove that f is differentiable and that f ′ = g.

By the Fundamental Theorem of Calculus,

fn(x)− f(x) =

∫ x

a

f ′n(t) dt

for all n. So
f(x)− f(a) = lim

n→∞
fn(x)− fn(a)

= lim
n→∞

∫ x

a

f ′n(t) dt

=

∫ x

a

lim
n→∞

f ′n(t) dt

=

∫ x

a

g(t) dt.

This proves that f is differentiable and that f ′ = g. Therefore f ∈ C1(I) and ‖fn − f‖∞.1 →
0.
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