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Stre: 120 dk.

Sinav sorularindan 4
tanesini secerek

IMZA:

cevaplayiniz.

Do not open the exam until you are told that you may begin.
Sinmavin basgladig: yiiksek sesle soylenene kadar sayfayi cevirmeyin.

. You will have 120 minutes to answer 4 questions from
a choice of 5. If you choose to answer more than 4 ques-
tions, then only your best 4 answers will be counted.

. The points awarded for each part, of each question, are
stated next to it.

. All of the questions are in English. You may answer in
English or in Turkish.

. You must show your working for all questions.
. Write your student number on every page.

. This exam contains 12 pages. Check to see if any pages
are missing.

. If you wish to leave before the end of the exam, give
your exam script to an invigilator and leave the room
quietly. You may not leave in the first 20 minutes, or
in the final 10 minutes, of the exam.

Calculators, mobile phones and any digital means of
communication are forbidden. The sharing of pens,
erasers or any other item between students is forbid-
den.

. All bags, coats, books, notes, etc. must be placed away
from your desks and away from the seats next to you.
You may not access these during the exam. Take out
everything that you will need before the exam starts.

. Any student found cheating or attempting to cheat will
receive a mark of zero (0), and will be investigated ac-
cording to the regulations of Yiiksekdgretim Kurumlari
Ogrenci Disiplin Yonetmeligi.

Sinav siiresi toplam 120 dakikadir. Sinavda 5 soru
sorulmugtur. Bu sorulardan 4 tanesini segerek cevap-
layimniz. 4’den fazla soruyu cevaplarsaniz, en yiiksek
puan: aldiginiz 4 sorunun cevaplar1 gegerli olacaktir.

Sorularin her boliimiiniin kag¢ puan oldugu yanlarinda
belirtilmistir.

. Tim sorular ingilizcc’dir. Cevaplarinizi ingilizcc yada

Tiirkge verebilirsiniz.

Sonuca ulagmak igin yaptiginiz iglemleri ayrintilariyla
gosteriniz.

Ogrenci numaranizi her sayfaya yaziniz.

Simav 12 sayfadan olugmaktadir. Liitfen eksik sayfa
olup olmadigini kontrol edin.

Sinav stiresi sona ermeden smavinizi teslim edip
cikmak isterseniz, smmav kagidinizi goézetmenlerden
birine veriniz ve smmav salonundan sessizce g¢ikiniz.
Sinavin ilk 20 dakikas1 ve son 10 dakikas: iginde sinav
salonundan ¢ikmamz yasaktir.

Sinav esnasinda hesap makinesi, cep telefonu ve dijital
bilgi aligverisi yapilan her tiirlii malzemelerin kullanimi
ile diger silgi, kalem, vb. aligveriglerin yapilmas: kesin-
likle yasaktir.

Canta, palto, kitap ve ders notlariniz gibi esyalariniz
siralarin  lizerinden ve yanimizdaki sandalyeden
kaldirilmalidir. Sinav siiresince bu tiir esyalar1 kullan-
maniz yasaktir, bu nedenle ihtiyaciniz olacak herseyi
sinav baglamadan yanmmniza aliniz.

. Her tiirlii sinav, ve diger ¢aligmada, kopya g¢eken veya

kopya gekme girisiminde bulunan bir 6grenci, o smav
ya da ¢aligmadan sifir (0) not almig sayilir, ve o 6grenci
hakkinda Yiiksekogretim Kurumlar: égrcnci Disiplin
Yonetmeligi hiitkiimleri uyarinca disiplin kovusturmasi
yapilir.
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, o
Notation: o —
C([a,b])) ={f : [a,b] = C: f is continuous } =

C'([a,b]) = {f : [a,b] — C: f and f’ are continuous } é

C*([a,b]) = { tla,b) = C: & 4" exists and is continuous Vn} Z.

I£lloe = max |£(z)] e

:O

P(N) = {a=(a;);2, CC: Z|aj|p<oo}

e 1
P
lall, = (> lasl”)
j=1

°(N) = {a = (aj)j21 € C:suplay| < oo}
J
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lalloe = sup |a;]
J

Llont([a8]) = (C([a,0]), (-, ) 2)

(f,) g2 = /f

B(X,Y)={A: X =Y : Ais linear and bounded}
B(X) = B(X, X)
K(X,Y)={A: X - Y : Ais linear and compact}
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r+iy=x—1y
A" = adjoint of A
Ker(A) = kernal of A
Ran(A) =range of A= {Af: fe X}
M+ = orthogonal complement of M
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A = “and”

13 79

V = “or
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Soru 1 (Bounded Operators) [25p] Please write two pages about bounded operators.
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(soru 1’in devama)

HILMANY )

HILMANY ()

HILMANY ()

HILMANY )

HILMANY ()
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Soru 2 (Equicontinuous sets of functions)

(a) [5p] Give the definition of a equicontinuous set of functions F = {f; : X - Y : j € J}.

(b) [sp] Show that every bounded sequence in (C*([a, b)), ||| o071) is equicontinuous.
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(soru 2’nin devama)

(c) [12p] Show that the operator - : (C([a,]), ||||001) — (C(la,0]), Il . ) is compact.
[HINT: Arzela-Ascoli.]
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Soru 3 (Compact Operators)

(a) [5p] Give the definition of a compact operator.

(b) [7p] Give an example of a compact operator. Justify your answer.

OG&RENCI NoO.
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(soru 87in devama)

(c) [6p] Show that every compact operator is bounded.

(d) [7p] Give an example of an operator which is not compact. Justify your answer.
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Soru 4 (Self-Adjoint Linear Operators) Let X be a Hilbert space.

(a) [2p] Give the definition of the adjoint of an operator A : X — X.

(b) [3p] Give the definition of a self-adjoint operator.

Now let T' € B(X) be any bounded linear operator. Define R: X — X and S : X — X by

1 ) 1 .

Note that T is a linear combination of R and S (T' = R +i95).

() [4p] Show that (Rf, f) € R for all f € X
[HINT: Recall that z + z = 2Re(z) for all z € C.]

(d) [4p] Show that (Sf, f) € R for all f € X.
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(e) [6p] Show that R: X — X is self-adjoint.

(f) [6p] Show that S : X — X is self-adjoint.

S = —(T—T"

(soru 47in devama)
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Soru 5 (Bounded Operators) Let f; € C for all j. Suppose that . Suppose that

o
o f(2):= Z fi#? (z € C) is a power series with radius of convergence R > 0 (i.e. the power
j=0
series converges absolutely if |z| < R);

e X is a Banach space;

e A€ B(X) is a bounded operator; and
o limsup |A"[|" < R.
n—oo

[25p] Show that
flA) =) fA
§=0

exists and is a bounded operator f(A4): X — X.
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