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Soru 1 (Quotients of Banach Spaces). When we proved Lemma 1.31 in class, we skipped the
easier parts — I just wrote “you prove”. Now you will fill in the gaps to complete the proof.

Definition. Let X be a Banach space and let M C X be a closed subspace. The quotient space
X/M is the set of all equivalence classes

[z =2+ M
with respect to the equivalence relation
rT~T = xT—TEM.
We define [z] + [y] = [z + y] and alz] = [ax].
Lemma 1.31. Let X be a Banach space and let M C X be a closed subspace. Then X/M together

with

llz]ll == inf llz + 2% (1)
is a Banach space.
Proof of Lemma 1.31 We need to prove that (i) X/M is a vector space; (ii) ||-|| is a norm on

X/M; and (iii) X/M (with this norm) is complete.

(a) [17p] Show that the definitions [z] + [y] = [x + y] and a[z] = [az] are well defined. That is,
show that these definitions are independent of the choice of representative of the equivalence
class.

A very easy one to start with: Suppose that x1, 29 € [x] and y1,y2 € [y].

Then x7 ~ xo and y; ~ y2. So x1 — x2,y1 — y2 € M. Because M is a closed subspace,
it follows that (z1 + y1) — (2 + y2) € M. Therefore x1 + y; ~ x2 + y2 and hence that
[z1 4+ y1] = [z2 + y2].

Similarly az; — aze = a(x; — x2) € M which implies that az; ~ azs and hence that
[ax] = [os).

This proves that X/M is a vector space. Next we prove that ||| is a norm on X/M.

First suppose that [|[z]|| = 0. Then 3 a sequence z; € M such that z; — z. But M is closed. So
we must have that @ € M also. Therefore [z] = [0].

To show that ||a[z]|| = || ||[x]]|, we calculate that
lofe]ll = lfa]l| = inf flaw + 2l = inf llaw+ awly = o] if o+ wlx =lal Jiz]
Next we must prove that ||-|| satisfies the triangle inequality.

(b) [17p] Prove that [|[z] + [y][| < [|[]]| + [Ily]l| for all [z],[y] € X/M.

Clearly
i) + ol = iz + ol = inf o4y + 2l = int by 2+ 2l

< inf x4z
z1,22€M

|x + Iy + =llx

— inf lz nf
rmmEM o+ 21l + 21,50EM ly + 22l x

nf o+l + nf fly+ 22l = [l + 1]




Therefore ||-|| is @ norm on X/M. Finally we must prove that X/M is complete.

Let [z,] be a Cauchy sequence. Since it is sufficient to show that a subsequence is convergent, we
can assume without loss of generality that

l#nia] = [alll <277
By (1), we can choose the representatives x,, such that
st — waly <277

Then z,, is a Cauchy sequence in X. Since X is a Banach space, there exists a limit z := lim,,_, o T,
in X. All that remains is to prove that [z,] — [z].

(¢) [16p] Show that ||[z,] — [z]|| = O.

It is easy to see that

ead = el = e — 2l = 30 llam =2+ 2l < inf o — 25 + l2]1x
= llzn —2lx + inf [lzllx = [lzn = 2] x +[|[0]] = l[zn —z[lx +0 = 0.
zeEM
Therefore X/M is a Banach space. 0

Soru 2 (Bounded and Unbounded Linear Operators).

(a) [5p] Give the definition of the Operator Norm.

The operator norm of A: ®(A) C X — Y is defined to be

[A]l :== sup [JAf]ly -
fED(A)
£l x=1

(b) [5p] Give the definition of a bounded operator.

An operator A: (A) — Y is bounded if and only if [|A|| < oco.

(c) [5p] Give the definition of the kernal of an operator.

Ker(A)={fe(A): Af =0} C X.

Let X be a normed space. Let [ : X — C be a linear map.

(d) [10p] Show that if [ is continuous, then the kernal of [ is closed.

First suppose that [ is continuous. If z, is a sequence in Ker(l) and if z, — x, then
0 =1(x,) — I(z) and hence = € Ker(l) also. Hence Ker(l) is closed.

(e) [15p] Show that if [ is not continuous, then there exists a sequence of unit vectors u, € X
(Jlun|| = 1) such that |I(u,)| — oo and there exists a vector y € X such that I(y) = 1.

We showed in class that a linear operator is continuous if and only if it is bounded. If [
is not continuous, then [ is not bounded. It follows immediately from the definition of the
operator norm that if supyz _; [I(f)| = oo, then there must be a sequence of unit vectors
uy, such that [I(u,)] — oco.

—

(u1

Finally, just define y := [(“—) Because [ is linear, I(y) =1 (ﬁ) = ) = 1.

1
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(f) [10p] Show that if the kernal of I is closed, then ! is continuous.
[HINT: Consider the sequence xn =y — 772y .]

Suppose that [ is not continuous. Let u,, and y be as in part (d). Define a new sequence by

Tn =Y — 52y Clearly lzn) =1(y) — ﬁgzng =1-1=0. So x, € Ker(l) for all n. Moreover,

since
fan — gl = || n | = Benl
" I(un) Wun)  Uun)
we have that z,, — y & Ker(l). Therefore Ker(!) is not closed.

— 0,

Soru 3 (Norms). Let X be a vector space.

(a) [10p] Give the definition of a norm on X.

A norm is a function ||| : X — R which satisfies
(i) |Ifll >0forall fe X, f=£0;
(i) |leef|| = |e| || f|| for all f € X, o € C (or a € R if X is a real vector space);

(i) |If +gll < [IfI+ llgll for all f,g € X.

Consider the following three conditions:

(a) If ||z + y|| = ||z|| + |y, then either z =0 or y = 0 or 3 & > 0 such that y = ax.
(b) If ||z]| = |ly]l =1 and = # y, then ||Az+ (1 = Nyl < 1forall0 < A < 1.
(c) If lz| = [lyll = 1 and = # y, then } |z +y| < 1.

A norm which satisfies one of these conditions is called a strictly convex norm.
(b) [25p] Show that (i) = (ii).
(¢) [15p] Show that (ii) = (iii).

[For bonus points, show that (iii) = (i). This is harder.]

(i) = (ii): First suppose that ||z|| = ||y|| = 1, that @ # y, that 0 < A\ < 1, and that (i) is
true. Clearly

Az + (1 =Nyl <Azl + A =Nyl = A+ 1 =A) =1=Alz[ + (1 =)yl
= [Az[[ + I(T = Myl

“w_»

We need to show that the “<” in this inequality can not be an
Using proof by contradiction, we suppose that || Az + (1 — N)y|| = || z|| + ||(1 — N)y]|. Since

Az # 0 # (1—=N)y, part (i) tells us that we must have (1—M\)y = az for some a = a(\) > 0.

It follows that
al a al

1—)\xH:1—>\|I”:1—X

1= [ =‘

Substituting into (1 — A)y = aAz gives y = = which is our contradiction.

.. ooy 3 o o N . 1
(ii) == (iii): Suppose that |z|| = [|y|| = 1, that = # y and that (ii) is true. Choosing A\ = 3
we see that
1> Az 4+ (1= Nyl = | 32+ 50| = 5 e+ vl
x ul =I5z +35y| =5 lle+y

as required.




