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Egzersiz 7 (Proof of Corollary 4.13). Let X be a normed vector space and let Y C X be a
subspace. Define

Q={feX":flyy=0 YyeY}CX".
(a) [25p] Show that
.’L‘()E? — l(.’]?o)zo Vi e Q.

(b) [25p] Show that -
g €Y <~ l(wo)zo VlEQ

Egzersiz 8 (Weak Convergence). Define
5 1 ifn zj:
/ 0 ifn#j.
For example, 6% is the sequence (0,0, 0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,...)
(a) [10p] Show that 6™ € ¢P(N) for all n € N and for all 1 < p < co.
[HINT: Don’t forget p = co.]
(b) [10p] Let 1 < p < co. Show that 6™ 4 0 in ¢P(N).

(c¢) [15p] Let 1 < p < co. Show that 6™ — 0 in ¢P(N).

(d) [15p] Show that 6™ is not weakly convergent in ¢!(N).
[HINT: First find 2 functionals 1,7 € £*(N)* such that lim, oo [(6™) # lim, 00 [(8™). What does this tell us?]
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4. Let (f, Af), (g9,Ag) € T'(A). Let A € C. Then f,g € X which is a vector space, so f + Ag € X. Moreover, A is
linear so A(f + Ag) = Af + AMAg. Therefore (f, Af) + Mg, Ag) = (f + Ag, A(f + Ag)) € I'(A). Therefore I'(A) is a
vector space also.

5. Let (zn, Az, ) be a Cauchy sequence in I'(A). Then z,, is a Cauchy sequence in X (you show). So z, — = € X.
Because A is bounded, we know that A is continuous. Therefore Az, — Az € Y. It follows that (z,, Az, ) —
(z, Az) € T'(A), and hence that I'(A) is a closed set.

6. (a) Since % + % =1, it follows that ¢ = p(q — 1). Then [[all) = > |a;[* =3
[IollZ < oo because b € £9(N). So a € £°(N).

b.l|a|P _
LAl " = oyt = Syl =

q 1 1
(b) Note first that ¢ — 1 = 2. So [[b]|¢~1 = [[p[| = (|\b||g) » = (||a||g) P = ||al|, by the proof of part (a).
(c) Let y € £9(N). By the Holder Inequality, |1y ()] = |5 y;2;1 < X ly;25] = llyell, < llyll, llzll, for all = € £2(N).
Therefore L, ]| < llyll,.
(d) Let y € £7(N). Choose = € £P(N) such that z,yn = |yn|?. We can always do this by part (a). Then |l,(z)| =
Susasl = Slusl® = w2 = lvll, w12 = 9]l lall, by part (b). It follows that L, | = supya _; 1y ()] =
llyll ;-

(e) We showed in part (c) that l, is bounded. It is easy to show that I, is linear. Therefore I, € ¢P(N)" for all
y € L49(N).
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