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Question 1 (Weak Convergence).

(a) [5 pts] Let X be a Banach space. Give the definition of weak convergence in X [i.e. x,, — x for
x, € X.].

We say that x, converges weakly to x, and write =, — z, iff [(z,,) — I(z) for all [ € X*.

Consider the Banach space ¢(N) where

o) = {a=(a;)32, CC: flall, = (Y lay")" < oo}
j=1
for 1 < p < oo, and
2(N) = {a = (a;)32, € C: o, = sup lay| < oo }.
J
Define
6? _ 1 %f n :j:
0 ifn#j.

[For example, 6° is the sequence (0,0,0,0,1,0,0,0,0,0,0,0,0,0,0,0,0,0,...)]

(b) [6 pts] Show that 6™ € ¢P(N) for all n € N and for all 1 < p < cc.

Clearly
167 = sup |d2| = |67 = 1 < oc.
J

So §™ € £>°(N) for all n.
Let 1 < p < oo. Then

67l = 1871" = lénll =1 < cc.
j=1

So d™ € ¢P(N) for all n.

(c) [7 pts] Let 1 < p < co. Show that 6™ — 0.

Let | € ¢?(N)*. Then 3y € £4(N) (= + é = 1) such that

) =y,
j=1

1
P

for all z € ¢P(N).
So

S =D 7| = lyal =0
j=1

as n — oo since y € (9(N).
Therefore § — 0 as n — oo.




(d) [7 pts] Show that 6" is not weakly convergent in ¢!(N).

Consider first the functional I € ¢*(N)* defined by I(z) = z;. Then [(6") = 0 for all n > 2.
So clearly 1(6™) — 0 = 1(0). Therefore, if 6" is weakly convergent in ¢*(N), then 6™ — 0.

Next consider [ € ¢1(N)* defined by I(z) = z1 + x5 + 23 + 24 + .... Then [(6") = 1 for all

n €N, so [(6") 4 0 as n — oo.
Therefore 6™ is not weakly convergent in ¢!(N).

Question 2 (Dual Spaces). Let X be a normed vector space.

(a) [4 pts] Give the definition of the dual space of X.

The dual space of X is X* = B(X,C) [ or B(X,R) if X is a real vector space].

(b) [4 pts] Let zp € X and Y C X. Give the definition of
dist(zo, Y).

dist(xp,Y) = inf ||zg —
ist(z0.Y) = inf [lz0 — yllx

Corollary 12. Let X be a normed vector space and let Y C X be a subspace. Let
29 € X \Y. Then 3l € X* such that
(i) l(y)=0 YyeY;
(ii) U(xg) = dist(xo,Y); and
(ii2) ||| = 1.

(c) [17 pts] Let X be a normed vector space and let Y C X be a subspace. Define

S={feX": flyy=0vyeY} CX"
Use Corollary 4.12 to prove that

T €Y = l(z0) =0 VI€S.

[13 :> 9
Let 29 € Y. Then 3 a sequence (z,,) CY such that ,, — xo. Let I € S. Then I(z,,) = 0 Vn.
It follows by continuity that {(xg) = 0 also. @

44:77
Now suppose that 29 ¢ Y. By Corollary 4.12, 31 € X* such that I(y) =0Vy €Y (ie. L € 5)
and (o) = dist (g, Y) > 0. Therefore 3 € S such that I(zg) # 0, and we are finished. | 9

Question 3 (Weak and Strong Convergence of Operators). Consider the Hilbert space £2(N) =
{a= (aj)32; CC:lall, < oo} with the inner product (z,y), = Z;’il T;Y;-

Define two sequences of (bounded linear) operators S,, : £2(N) — ¢2(N) and S} : £2(N) — ¢3(N) by
S’n(xla X2,X3,T4,T5,T6,- - ) = (x’nr‘rl; $n+27 xn+37 xn+4> .. )
and
S;(I1,$27I3,I4, T5,Tg, - - ) = (0, 0, ey 0, L1,T2,T3,T4,- - )
—_———

n terms

In other words, S, shifts every term, n places to the left; and S} shifts every term, n places to the
right.
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(a)

()

[5 pts] Show that ||S,|| =1, ¥n € N.

First | Snzlly = (2520 [(Sn);1)7 = (0524 l2s1)7 < (252 |25]°)? = Jlz]l, for all 2. So
[|Snll < 1. Moreover, [|6™|, =1 for all m € N, and ||S,,6" ||, = ||6']|, = 1 = [|6" ™|,

Therefore ||S,|| > 1.

I,

[5 pts] Show that ||S*|| =1, ¥n €N.

ISnzll, = (2321 1(S52)51%)2 = (252,40 [(S52)51%)2 = (252, |ay*)? = 2], for all .
Therefore ||S| = 1.

[5 pts] Show that S} is the adjoint of S,,.
[HINT: In other words, show that (x, S} y), = (Snz,y), for all z,y € 22(N).]

(, Spy) = Z;)il z;(Shy); = Z;in.;.l TjYj—n = Ejoil Tn+j5Y5 = Z;’;l (Snz)jy; = (Snz,y)

[5 pts] Show that S,, /A 0 as n — 0.

Since ||S,|| =1 for all n, it follows that ||.S, — 0|| 4 0. So S,, /4 0.

[5 pts] Show that s-lim, . S, = 0.

Let € *(N). Then [jz]|, < o0. So }77_, z;* — Py |z;|* as n — co. Therefore

1Snzlly = O 1(Suz)i1)2 = (D |27 =0

oo
j=1 j=n+1

as n — oo. Hence S,z — 0 for all z, and thus s-lim,,_,o, S, = 0.

Question 4 (Closed Operators). Let X and Y be Banach spaces.

(a)

(b)

()

(d)

[4 pts] Give the definition of the graph of an operator A: D(4) C X — Y.

[(A) = {(z, Az) : 7 € D(A)}

[4 pts] Give the definition of a closed operator.

An operator is called closed iff its graph is a closed set.

[7 pts] Now suppose that A : X — Y is a bounded operator. Show that A is a closed operator.
[HINT: Start by letting (z,, Az, ) be any Cauchy sequence in I'(A).]

Let (2, Axz,) be a Cauchy sequence in I'(A) C X @Y. Then z,, is a Cauchy sequence in
the Banach space X. So z,, —» = € X.

Now, A is bounded m, so A is continuous m Therefore z,, - * =— Az, — Ax. So
(T, Axy) — (x, Az) € T(A). So T'(A) is closed.

Let (X, |- x) and (Y, ]|-||y-) be Banach space. Let A: ®(A) C X — Y be an operator. We can
define a new norm, called the graph norm associated with A, by

[zl 4 = llzllx + [[Az]ly
for all x € D(A).

[10 pts] Show that A : (D(A), -] 4) = (Y, |-]ly) is bounded.



Let x € ®(A). Then
[Azlly <zl x + [Azlly = flzll, -

Therefore [|Al| = supy -1 [[Az[y <1 < oco. Therefore A is bounded.

Question 5 (Compact Operators). Let X be a Hilbert space.

(a) [ pts] Give the definition of a compact operator.

An operator A : X — Y is called compact iff,

(fn) € X bounded = (Af,) CY has a convergent subsequence.

Let K € KC(X) be compact. Let s; be the singular values of K and let {u;} be the corresponding

orthonormal eigenvectors of K*K. Then

where

by Theorem 5.1.
(b) [10 pts] Show that || K| < max;{s;}.

2

2
KA =D 85 (ug, £) v
J

= Z Is; (uj, f) vj||2 (since the v; are orthogonal)

J
= > lsil* Kug, I

J

2 . .

< max{s;} Z [(uj, )] (since the s; are real and positive)

J .

j

= max{s;} [ f]*.
J

Therefore || K|| < max;{s;}.

(c) [10 pts] Show that || K| > max;{s;}.

Finally, choose jp such that s;, = max;{s;}. Then

2

[Kujoll = || 85 (s, ) v
7

= ”SjonoH = Sjo-

Therefore

1K = Sup I FI = [ Ko | = sy = max{s;}.




