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Soru 1 (Closed Operators). Let X and Y be Banach spaces.

(a)

[8p] Give the definition of the graph of an operator A: D(A) C X — Y.

INA) ={(z,Az) : 2 € D(A)} C X Y.

[7p] Give the definition of a closed operator.

We say that an operator A : ®(A) C X — Y is closed iff, its graph is a closed subset of
XaY.

Consider the operator B : £2(N) — Ran(B) given by

ag asz aq Q.
B(a1,a2,a3,a4,...7aj7...): <a1,2,3,4,...,j,...

and its inverse B~! : Ran(B) — (?(N) given by

()

1 . .
B7 (a1, a2,a3,a4,...,a;5,...) = (a1,2a2, 3a3,4a4, ..., ja;,...).

[10p] Show that
Ran(B) # ¢*(N).

[HINT: Is b = (Jl)(’o in ¢2(N)? Is b in Ran(B)7]
j=1
o0
As per the hint, we consider the sequence b = (%) . Since
=1
o0 o0 1
2
Iolly = [ D 1651* = ZTQ < o0
Jj=1 j=1-

(see MAT234), it follows that b € (?(N).

However, if there exists a € ¢?(N) such that Ba = b, then we get the contradiction

Now suppose that
o A:D(A) — Ran(A) is a closed operator;
e D(A) C X,
e Ran(A) CY;
e A is injective (x £y = Ax # Ay); and
o A~ :Ran(A) — D(A) is the inverse of A.




(d) [25p] Show that A~! is a closed operator.

Let (yn, A~ 1y,) be a Cauchy sequence in I'(A~1). Then y,, is a Cauchy sequence in Ran(A)
and A~ 'y, is a Cauchy sequence in D(A)

Because y,, € Ran(A) and because A is injective, 3 a unique z,, € D(A) such that y,, = Ax,.
It follows that x,, and Az, are Cauchy sequences, and hence that (x,, Az,) is a Cauchy
sequence in I'(A).

Since X and Y are Banach spaces, we know that x,, — x and Ax,, — y, for some x € X and
y € Y. Then since I'(A) is closed, we know that y = Az and that (z,,, Az,) — (x, Az). It
follows that (yn, A" 'y,) = (Azy,,7,) — (Az,x) = (y, A'y) € T(A™!) and hence that A1
is a closed operator.

Soru 2 (Weak Convergence). Let X be a Banach space.

(a) [10p] Let (z,,) be a sequence in X . Give the definition of x,, converges weakly to z (i.e. x, = x
as n — 00).

We say that x,, converges weakly to x (and write 2, — = as n — oo) iff I(z,) — I(x) as
n — oo, for all [ € X*.

(b) [10p] Let (z,,) be a sequence in X. Show that

Tp — T AS N — OO - Ty — T AS N — OO

Suppose that z, — x. Let [ € X*. Then ||I|| < co. It follows that

U(an) = ()] = l(zn — 2)| < [lU]| [l2n — ]| = 0,

and hence [(x,,) — (). Therefore z,, — x.

Now let X be a Hilbert space and let (f,,) be a sequence in X. Suppose that f,, — f as n — oco.

(c) [20p] Show that
fo—=fasn—oo = limsup|ful <[/l
n—oo

[HINT: We proved in class that f, = f = ||f|| <liminf, o [[frll.]
[HINT: First, try to show that ||f,|| — || f||. Then use this to prove that ||f, — f|| — 0.]

Using the hints, this should be quite an easy question:

Since
[£]l <liminf || f,[| < limsup || fo ] < [If]]
n—0o0 n—00

it follows that lim,, . || f|| exists and
Tim 7.0 = 1£1.
Moreover, since f,, — f, we have that

(9, fn) = (9: f)
for all g. Therefore

If = fall® = IF17 = 2Re (£, o) + [ fall> = I = 2Re (£, f) + £ =0

and hence f,, — f.
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(d) [10p] Show that

fo— fasn— o0 = lim sup || fo || < [If]]
n—oo
Since f, — f, we know that lim,_, || fu|l = || f]|. Therefore
lim sup an” = hInianfn” = lim an” = Hf”
n—oo n— o0 n— o0
and we are done.

Soru 3 (The Hahn-Banach Theorem). Let X be a Banach space.

(a) [10p] Give the definition of a convex function ¢ : X — R.

The function ¢ : X — R is called convez iff

o(Aa+ (1= Ny) < 20(x) + (1 - No()

for all A € (0,1).

(b) [20p] Let Y C X be a subspace and let I € Y*. Show that 3 1 € X* such that

(a) U(y) =l(y) for all y € Y; and
(b) 11l = ][]

Using the convex function ¢(x) = ||I|| |||, this follows by the Hahn-Banach Theorem. More
details please.

(c) [20p] Let 21,...,z, € X be linearly independent vectors and let a1, ...,a, € C. Show that
31 e X* such that l[(xg) = ag forall k =1,... ,n.

This was a homework question, so there is no excuse for getting less than full marks on this
part:

Define M = span{z1,...,2,} and define [ : M — C by I(3_; A\ja;) = >°; Aja;. Then use
the Hahn-Banach Theorem to extend [ to [ : X — C.




