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Soru 1 (Closable Operators).

(a) [7p] Give the definition of a closed operator.

We say that an operator A : ©(A) C X — Y is closed iff, its graph is a closed subset of
XaY.

(b) [8p] Give the definition of a closable operator.

We say that an operator A : D(A) C X — Y is closable iff,

I'(A)n{(0,y) :y € Y} ={(0,0}.

— or equivalently —

We say that an operator A : D(A) € X — Y is closable iff 3 an operator A such that
I'(A) =T(A).

Now suppose that X =Y = ¢?(N). Define an operator B : D(B) C ¢*(N) — ¢*(N) by

Ba = Zaj 5t

JEN
where D (B) = (1(N). Here, 6 denotes the sequence (1,0,0,0,0,0,0,0,0,0,0,...).
Define (b™) by
4w 1<i<n
I 0 j>n.
So for example, % = (L, 1 1 1 1°160.000,...).
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(c) [5p] Calculate [|b™||,.

[, =1

(d) [5p) Calculate [[b™]|,.

15, =

(e) [5p] Calculate Bb™.

Bb" = §t

(f) [20p] Show that B is not closable.

Clearly b™ — 0 (by part (d)), but Bb" = §* 4 0 = B0. By a result from the course, B is
not closable.




Soru 2 (The Hahn-Banach Theorem). Let X be a normed space.

(a) [10p] Give the definition of a conver function on X.

A function ¢ : X — R is called convex iff
¢ Az + (1= N)y) < Ap(x) + (1= N)o(y)

for all z,y € X and for all X € (0,1).

Define

M = {m = (m;);2; € C: 3N € N such that m; =0 Vj > N}.

(b) [5p] Show that M is a subspace of £*°(N).

Clearly M C ¢>°(N). Tt is easy to prove that if z,y € M and A € C, then x+ \y € M; which
proves that M is a linear space.

(¢) [5p] Show that M is not closed.

10,0,0,.. .). Clearly 2™ € M for all n. Moreover, it is easy to see

R

1.--.) € M (convergence in the £>°-norm). Therefore M is not closed.

(d) [

15p] Show that L
M ={ae€l>*(N):a; - 0as j— oo}

To prove “O": Let « € {a € (*(N) : aj — Oasj — oo} and define
"= (x1,%2,...,2,,0,0,0,...). Clearly 2™ € M for all n and clearly ||z™ — x| — 0.

Conversely, to prove “C”: Suppose that 2" € M for all n and suppose that 2" — x as
n — oo in £*°(N). We must prove that x; — 0 as j — oo.

Let € > 0. Then 3N such that 2" — x|/ < e foralln > N. So |x? —zj| <eforalln >N
and for all j.

Now since ™ € M, we know that 27 = 0 for all sufficiently large j. Hence |z;| < e for all
sufficiently large j and we are done.

(e) [t5p] Show that 3 a bounded linear functional ! € £°°(N)* such that

(a) I(m) =0 for all m € M; and
(b) 1(1,1,1,1,1,1,1,1,1,1,...) = 1.

By Corollary 4.12, there exists a linear functional [ such that (i) [ = 0 on M;
1(1,1,1,1,...) =dist((1,1,1,1,...), M); and (iii) ||I|| = 1.

Since
(1,1,1,1,1,...) =m|[ > 1

for all m € M and since

II(1,1,1,1,1,...) —(1,0,0,0,0,..)|., =1,

o

we are finished.
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Soru 3 (Weak Convergence). Let X be a Banach space.

(a)

Now
[ ]
[ ]

()

[10p] Let (z,,) be a sequence in X. Give the definition of x,, converges weakly to x (i.e. x, = x
as n — 00).

We say that x,, converges weakly to x (and write x, — z as n — oo) iff I(z,) — I(z) as
n — oo, for all [ € X*.

[10p] Show that the weak limit is unique (i.e. show that if z,, — = and z,, — &, then = = ).

Suppose that z,, — = and z,, — Z. Then

(z—2z)=0Z)—l(z) = lim I(z,) — lim l(z,) =0

n—oo n—oo

for all [ € X*. It follows that £ — x = 0. Hence weak limits are unique.

suppose that

X is a Hilbert space;

Y C X

spanY is dense in X;

(2,,) is a bounded sequence in X;

z e X;

for any y € Y, limy, o0 (2, — z,y) = 0.

[30p] Show that x, — x as n — oo.

We are told that lim, o (x, —x,y) = 0 for all y € Y. By linearity, we can show (you fill
in the details) that lim, . (z, —x,y) =0 for all y € spanY".

Lete > 0Oandlet h € X. Let C' = sup, {||z], ||zn]|,1}. Clearly C' < oo since (z,,) is bounded.

Since spanY” is dense in X, we can choose y € spanY such that |[h —y| < ;7. Since

limy, o0 (25 — 2,7) = 0, we can assume that [(z, — z,y)| < § for sufficiently large n.

Then for sufficiently large n, we have that

[(2n — 2, h)| = [(zn — 2z, y) + (20 — 2, h — )]
< [z —z,9)| + [(&n — 2, h — y)]
< [on =z, y)| + |z — | 2 =yl

9 9
< = i
=5 +2C4C
=€

by the Cauchy-Schwarz Inequality. Hence (x,,, h) — (z, h).

It follows that x,, — x by the Riesz Representation Theorem.




