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Soru 1 (Extrema and Saddle Points).

(a) [10p] Let f: R? — R be defined by f(z,y) = 2* + y* + 42y. Find all the local maxima, local
minima and saddle points of f.

[ and its derivatives exist and are continuous on R?, so we must solve f, = 0= f,.

Since ‘ ‘
0= fulz,y) =42 +4y = y=—2a°

0= fy(z,y) = 4y® + 4z = —42° + 4z = 4z (1 — 2®)
we have that = —1,0 or 1. So the critical points are (—1,1), (0,0) and (1, —1).
Next we calculate
fow = 1227
foy =4
foy = 1297,
Therefore the Hessian is H(f) = fou fyy — 2 = 14422y® — 16.

Yy

Since H(f)(—1,1) = 128 > 0 and f,(—1,1) = 12 > 0, the point (—1,1) is a local mini-
mum.

Similarly H(f)(1,—1) = 128 > 0 and f,,(1,—1) = 12 > 0, which means that the point
(1,—1) is also a local minimum.

Finally H(f)(0,0) = —16 < 0, so the point (0,0) is a saddle point.

If you are interested, the graph of this function looks like this:




Let R =[1,3] x [-%, §] be the closed region shown below. Let g : R — R be defined by
g(w,y) = (4o — 2°) cosy.

(b) [15p] Find the absolute maximum and absolute minimum of g on R.

(a) Interior Points: Since
0=g, =(4—2x)cosy

and since cosy # 0 on [—7, 7], we must have = 2. Then since
0=g,=—(dz —2?)siny = —(8 — 4)siny

we must have y = 0. The only interior critical point is (2,0) and ¢(2,0) = 4.
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2 and h(2) = %.

and k(0) = 3.

(e) On CD, y = 7. Define I(z) = g(x, By —
above.

= h(z). We will obtain [(2) =

S

above.

3

(b) On the four corners: f(1,—75) = %, f3,=3) == f3,%) =2 and f(1,%) = =

2

(c) On AB, y = —Z. Define h(z) = g(z, &) = L2 Then 0 = W/(z) = =2 = 2=

(d) On BC, z = 3. Define k(y) = g(3,y) = 3cosy. Then 0 = k'(y) = —3siny = y =0

(f) On DA, 2 = 1. Define m(y) = g(1,y) = 3cosy = k(y). We will obtain m(0) = 3 as

Therefore, the absolute maximum of g on R is 4, and the absolute minimum of g on R is

ENE

I
>
us]




MAT 233 — Matematik IIT Final Sinavin Coéziimleri

Soru 2 (Partial Derivatives, The Chain Rule and Directional Derivatives).

2
(a) [5p] Suppose that g(z,y) = ze'z . Calculate %%Lgyg.

Since g and all its partial derivatives are continuous, we can change the order of differenti-

ation. Hence
g 0%g o° u? o°
e 2 = —F
oy

0x20y? B oy30x2  Oy30x

[0] = 0.

(b) [10p] Suppose that w = zy + yz + 2z where x = u+ v, y = u — v and z = uv.
Use the Chain Rule to calculate

ow Jw
B and Em .
=31 Y luw)=(3.1)
Since
du_owde  dudy 0w
ou Oz du Oyodu 0z 0u
=(y+2)1)+ (x+2)(1)+ (z+y)(v)
=(u—v+uv)+ (u+v+uv)+ 2uv
= 2u + 4uv
and

ow _duwds  dwdy | uo:
v dr dv  Jy dv 0z dv
=W+2)1)+ (@ +2)(-1) +(z+y) (v
= (u—v+u) — (u+v+uv) + 2u?
= —2v+ 2u2,
we have that

g% =3 and a—w

(uv)=(3,1)

-1 point if d is used anywhere instead of 0. ‘

(c¢) [1op] Let f(x,y) =axy+yz+zz, Ph = (1,—1,2) and v = 3i+ 6j — 2k. Calculate the derivative
of f at the point Py in the direction v.

[HINT: v is not a unit vector.]

The direction of v is

v 3i+6j-2k 3, 6, 2
u= = —=—-i+-j—=-k |3
Ml = Vo+s36+a 7 77

and the gradient of f at Fp is

Vilp, = foi+ fyi+ fKlp = +2)i+ (@ +2)j + (z + y)klp, =i+ 3j.

Therefore, the derivative of f at the point Py in the direction v is

c L o 3., 6, 2
(Duf)poVf|p0‘u(1+3l)’(71+7J7k)3~




Soru 3 (Spherical Polar Coordinates). Let D C R3 be the region enclosed by p = 2sin ¢. Define

a function F': D — R by F(x,y,z) = \/ﬁ
@24y

[25p] Calculate the average value of F' on D.

ST/ cos®Cd¢ =2, [T/?sin®¢ d¢ = 2 3, /2 cost ¢ d¢ = 3, "/2sm ¢d¢ =

[HINT: IW/ZCOSCdC_l f"/zsmCdC—l f"/zcos ¢d¢=1%, 7r/2sin ¢d¢=1%,
5 s
Jo/Peos® ¢ dC = &, [7/2sin® ¢ d¢ = &, [57/% cos® ¢ dC = 3. [/ %sin® ¢ d¢ =

5]

First, the volume of D is

27 s 2sin ¢
:/// dV:/ / / p? sin ¢ dpdpdo
0 0 0
271 % 2sin ¢ 64 %77 %77
/ / / p2sin ¢ dpdpdd = — / / sin® ¢ dodo
0 3 0 0

27737r
- RANPT by the hint
3 . 16 (by the hint)

:47r/ Wd9:27r2.
0

Next, since 22 + y? = p?sin? ¢ cos? 0 + p? sin® ¢psin® @ = p? sin® ¢, we have that F(z,y, z) =
1
Hence

psing’
27 T 2sin ¢ 1
/// F(z,y,z) dV:/ / / ( . >p2sinqbdpd¢d9
D 0 o Jo psing
%71' %71' 2sin ¢
:8/ / / p dpdedd
0 0 0
= 16/2 /2 sin? ¢ dodo
- 16/2
0
:47T/2 df = 27?
0

Therefore, the average value of F' on D is

—/// (z,y,z dV—ﬁ:.

=

(by the hint)

»mm

N

p=2sind

p=2sin¢
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Soru 4 (Lagrange Multipliers). Consider the ellipse

2
Y

= =1
+9

H‘&
[«23 I

[23p] Of all the rectangles that can fit inside the ellipse, use a Lagrange Multiplier to find
the width and the height of the rectangle with the biggest area.

[2p] What is the area of this rectangle?

(a) Suppose that the rectangle has vertices at (£, +y), where > 0 and y > 0. Then the
area of the rectangle is
fla,y) = (20)(2y) = 4ay.

Define a function g by
2?2
YY) =—+=——1.
9, y) =16+

We need to find the maximum of f, subject to the constraint ¢ = 0. So we need to find
numbers z,y, A such that Vf = AVg and g(z,y) = 0.

Since ) o)
dyi+4zj = Vf = \Vg = Lj 4 =25

8 9
4y:%:c
4x:%y

which implies that A = 3274’ and 4z = (%’) (327“/) = Gg—i’z Soy= :i:%w. Therefore

we must have

2 2 (L‘2 2

T y T 9
0=gley=—+L 1= 1 — 8,
9.y =35+ 1616 *

Since we want z > 0, Wehavex:2\/§andy:%x:

3v2
v
Therefore, the width of the rectangle should be 22 = 44/2 and the height of the rectangle
should be 2y = 3v/2.

(b) The area of rectangle is (2x)(2y) = 24.

width

height




Soru 5 (Substitutions in Multiple Integrals). Let R be the region bounded by the ellipse

2 2
2L
a b2

where @ > 0 and b > 0 are constants.
[25p] Use the transformation
x=arcosf and y=brsind,

to calculate

//R (x2 + y2) dxdy.

And an easy question to finish with: First we calculate the Jacobian of this transformation,

acosf —arsinf
bsinf  brcosf

Ty To
Yr Yo

J(r,0) = = abr cos? 0 + abrsin® 6 = abr.

The region R is given by 0 <7 < 1 and 0 < 6 < 27. Therefore

27 1
// (2° +y?) dody = / / 2 (a? cos? O + b2 sin? 0) |.J| drdf
R o Jo

27 1
= / / abr®(a? cos? O + b*sin” 0)drdf
o Jo

b 27
QZ (a2 cos® 0 + b2 sin? 0)d6
0

_ab il o 1o Liog Lo .
= {2(1, 9+4a 51n29+2b 0 4b sin 26 .

1
= Zabﬁ(az +b%).




