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e The time limit is 75 minutes.

e Any attempts at cheating or plagiarizing
and assisting of such actions in any form
would result in getting an automatic zero
(0) from the exam. Disciplinary action will
also be taken in accordance with the regu-
lations of the Council of Higher Education.

e Give your answers in exact form (for ex-

ample g or 5v/3), except as noted in par-
ticular problems.

Calculators, mobile  phones, smart
watches, etc. are not allowed.

In order to receive credit, you must show
all of your work. If you do not indicate
the way in which you solved a problem,
you may get little or no credit for it, even

if your answer is correct.

Place | a box around your answer | to each

question.

Use a BLUE ball-point pen to fill the
cover sheet. Please make sure that your
exam is complete.

Do not write in the table above.

1. (a) Let W = {Lﬂ Dxy > O} . Is W a subspace of R?? Why?

W is not a subspace of R?

Solution: Let us take u = E], v = [

-3
-3

wev= ][5 [3]

(-2)2)<0=u+vegW

Jew.

(b) | 10 points | Give an example of a 5-dimensional vector space and write down a basis of it.

Solution: R® is a 5-dimensional space and

OO OO
OO\’O)—‘O
OO\;—‘OO
OH“OOO
HO\‘OOO

is a basis of it.
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2. (a) Let T be a linear transformation defined by T(x) = Ax where A = [_13 ;5 57} . Find a vector x whose

. . -2 . . .
image under T is b = [ 9 } , and determine whether x is unique.

Solution: Let us solve the systemAx =b .

Ry R g

-3 7 5 2 0 -8 —-16 —4 0 2 4 1
1
x3is free = x5 = 5~ 213
1 1
1 :—2—1—5:62—1—7953:—2+5(§—2x3)+7x3 = 5—3:103
1 1
X1 %_ B‘TS ? *3
X=|Ta| = |- _op | =|= + | -2] x3
T3 2 2 1
T3 0

The system has infinitely many solutions depend on on parameter. For example, we may take x =

ON| | =

1 4 -5
: - . 3 20T .
(b) |10 points | Assume that T : R® — R is a linear transformation and T'(e;) = [3}, T'(es) = { 7}, and T(e3) = { 4 ] ,

where e1, eg, e3 are the columns of the 3 x 3 identity matrix. Find the standard matrix of T'.

Solution:
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25 4+ 3t
3. (a) Find a matrix A such that Cold = { |” ITS +_82t 7, s, t real
3r—s—1
Solution:
2s + 3t 0 2 3 0 2 3
r+4s— 2t 1 1 2 I
or+s 1 K T VN Rl PRSI
3r—s—t 3 —1 -1 3 -1 -1

(b) |15 points | The set B = {1 —t*,t — t?,2 — 2t + t?} is a basis for P, . Find the coordinate vector of p(t) = 3 + t — 6t
relative to B .

Solution:
C1
PM)]g= |c2| =3+t —6t2 =c1(1—1%) +cat — t2) + c3(2 — 2t +12)
C3
1 0 2 3 1 0 2 3 1 0 2 3
o 1 -2 1|~|f0 1 -2 1]|~|01 -2 1
-1 -1 1 -6 0o -1 3 -3 00 1 =2
c3=—-2, ca—2c3=1=cy=-3, c1+2c3=3=c1=7
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1 3 0 2 -1 1
‘ 000 1 -2 -3

o

0 0 O 0 0
(a) Find a basis for the null space of A

Solution: Let us solve the system Ax =0 .
Ty —2x5 — 3x3 =0 = x4 = 225 + 3x¢
3 —3x4+ 25 =0= 23 =324 — x5 = 55 + 9256
T1 4+ 3To + 204 — x5 + 6 = 1 = —3x2 — 224 + x5 — x5 = —3x2 — 3T5 — TTg
il —32y — 315 — a6 -3 -3 —7
xQ T2 1 0 0
X_x3_ 55 + 976 I N R -0 R I
B x“ B 25 + 3¢ o TP 2| 30
x5 5 0 1 0
6 g 0 0 1
_1.7_
-3 -3 -7
1 0 0
0 5 9 .
ol 1213 forms a basis for Nul A.
0 1 0
0 0 1

(b) Find a basis for the column space of A

1 0 2
Solution: The pivot columns of A forms a basis for column space of A. Therefore, 8 , (1) , _1 forms a
0 0 0

basis for Col A.

(¢) Determine the nullity and rank of A.

Solution: The nullity of the matris A is dim (Nul A)=3
The rank of the matrix A is dim (Col A)=3.




