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’Do not open the next page until you are told that the exam has started.

1.

You will have 60 minutes to answer 2 questions from a choice of 3 . If you choose to answer more than
2 questions, then only your best 2 answers will be counted.

The points awarded for each part of each question, are stated next to it.

3. All of the questions are in English. You may answer in English or in Turkish.

If you wish to leave before the end of the exam, give your exam script to an invigilator and leave the
room quietly. You may not leave in the final 10 minutes of the exam.

Calculators, and any digital means of communication (USB sticks, mobile telephones, etc) are forbidden.
The sharing of pens, erasers or any other item between students is forbidden.

Any student found cheating or attempting to cheat will receive a mark of zero (0), and will be investi-
gated according to the regulations of Yiiksekogretim Kurumlar: Ogrenci Disiplin Yo6netmeligi.

’Slnavm basladigi yiiksek sesle sOylenene kadar sayfayi ¢evirmeyin.

1.

Sinav siiresi toplam 60 dakikadir. Sinavda 3 soru sorulmustur. Bu sorulardan 2 tanesini secerek ce-
vaplaymiz. 2’den fazla soruyu cevaplarsaniz, en yiiksek puani aldigimiz 2 sorunun cevaplar1 gegerli
olacaktur.

Sorularin her boliimiiniin ka¢ puan oldugu yanlarinda belirtilmigtir.

3. Tiim sorular ingilizce’dir. Cevaplarinizi ingilizce yada Tiirkge verebilirsiniz.

Sinav siiresi sona ermeden sinavinizi teslim edip ¢ikmak isterseniz, sinav kagidimzi gbézetmenlerden
birine veriniz ve smav salonundan sessizce gikiniz. Simavin son 10 dakikasi iginde sinav salonundan
¢gikmaniz yasaktir.

Smav esnasinda dijital bilgi alhgverisi yapilan her tiirlii malzemelerin (USB bellek, cep telefonu vb.)
kullanimi ile diger silgi, kalem, vb. aligveriglerin yapilmas: kesinlikle yasaktir.

Her tiirli sinav, ve diger galigmada, kopya g¢eken veya kopya ¢ekme girigsiminde bulunan bir 6grenci,
o smav ya da galismadan sifir (0) not almig sayilir, ve o 6grenci hakkinda Yiiksekogretim Kurumlari
Ogrenci Disiplin Yoénetmeligi hiikiimleri uyarinca disiplin kovusturmasi yapilir.
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Question 1 (Linear Equations).
Consider the initial value problem

29 —y = e'/?, @
y(0) = a.

(a) [10 points] Draw a direction field for this differential equation.

(b) [5 points] How do solutions appear to behave as t — c0? Does the behavior depend on the
choice of the initial value a?

(c) [2 points] Let ag be the value of a for which the transition from one type of behavior to another
occurs. In other words; if a > ag then y behaves one way, but if a < a¢ then y behaves a
different way.

Estimate the value of ag.



(d) [20 points] Solve the initial value problem

20y = ¢t/3,
y(0) = a.

(e) [8 points| Find the critical value ag exactly.

(f) [5 points] Describe the behavior of the solution with initial value y(0) = ao.
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Question 2 (Separable Equations). Consider the differential equation

@_7324'3:92

dx 2xy

(a) [5 points] Show that this differential equation can be rewritten as

(b) [5 points] Let v(x) be a new variable such that v = y/x or y(x) = zv(z). Differentiate y = xv
to find j—g in terms of z, v, and g—;.

(¢) [10 points] Replace y and % in (3) by y = 2v and your answer to (b). Show that

v—i—xd—v— 1+ 302
de 2
and
xd—v— 1402
de 2w



(d) [20 points] The equation
dv 1402
Xr— =
dzx 2v
is a separable differential equation. Solve this equation.

[HINT: [ 245dt = log(1 + t*) + constant.]

(e) [10 points] Using your answer to (d), show that the solutions of (2) are given by
24y —cad =0

where c is a constant.
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Question 3 (Autonomous Equations). Consider the initial value problem

W= gy — P
y(0) = yo

where —o0 < yy < 00.

(a) [b points] Find the three critical points of the differential equation.

(b) [12 points] Sketch the graph of f(y) versus y [here f(y) = 4y — 3]

(¢) [6 points] Determine whether each critical point is asymptotically stable, unstable or semistable.



(d) [12 points] Determine where the graph of y versus ¢ is concave up and where it is concave
down. [Hint: First find the points where f/(y) = 0]

(e) [15 points|] Sketch some solutions of the initial value problem for ¢ > 0. [You should sketch
all three equilibrium solutions as well as solutions for the cases: yg < —2, =2 < yo < —1,
—1<yp<0,0<yy<1,1<yy<2andyy>2]
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