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Do not open the next page until you are told that the exam has started.

1. You will have 120 minutes to answer 4 questions from
a choice of 5. If you choose to answer more than
4 questions, then only your best 4 answers will be
counted.

2. The points awarded for each part, of each question,
are stated next to it.

3. All of the questions are in English. You may answer
in English or in Turkish.

4. You should write your student number on every page.

5. If you wish to leave before the end of the exam, give
your exam script to an invigilator and leave the room
quietly. You may not leave in the final 10 minutes of
the exam.

6. Calculators, mobile phones and any digital means of
communication are forbidden. The sharing of pens,
erasers or any other item between students is forbid-
den.

7. All bags, coats, books, notes, etc. must be placed
away from your desks and away from the seats next to
you. You may not access these during the exam. Take
out everything that you will need before the exam
starts.

8. Any student found cheating or attempting to cheat
will receive a mark of zero (0), and will be investi-
gated according to the regulations of Yiiksekogretim
Kurumlar1 Ogrenci Disiplin Yonetmeligi.

. Sinav siiresi toplam 120 dakikadir. Sinavda 5 soru

sorulmusgtur. Bu sorulardan 4 tanesini segerek cevap-
laymiz. 4’den fazla soruyu cevaplarsaniz, en yiiksek
puani aldigimiz 4 sorunun cevaplari gegerli olacaktir.

. Sorularin her boélimiiniin kag puan oldugu yanlarinda

belirtilmigtir.

. Tiim sorular Ingilizce’dir. Cevaplarimiz1 Ingilizce yada

Tiirkge verebilirsiniz.

. Ogrenci numaramz her sayfaya yaziniz.

. Smav siiresi sona ermeden smavinizi teslim edip

citkmak isterseniz, smmav kagidimizi gozetmenlerden
birine veriniz ve sinav salonundan sessizce ¢ikiniz.
Smavin son 10 dakikasi icinde smmav salonundan
¢ikmaniz yasaktir.

. Smav esnasinda hesap makinesi, cep telefonu ve di-

jital bilgi aligverisi yapilan her tiirli malzemelerin
kullanimi ile diger silgi, kalem, vb. aligveriglerin
yapilmasi kesinlikle yasaktir.

. Canta, palto, kitap ve ders notlariniz gibi esyalariniz

siralarin  lizerinden ve yaninizdaki sandalyeden
kaldirilmalidir. Sinav siiresince bu tiir egyalar: kullan-
maniz yasaktir, bu nedenle ihtiyaciniz olacak herseyi
sinav baglamadan yaniniza aliniz.

. Her tiirlii smmav, ve diger calismada, kopya ceken

veya kopya c¢ekme girisiminde bulunan bir 6grenci,
o smav ya da caligmadan sifir (0) not almig sayilir,
ve o Ogrenci hakkinda Yiiksekogretim Kurumlar:
Ogrenci Disiplin Yénetmeligi hiikiimleri uyarinca disi-
plin kovusturmas: yapilir.

Sinavin basladigl yiiksek sesle soylenene kadar sayfayi cevirmeyin.

TOTAL




Canonical Forms:

Atz + Bugy + Cuyy + Duy + Euy + Fu =G
A* = A&} + B&&, + C¢
B* = 2A&,m; + B(&eny + &yne) +2CE,m,
C* = An? + Bnany + Cn,
D* = A&yy + Béay + C&yy + DE, + EE,
E* = Angy + By + Cnyy + D + En,
F*=F

G'=G

H* = —-D*u¢ — E*u, — F*'u+ G*
dy B+vVA

de 2A

Fourier Transforms:

Fw) = Flfl@) == [ fwer dr

flz)=F '[F](z) = / F(w)e™?® dw

f(@) F(w)

u(z, 1) Up(w, t)
ug(2,1) iwU (w, t)
Uz (1) ~w?U (w,t)
e Lt
o 70 [(©g(x =€) dE F(w)G(w)
d(x — x0) w0
flz=p) eI F(w)
zf(x) iF,(w)
Ty e lwla
-0 2

Famous PDEs:

Up = kg heat equation
Upt — CUugy =0 wave equation

Vu =0 Laplace’s Equation

Fourier Series:

— k k
flz) = % —l—’;akcosg:ﬂ—i—bksin;m

1 L
= — d
ap L/_Lf(f) €z

1 [ km
ak—z[Lf(x)CObfx dx

1 [ km
b = Z/_L f(a:)sinfx dx

If f(x) = > 5 ancos 2% then

fx) = i - (%r) anp Sin ?

k=1

If f(z) =Y 5 by sin 272 then

ODEs:
The solution of ¢' = u¢ is
d(x) = Ae!”.

The solution of ¢ = p%¢ is
o(x) = Ae!™ + Be ™ H*
= C'cosh pz + D sinh px.
The solution of ¢" = —p2¢ is

¢(x) = Acos px + Bsin pz.

The solution of x(x¢') — u?¢p =0 (u #0) is
¢(x) = Az™" + Bat.

The solution of z(xz¢’)’ =0 is

¢(x) = Alogx + B.
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Question 1 (Fourier Transforms). Consider the Wave Equation:

Upt — CUgy =0 —o<r<oo, 0<t<oo
u(z,0) = f(z) (1)
ug(x,0) = 0.

(a) [5 pts] If F denotes the Fourier Transform operator with respect to x, show that

ou 0 ou )
F [&] = a]:[u] and F [83:] = iwFu).
(b) [2 pts] Deduce that
0%u 0? 0u 9

(c) [6 pts] Let U = Flu] and F = F[f]. Use the formulae in part (b) to take Fourier Transforms
of equation (1).




(question 1 continued)

(d) [5 pts] Solve the boundary value problem for U [that you wrote in part (c)] and show that

1 . .
U(w’t) = 5F(W) (ezcwt + e—zcwt) )

[HINT: cosz = %(eiz +e )]

(e) [8 pts] Use the Inverse Fourier Transform, F~1, to show that

u(z,t) = %(f(x—&—ct) + f(z— ct))
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Question 2 (Finite String Wave Equation). Consider the wave equation on a string of length L
with fixed ends:

Ut — CUgy =0 O<zx<L t>0
u(z,0) = f(z) f:(0,L) =R
u(0,t) =0
u(L,t) =0 .
A
where ¢ > 0. z4+ct=1L T —ct=0
region 4
region 3
region 2 (2o, to)
region 1
0 (29— cto.0) | L (z0 + cto, 0)

(2L—Io —Cto,o)
Let
region 3:={(z,t):x < L,x —ct >0and z +ct > L}.

In this question, you will calculate the solution in region 3.

(a) [5 pts] First show that
u(z,t) = F(z — ct) + G(z + ct)

solves the wave equation, us —c?u,, = 0, for any twice differentiable functions F : (0, L) — R
and G : (0,L) = R.

Using the initial conditions we can see that:

f(z) =u(z,0) = F(z) + G(x)
g9(z) = uy(z,0) = —cF'(x) + G’ ()

(b) [5 pts] Use (3) to show that

[HINT: You may assume that F(0) = G(0)]




(question 2 continued)

(c) [4 pts] Use (b) and (3) to show that

(d) [4 pts] Next use (a) and (2) show that
G(L+ct)=—F(L —ct).

and that
G(z)=—-F(2L-z) for all z > L.

(e) [7 pts] Use (a), (c) and (d) to show that the solution in region 3 is

_ fle—ct)— f(2L -2 —ct) 1 z—ct 1 2L—z—ct
u(z, t) = /0 g(€) de + /O 9(€) de.

2 2 2c
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Question 3 (Characteristics). Consider the PDE

ou ou
— +2u— =0
ot + “ax
with the initial condition
3 2
u(z,0) = v
1 =z>2

(a) [3 pts] Replace (5) by a system of 2 ODEs

(b) [6 pts] Plot the characteristics (¢ against x) for this problem.

OGRENCI NO.

- 0 1 2 3

(c¢) [1 pts] Does the problem have fan-like characteristics or shock wave characteristics?

O fan-like characteristics [J shock wave characteristics

[Mark [ only one box.]

1

— X

5

O neither




(question 3 continued)

(d) [10 pts] Solve

2T oy —
o T Hor ="
subject to
3 2
u(z,0) = v
1 z>2.
if
u(z,t) = { 1 v
if x >

(e) [5 pts] Sketch the graph (u against z) of the solution at times t = 0, ¢ = 1 and t = 2.

(t=0)
(t=1)
(t=2)




24.05.2012 — MAT 372 — K. T.D.D. — Yariyil Sonu Sinavi

OGRENCI NO.

Question 4 (Separation of Variables). Consider the heat equation on a rod of length L:

U = Klgy O<xz<L, 0<t
uz(0,8) =0

_ (7)
ug(Lyt) =0

u(z,0) =7 — cos 7L,

(a) [ pts] If u(x,t) = X (x)T'(t), show that X and T satisfy
X"+ AX =0 and T + kAT =0

for some constant A € R.

(b) [3 pts] What boundary conditions does X satisfy?

(¢) [10 pts] By considering the cases A < 0, A = 0 and X > 0 separately, find all the eigenvalues

and eigenfunctions of
X"+XX =0

subject to the boundary conditions that you wrote in part (b).




(d) [4 pts] Find the general solution of

ut:kumx 0<IIJ’<L,
uz(0,) =0
uy(L,t) = 0.

(e) [3 pts] Now use the initial condition,

3rx
O = 7 — _—
u(zx,0) c08 —7—,

to write down the solution to equation (7).

10

0<t

(question 4 continued)
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Question 5 (Fourier Series). Define the function f: [-1,1] = R by
flz) = (8)

(a) [6 pts] Show that
{cosnmx : n € N}

is an orthogonal system on [—1, 1] with respect to the weight function w(z) = 1.

(b) [2 pts] Sketch f.

(c) [5 pts] Sketch the Fourier Series of f.

11




(question 5 continued)

(d) [12 pts] Calculate the coefficients (ag, ar and by, for k = 1,2,3,...) of the Fourier Series of
f@) = .

12




