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Question 1 (Fourier Transforms). Consider the Wave Equation:

Ut — Ctlgy = 0 —o<r<oo, 0<t<oo
u(x,0) = f(z) (1)
us(x,0) = 0.

(a) [5 pts] If F denotes the Fourier Transform operator with respect to x, show that

F ] = o [ Swnerae= 5 (o [ utee i) = S F )

ot Tor ) ot ot \2r | T ot
and
ou 1 [ Ou e LT i
F [&J (w,t) = ) —x(x,t)e dzr = ) u(x,t)a— (e ) dz
w > —lwT o
=5 - u(z,t)e dx = iwF[u](w,t)

by integration by parts.

(b) [2 pts] Deduce that

0%u 02 0?u 9
F [8752} = ﬁ}'[u] and F {8@‘2} = —wFlul.

0%u 0 _[ou 02
F L’%] o’ L’%} = gl

F [g:;} = iwF [g;] = (iw)* Flu] = " Flu].

and

(c) [5 pts] Let U = Flu] and F = F[f]. Use the formulae in part (b) to take Fourier Transforms
of equation (1).

Utt + 02w2U =0
U(w,0) = F(w)
Ut(w,O) =0




(d) [5 pts] Solve the boundary value problem for U [that you wrote in part (c)] and show that

Ulw,t) = %F(w) (e7t ety

[HINT: cosz = %(eiz +e )]

The general solution of Uy + c2w?U = 0 is U(w,t) = A(w) cos cwt + B(w) sin cwt).
Then

0=Ui(w,t) = —cwA(w) sin cw0 + cwB(w) cos cwl = —cwB(w) = B(w) =0Vw € R,

and
F(w) =U(w,0) = A(w) cos cwl = A(w).

So

2

icwt —icwt
U(w,t) = F(w) cos cwt = F(w) (e—l—e) .

(e) [8 pts] Use the Inverse Fourier Transform, 7!, to show that

u(x,t) = %(f(m—i—ct) + flx —ct)).

u(w,t) = F U] (x, 1)

= U(w,t)e™?dw

_ 1 OQ F icwt —icwt) iwx

=3/ (w) (e"“F + e ) €% dw

— % / F(w)eiw(m+ct)dw + % F(w)eiw(zfct)dw
1, 1__,

= 5]—' [Fl(z +ct) + 5]-' [F](x — ct)
1

=5 (fa+et)+ f@—ct))

Question 2 (Finite String Wave Equation). Consider the wave equation on a string of length L
with fixed ends:

Ut — CUgy =0 O<zxz<L t>0
u(z,0) = f(z) f:(0,L) >R
u(0,t) =0
u(L,t) =0 .
Where c> 0 x+ct=1 I x—ct=0
region 4
region 3
region 2 (0, o)
region 1
0 (o — ctL), 0) L (zo + cto, 0)

(2L — z¢ — cto, 0)
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Let
region 3 := {(z,t):x < L,x —ct >0 and z + ct > L}.

In this question, you will calculate the solution in region 3.

(a) [5 pts] First show that
u(z,t) = F(z — ct) + G(z + ct)

solves the wave equation, us — c?uy, = 0, for any twice differentiable functions F': (0,L) — R
and G : (0,L) — R.

Since uy(x,t) = —cF'(x —ct) +cG' (x +ct), ug (w,t) = AF"(x —ct) +2G" (v +ct), ug(v,t) =
F'(x —ct) + G'(z + ct) and vy, (x,t) = F’(z — ct) + G"' (x + ct), we have that

Uy — C2uzz — (C2F// + C2G//) . CQ(F// + G//) =0.

Using the initial conditions we can see that:

f(@) = u(x,0) = F(z) + G(z)

+(2,0) = —cF'(z) + cG'(z)

(b) [5 pts] Use (3) to show that

[HINT: You may assume that F(0) = G(0)]

x

/Ozg(z)dz = /0z —cF'(2) + c¢G'(2)dz = c[ —F(2)+ G(z)}

- c( ~ F(z)+ G(z) + F(0) — G(O)) = ¢(—F(z) + G(x)).

0

Therefore

—F(z)+ G(x) = 1 /Oxg(z) dz.

c

(c) [4 pts] Use (b) and (3) to show that

3@ =5 [ 96) ds =5 (F@) + 6W) - (- Fla) + 6la)) = Flo)

(d) [4 pts] Next use (a) and (2) show that

G(L+ct) = —F(L — ct).

and that
G(z)=—-F(2L - z) for all z > L.
O0=u(l,t)=F(L—-ct)+G(L+ct) = G(L+ct)=—-F(L—ct).|2
Forall 2> L, let t = %(z—L) > 0. Then L + ¢t = z and so
G(Z):G(L+ct):—F(L—ct):—F(L—(z—L)):—F(ZL—z).@




(e) [7 pts] Use (a), (c) and (d) to show that the solution in region 3 is

T —ct) — —rx—c x—ct 2L—x—ct
O f2(2L 4 - %/O 9(€) dé + %/0 g(6) de. (4)

u(z,t) = F(x — ct) + G(z + ct)
=F(x —ct) — F(2L — (z + ct))

1 1 x+ct 1 1 2L—x—ct
=~ flz —ct) — — —Cf@L -z — -
@) =g [ e greL—a—a+ g [ g
flea—ct)— fRL—z—ct) 1 /Ht 1 /2“0“
= - — d — dE.
- 5| e©derg [ e e
Question 3 (Characteristics). Consider the PDE
ou ou
) W
5 + u@x 0 (5)
with the initial condition
3 <2
,0) = 6
u(,0) {1 x> 2. (©)

(a) [3 pts] Replace (5) by a system of 2 ODEs

du __
G =0
dz:2u

dt

(b) [6 pts] Plot the characteristics (¢ against x) for this problem.

First uy =0 = wu(z(t),t) = u(2(0),0) V¢. Then % =2u = =(t) = 2ut + 2(0). So

2t + 2(0) if 2(0) > 2.

o(t) = {Gt + 2(0) if 2(0) < 2

- o 1 2 3 4 5

(¢) [1 pts] Does the problem have fan-like characteristics or shock wave characteristics?

O fan-like characteristics M shock wave characteristics O neither
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(d) [10 pts] Solve

ou Oou
AT, W
ot T 2ar 0
subject to
2
u(z, 0) = 3 <
1 z>2
At the discontinuity (z = 2), we have [u] = limg~ o u(x, 0) —lim, o u(z,0) = 1—-3 = —2. Let
q(u) = u?. (Then % = 2u.) Then [g] = lim,~ 2 ¢(u(z,0)) —lim, 5 1(u(z,0)) = 12 —3% = —8.
The shock characteristic is found by solving d;; = % = =8 = 4. So z,(t) = 4t + z,(0) =
4t + 2.
Therefore
3 if v <4t +2
u(x,t) = .
1 if & >4t + 2.

(e) [5 pts] Sketch the graph (u against z) of the solution at times ¢ = 0, t = 1 and ¢t = 2.




Question 4 (Separation of Variables). Consider the heat equation on a rod of length L:

(a)

()

(d)

U = kg O<zxz<L, 0<t
uz(0,8) =0

B (7)
ug (L, t) =0

3rx
-

u(z,0) =7 — cos
[5 pts] If u(x,t) = X (x)T'(t), show that X and T satisfy
X"+AX =0 and T'+kXT=0

for some constant A € R.

Since XT" — u; = kug, = kX"T, we have that % = Z;((tt)) 2 |. The left-hand side is a

function only of z; the right-hand side is a function only of ¢. Therefore both sides must
be equal to a constant; equal to —\ say @ Then £~ = A = X" 4+ )X =0 and

X
L=\ = T'+kXT=0]1|

[3 pts] What boundary conditions does X satisfy?

First note that 0 = u,(0,t) = X'(0)T'(¢) and 0 = u,(L,t) = X'(L)T(t). Since we don’t want
T(t) = 0 V¢, we must have...‘ optional

[10 pts] By considering the cases A < 0, A = 0 and A > 0 separately, find all the eigenvalues
and eigenfunctions of

X"4+XX =0

subject to the boundary conditions that you wrote in part (b).

CASE 1: A < 0.
The solution of X” + AX = 0is X(z) = AeV~> + Be V=2 Then 0 = X'(
AV=Xe® — BYy=Xe® — A=Band 0= X'(L) = AV=A(eV M — e VAL) —

0) =
A =
0 = B =0. There are no eigenvalues or non-trivial eigenfunctions in this case. ‘l‘

CASE 2: A =0.

The solution of X’ = 0is X(x) = Az + B. Then 0 = X'(0) = Aand 0 = X'(L) = A
= A = 0. We can choose any B we like. Therefore Ay = 0 is an eigenvalue with
eigenfunction Xo(z) =1. 4|

CASE 3: A > 0.

The solution of X” + AX = 0is X(z) = AcosvVAz + BsinvAz. So 0 = X'(0) =
—AVAsin VA0 + BVAcosvVA0 = B = 0; and 0 = X'(L) = —AVAsinV/AL. Since
we don’t want A = 0, we must have that sin VAL = 0. So VAL = nm, n = 1,2,3,.... So

nm nmTx

Ap = (T)Z are eigenvalues with eigenfunctions X, (z) = cos “7*. M

[4 pts] Find the general solution of

U = Kllgy O<xz<L, O0<t
u,(0,t) =0
uy(L,t) = 0.
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The solution of T + kA, T}, = 0 is Ty, (t) = ane ™t So

(z2) nmwe
u(z,t) = aog + E ane L COST.

(e) [3 pts] Now use the initial condition,

3rx
0)=7- —
u(z,0) co8 —7—,
to write down the solution to equation (7).
Clearly a9 = 7, a3 = —1 and a,, = 0 for all other n. Therefore

(o t) = 7 — e RE) os 3T

Question 5 (Fourier Series). Define the function f:[—1,1] — R by
flz) == (8)
(a) [6 pts] Show that
{cosnmx : n € N}

is an orthogonal system on [—1, 1] with respect to the weight function w(z) = 1.

Let n # m. Since cos(A — B) + cos(A + B) = 2cos A cos B,

1
(cosnmx, cosmma), = / cosnmwx cos mnx d

1
1
=3 / cos(n — m)wx + cos(n + m)wx dx
1 1
- { Sm n—m)re + sin(n + mnx
) (n+m)m 1
=0
(b) [2 pts] Sketch f.
A
1]
-3 -2 -1 1 2 5

(c) [ pts] Sketch the Fourier Series of f.




(d) [12 pts] Calculate the coefficients (ag, ay and by, for k = 1,2,3,...) of the Fourier Series of
f(z) ==

First

1 1 -
f(x)da::/ zdr=0)3]|
-1 -1

because f(z) = x is an odd function. Similarly z cos kwz is an odd function, so
1 .
ak :/ zcoskmx dx = 0 Vk GN@.
—1
Finally,
/ rsinkrx dx

—zcoskrx U coskmx . .
+ ’ dx (integration by parts)
-1 -1 m

1
[ Z cos k:mc sin kmc}

k22
_ _cosknr 0— (=1)coskm(-1) 0
km km
_ —2coskm
o km
_9 —

ZH(—U .16}




