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Soru 1 (Characteristics). Consider the PDE

ou 1 Ou
D 1
ot 3'gr " (1)
with the initial condition
2, <4
,0) = ’ 2
u(,0) {3, r >4 )

(a) [3p] Replace (1) by a system of 2 ODEs.

du _ de _ _ 1
9 =0, g = —3u

(b) [6p] Plot the characteristics (¢ against z) for this problem.

The solution of u' = 0 is u(z,t) = u(x(0),0), and the solution of 2/ = —Zu(x(0),0) is
z(0) — 2t 2(0) < 4
t) = z(0) — fu(z(0),0)t = 3 . Th
#(t) = 2(0) — Ju(z(0),0) {x(o SISy s
t

T T T T T T T T T
-5 -4 -3 -2 -1 0 1 2 3 4

(¢) [1p] Does this problem have fan-like characteristics, shock wave characteristics, neither or

both? [Mark [ only one box.]

D fan-like characteristics shock wave characteristics D neither D both

(d) [9p] Solve
Ou 1 Ou 0

ot 3"ox

2, x<4
u(x,O):{3 >4



As above, u(z,t) = u(x(0),0) and

z(t) = z(0) — 2u(x(0),0)t =

xs(t). Define g(u) = —éu2 (because %Z
[q] = _% _ (_‘6%) = —5- Solving
drg -
dt

u(x,t) = {

Wl

{.r(()) — 24(2(0),0)

2(0) — u(x(0),0)

3

[ _ 5

T T 6

gives z4(t) = 2,(0) — 2t = 4 — 2¢. Therefore the solution is

2 x<4—%t
3 .1:>4—%t

x(0) < 4
x(0) > 4.

Since we have a shock wave problem, we need to calculate the shockwave characteristic

= —1u). Then we have [u] = 3 —2 = 1 and

(e) [3 x 2p] Sketch the graph (u against ) of the solution at times t =0, t = 1 and ¢t = 2.
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Soru 2 (Finite String Wave Equation). Consider the wave equation on a string, of length L, with
fixed ends:

Upp — gy =0 O0<z<lL t>0

u(z,0) = f(z) f:(0,L) >R

ut(x,0) = g(x) g:(0,L) >R (3)

u(0,t) =0

u(L,t) =0 , N

[N AN

where ¢ > 0. e & N e R
Let AN region 4 /,’

region 3 := {(z,t):x < L,x —ct >0 and z +ct > L}.

In this question, you will calculate the solution in region 3.

(a) [5p] First show that
u(z,t) = F(x —ct) + G(z + ct)

solves the wave equation, us — c?u,, = 0, for any twice differentiable functions F : (0, L) — R
and G : (0,L) — R.

Since uy(x,t) = —cF'(x —ct) +cG' (x +ct), ug(x,t) = AF"(x —ct) + G (v +ct), ug(z,t) =
F'(x —ct) + G'(z + ct) and ugy(x,t) = F"’(x — ct) + G (v + ct), we have that

Upt — gy = (CPF" +2GQ") = A(F" +G") = 0.

Using the initial conditions we can see that:
f(@) = u(x,0) = F(z) + G(z)
9(x) = uw(2,0) = —cF'(x) + G'(x)

(b) [5p] Use (4) to show that
—F(z)+G(z) = 1/0 g(2) dz.

[HINT: You may assume that F(0) = G(0)]

€T

/0”0 9(z)dz = /Ox —cF'(2) + oG (2)dz = ¢ = F(2) + G(2)]

- (‘,( _ F(z) + G(z) + F(0) — G(o)) = o(—F(z) + G(z)).

0

Therefore

—F(z)+ G(z) = i/ox g(z) dz.

(c) [4p] Use (b) and (4) to show that



(d) [4p] Next use (a) and (3) show that

G(L + ct) = —F(L — ct).

and that

G(z) = —-F(2L —z) for all z > L.

0=u(L,t)=F(L—ct)+GL+ct) = G(L+ct)=—F(L—ct).
For all z > L, let t = (2 — L) > 0. Then L + ct = z and so

G(z)=G(L+ct)=—F(L—ct)=-F(L—(2— L)) = —F(2L — 2).

(e) [7p] Use (a), (c) and (d) to show that the solution in region 3 is

T —ct) — —x—c r—ct 2L—x—ct
o) = FE f2(2L t) —%:/0 9(8) d€+2£c/0 g9(¢) de.  (5)

u(z,t) = F(x —ct) + Gz + ct)
=F(x —ct) — F(2L — (z + ct))

1 1 z4ct 1 1 2L—x—ct
sz(x—ct)——/ g(z)dz—ff(ZL—x—ct)—ﬁ——/ g(z)dz
2 0 2 2c 0

fle—ct)—fRL—z—ct) 1 [ 1 2L-e—ct
B 2 - %/0 9(§) d& + %/0 g(€) d€.

Soru 3 (Separation of Variables). Consider the heat equation on a rod of length L:

(a)

Up = Klgy O<z<L, 0<t
uz(0,) =0 (6)
ug(L,t) = 0.

[5p] If w(x,t) = X (2)T(t), show that X and T satisfy
X"+XX =0 and T +kXT =0

for some constant A € R.

Since XT' = u; = kuy, = kEX"T, we have that );/((f)) = gT/((?) . The left-hand side is a
function only of z; the right-hand side is a function only of ¢. Therefore both sides must

be equal to a constant; equal to —\ say . Then )g(” =-A = X"+ )X =0 and
L=\ = T+kxT=0][1]

[3p] What boundary conditions does X satisfy?

First note that 0 = u,(0,¢) = X'(0)7'(¢t) and 0 = u,(L,t) = X'(L)T'(t). Since we don’t want

T(t) = 0 V¢, we must have...
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(¢) [12p] By considering the cases A < 0, A = 0 and A > 0 separately, find all the eigenvalues and
eigenfunctions of

X"4+2XX =0

subject to the boundary conditions that you wrote in part (b).

CASE 1: A < 0.

The solution of X” + AX = 0 is X(z) = AeV™ 4 Be™V=>* Then 0 = X'(0) =
AV=AL — By=A = A=B;and0=X'(L)=A (\/—)\e\/j’\L - \/—)\e_mL) —
A =0 = B = 0. There are no eigenvalues and no non-trivial eigenfunctions in this

case.

CASE 2: A=0.
The solution of X" = 0is X(z) = Az + B. Then 0 = X'(0) = Aand 0 = X'(L) = A
= A = 0. We can choose any B. Therefore A\g = 0 is an eigenvalue and Xy(z) = 1 is an

eigenfunction.

CASE 3: A > 0.

The solution of X” + AX = 0 is X(z) = AcosvVzr + BsinvAz. So 0 = X'(0) =
—AVAsin VA0 + BV Acos VA0 = BYAX = B =0;and 0 = X'(L) = —AvVAsinVAL.
Since we don’t want A = 0, we must have that sin VAL = 0. So VAL = nm, n=1,2,3,....
So A\, = (%)2 are eigenvalues, with eigenfunctions X,,(z) = cos “~.

(d) [5p] Find the general solution of

U = Kllgy O<xz<L, O0<t
uz(0,8) =0
uy(L,t) = 0.

The solution of T/, + kA, T}, = 0 is T,,(t) = a,e ! . So the general solution of the

problem is
o0
Q . nm\2 nmx p
u(z,t) = ?O + g ane€ k() tcosT

n=1

for some constants a,,.

Soru 4 (Fourier Transforms). [25p] Use the Fourier Transform to solve

0w 1308 2w _o<z<oo, 0<1< oo
u(z,0) = 52 (7)
us(x,0) = 0.

[HINT: You may give your answer as a double integral, or as a convolution of 2 functions.]



Taking Fourier Transforms, the problem becomes
Uy =13 ( — (iw)?U = (13wt + W)U
U(w,0) = “"

Up(w,0) = o

The general solution of Uy; = (13w* + w?)U is
U(w,t) = A(w) cosh [(\/ 13wt + w2) t} + B(w) sinh [(\/ 13w + w2) t} .
Using the initial conditions, we obtain B =0 and A(w) = %e“”‘. Therefore

U(w,t) = %e“‘”‘ cosh [(\/ 13w* + w2) t} .

If we define G(w, t) = cosh [(V13w? +w?) t], then we have U(w,t) = e “IG(w,t). So
u(x,t) = g(z,t) = IQ where

o0

g(z,t) = F G (x,t) = / cosh [(\/ 13w* + w2) t} e dw.

Therefore the solution to (7) is

1 1 [ glx—¢&t)

) = gla,t) ¥ ——— = — D> ge. 5
ut) =gl rm =g | T o

Soru 5 (Fourier Cosine Series). Define the function f : [0,7] — R by

(a) [6p] Show that

{cosnz : n € N}

is an orthogonal system on [—m, 7).
[HINT: cos(A 4+ B) = cos A cos B — sin Asin B, so cos(A + B) 4 cos(A — B) =7 and cos(A 4+ B) — cos(A — B) =7]

Let n # m, n,m € N. Then

/ cos(n + m)x + cos(n — m)x dx

1 1 T
{ sin(n +m)x + sin(n — m)x

n-+m n—m o

(cosnx, cosma) = /7r cos nx cosmx dx
1
2
1
2
0

Therefore {cosnx : n € N} is an orthogonal system on [—, 7].

(b) [2p] Sketch f.
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Yy
1 6——o0
.5 4
T T T c c T T
-3 —2m —1r 17 21 3
_.54

-1Q L ®

(c) [7p] Sketch the Fourier Cosine Series of f.

Yy
o0 . o0 . [0 —
o [ ] [ ) .5 [ ] o o
ey 0 e 0 - 0H
1 - T ~ 1 ~ ~ 1 - T ~ 1
-3 —2m —1r 1 2 3
_54
14
-1 x=0,z=%5, orx=m
— s
f($) =41 xr < b
0 z <7

(d) [10p] Calculate the coefficients (ag, k = 0,1,2,3,...) of the Fourier Cosine Series of f.

aozi/_if(x)dx:;/ﬂf(x)dx

2 (" 2 T
:—/ f(x)dx:—/ 1d$+/0dx

™ Jo ™ Jo s

2w

2
=231

w3

and

™

92 32
ak:...:f/ coskx dx

™ Jo

1'k %_2 . km
psinka| = sin

2
Vs

{k?ﬂ k=1,5,9,...

=<0 k=24,68,...
—2 k=3,7,11,...

Therefore

1 2 _k
f(:L')NQJr;kTrsin;coskx




