OKAN UNIVERSITESI
MUHENDISLIK-MIMARLIK FAKULTESI
MUHENDISLIK TEMEL BILIMLERI BOLUMU

2015.05.20 MAT372 K. T.D.D. —

Final Simavin Co6ziimleri N. Course

Soru 1 (Separation of Variables).

[25p] Explain the method of Separation of Vari- [25p] Degiskenleri Awywrma Yoéntemini kismi

ables for partial differential equations.

Imagine that you are explain-
ing the method of Separation
of Variables to someone who
hasn’t studied this course. How
would you explain it? This ques-
tion should take you ~ 25 minutes.

You might like to include:

e the main concepts of this
method;

e an explaination of the sepa-
ration constant

e an explaination of eigenval-
ues and eigenfunctions;

e an example of your choosing.

Bu dersi almamig  birisine
Degiskenleri Ayirma Yéntemini
anlatmaniz gerektigini varsayalim.
Bu yontemi nasil anlatirdiniz? Bu
soruyu cevaplamak yaklagik 25
dakikanizi alacaktir.

Bu soruyu cevaplarken agagidaki
noktalara da yer veriniz:

e bu yOntemin temel kavram-
lart;

e ayirma sabitinin agiklamasi;

e Gzdeger ve
aciklamalari;

6ziglev’in

e sizin segeginiz bir érnek.

The are many possible solutions to this question.

Marks will be given generously.

Soru 2 (Method of Characteristics). Consider

(a) [1p] Equation (1) is
I:] linear;
(b) [17p] Use the method of characteristics to solve

ou 2., 0u
u(z,0) = x.

non-linear AND quasilinear;

tiirevli diferansiyel denklemleri i¢in agiklayiniz.

I:] non-linear, but not quasilinear;



Using the Method of Characteristics, we can change (1) into two ODEs:

du de
== ==
a=° at

Since the latter equation includes u, we start with the former.
The solution to v’ = 5 is u(x(t),t) = 5t+ K. At ¢t = 0, we have xg = u(x9,0) = K. Therefore
u(z(t),t) = bt + xo.

The latter ODE then becomes z’ = 53 + 9t?> which has solution

5 1 5 1
x(t) = Zt“ + gxoﬁ +xp = 1t‘* + <3t3 + 1> zo.
Solving for zy, we have that
x— 2t
To — e 4 .
T +1
Therefore 5.4
r— 3t
u(z,t) =5t + — 4
£y
is the solution to (2).
ou 5 Ou
= 4 2u=— =5 1
ot T "o @)

(¢) [7p] Check your answer to part (b) by differentiating your solution w(z,t) and calculating
(ug + tuuy).

My answer to part (b) is
x— 24
u(z,t) =5t + — 4
3
We can calculate that
3
(=5¢%) (% + 1) — (z =31 (#) 546 — 546 53 — a2
Uy =5+ e 3 =5+ /3 2
(5+1) (5+1)
and
1
Uy = 53
5+ 1
Therefore
546 _ 546 3 2 544
2t° — 2t° — 5t — xt T — 3t 1
up + tPuu, =5+ & 33 5 +t2 [ 5t + 3 4 e
(% 4 1) T+1 T+1
5,6 _ 546 3 2 544 544
240 — 2t° — 5t° — xt 2t +0t+x— 3t 1
—54+ 4 3 : S 442 3 - 4 -
il 216 — 546 — 53 —at? 316 4 513 4 wt? — 246
- 3 2 3 2
(5+1) (5+1)
=5
as expected.
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Soru 3 (The Parallelogram Rule). Consider the wave equation on a string, of length L, with
fixed ends:

Ut — CUgy =0 O<ax<L t>0

u(z,0) = f(z) f:(0,L) =R

ue(2,0) = g(z) g:(0,1) > R 3)
u(0,t) =0

u(L,t) =0

where ¢ > 0.

(a) [5p) First show that
u(z,t) = F(x —ct) + G(z + ct)

solves the wave equation, us — c*uy, = 0, for any twice differentiable functions F : (0, L) — R
and G : (0,L) = R.

Since uy(w,t) = —cF'(x —ct) +cG' (xz +ct), ug (x,t) = AF"(x —ct) + 2G" (zw +ct), ug(z,t) =
F'(x —ct) + G'(z + ct) and vy, (x,t) = F"’(x — ct) + G"' (v + ct), we have that

Uy — Py = (PF" + 32G") — A(F"+G") = 0.

A A= (x1,t1)
B = (x9,t2)
.- C = (z3,t3)
D = (z4,14)

Suppose that
e the parallelogram ABCD is contained in [0, L] x [0, 00);
e cach of the edges of the parallelogram lies on characteristics of the wave equation; and

o u(x,t) = F(x —ct) + G(z + ct).

(b) [20p] Prove that
u(A) + u(C) = u(B) + u(D).

Let F and G be as in part (a). Abusing notation; when I write F(A), I mean F(z1 — cty).
Similarly G(C) := G(x3 + ct3), etc.

Now, since A and B lie on the same characteristic © — ¢t = constant, we must have that
F(A) = F(xy — ct1) = F(constant) = F(xq — cta) = F(B).
Similarly F(C) = F(D), G(A) = G(D) and G(B) = G(C).

It is then straightforward to see that

u(A) +u(C) = F(A) + G(A) + F(C) + G(C)
=F(B)+G(D)+ F(D)+ G(B)
= u(B) + u(D).




Soru 4 (Fourier Transforms). Let F denote the Fourier Transform operator with respect to
z.

(a) [7p] Suppose that v : R? — R is differentiable. Show that

F m (1) = & Flolw 1)

for all w,t € R.

e ot

ov 1 * v Ciwm B Q i oo i B 9
F [815} (w,t) = o ) a(x,t)e dr = ( / v(z, t)e dx) = — Fv)(w,t).

(b) [18p] Use the Fourier Transform to solve

%+u%—(%)2:0, —co<x<oo, 0<t<oo,
u(z,0) = f(z) (4)
ug(x,0) = 0.

Taking Fourier Transforms, the problem becomes

0= Utt + U(—(UQU) — (Z(.UU)2 = Utt
U(w,0) = F(w)
Uy(w,0) = 0.

The general solution of Uy = 0 is
U(w,t) = A(w)t + B(w).

Using the initial conditions, we obtain A = 0 and B(w) = F(w). Therefore

Ulw,t) = F(w).

Therefore the solution to (4) is

u(z,t) = f(x,t).

Soru 5 (Fourier Sine Series). Define the function f : [0,1] — R by

% =0 z=1,
fa)={-%  o<a<}i (5)
T %<x<1.

(a) [7p] Show that

{sinnmz :n € N}

is an orthogonal system on [—1, 1].
[HINT: cos(A + B) = cos Acos B — sin Asin B, so cos(A + B) + cos(A — B) =7 and cos(A + B) — cos(A — B) =7]
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Let n # m, n,m € N. Then

1
(sinna, sinmz) = / sinnz sinmaz dz
1

1

————sin(n + m)rx + sin(n — m)wx
(n+m)m (n—m)m .

S N

/ —cos(n + m)wa + cos(n — m)mx dx

Therefore {sinnmz : n € N} is an orthogonal system on [—1,1].

(b) [1p] Sketch f.

Yy
13 /
59 °
-3 -2 -1 1 2 3
: - —s
-1
(c) [7p] Sketch the Fourier Sine Series of f.
Y
=0 . O=—H0 . =0 .
-3 -2 —1
/ =0 / -. [ —0 / =0
. . . - . . . .
% r=0z=1,
fay={-%  o<e<}
T % <z <l

(d) [top] Calculate the coefficients (b, k =1,2,3,...) of the Fourier Sine Series of f.

I 2 [*
= —/ f(z)sinkrx de = — / f(x)sinkre dx
L L L.O

3 1 1
= 2/ (—2> sin kwx dx + 2/ xsinkmx dx
0 1

2

1 - k 1 1_ k
:/2_Sinm dx.q_Q{xM} _2/ —coskmx |
0 =

km 1 N b
2 2
! H 2 1 2 1
— H[coslmm}( fa[mcoslmu}% 722 [sinkmr}%
= (oo gtm 1) = g (-0 = Geos hm) 4 g (0 -sn i)
1 1 k 2sin%k7r
:E<200s§lm—1_2(_1) )_W
&2 k=159,
= k=2,6,10,...
Lot k=3,7,11,...

—-L k=4,812,...




