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Stre: 120 dk.

Sinav sorularindan 4
tanesini secerek

IMZA:

cevaplayiniz.

Do not open the exam until you are told that you may begin.
Sinavin basgladig: yiiksek sesle soylenene kadar sayfayi cevirmeyin.

. You will have 120 minutes to answer 4 questions from
a choice of 5. If you choose to answer more than 4 ques-
tions, then only your best 4 answers will be counted.

. The points awarded for each part, of each question, are
stated next to it.

. All of the questions are in English. You may answer in
English or in Turkish.

. You must show your working for all questions.
. Write your student number on every page.

. This exam contains 12 pages. Check to see if any pages
are missing.

. If you wish to leave before the end of the exam, give
your exam script to an invigilator and leave the room
quietly. You may not leave in the first 20 minutes, or
in the final 10 minutes, of the exam.

Calculators, mobile phones and any digital means of
communication are forbidden. The sharing of pens,
erasers or any other item between students is forbid-
den.

. All bags, coats, books, notes, etc. must be placed away
from your desks and away from the seats next to you.
You may not access these during the exam. Take out
everything that you will need before the exam starts.

. Any student found cheating or attempting to cheat will
receive a mark of zero (0), and will be investigated ac-
cording to the regulations of Yiiksekdgretim Kurumlar:
Ogrenci Disiplin Yonetmeligi.

Sinav siiresi toplam 120 dakikadir. Sinavda 5 soru
sorulmugtur. Bu sorulardan 4 tanesini secerek cevap-
layimniz. 4’den fazla soruyu cevaplarsaniz, en yiiksek
puani aldiginiz 4 sorunun cevaplar1 gegerli olacaktir.

Sorularin her boliimiiniin kag puan oldugu yanlarinda
belirtilmistir.

. Tim sorular ingilizcc’dir. Cevaplarinizi ingilizcc yada

Tiirkge verebilirsiniz.

Sonuca ulagmak igin yaptiginiz iglemleri ayrintilariyla
gosteriniz.

Ogrenci numaranizi her sayfaya yaziniz.

Simav 12 sayfadan olugmaktadir. Liitfen eksik sayfa
olup olmadigini kontrol edin.

Sinav stresi sona ermeden smavinizi teslim edip
cikmak isterseniz, smmav kagidinizi gbézetmenlerden
birine veriniz ve smmav salonundan sessizce ¢ikiniz.
Sinavin ilk 20 dakikas1 ve son 10 dakikas: iginde sinav
salonundan ¢ikmamz yasaktir.

Sinav esnasinda hesap makinesi, cep telefonu ve dijital
bilgi aligverisi yapilan her tiirlii malzemelerin kullanimi
ile diger silgi, kalem, vb. aligveriglerin yapilmas: kesin-
likle yasaktar.

Canta, palto, kitap ve ders notlariniz gibi esyalariniz
siralarin  lizerinden ve yanimizdaki sandalyeden
kaldirilmalidir. Sinav siiresince bu tiir esyalar1 kullan-
maniz yasaktir, bu nedenle ihtiyaciniz olacak herseyi
sinav baglamadan yanniza aliniz.

. Her tiirlii sinav, ve diger galigmada, kopya g¢eken veya

kopya gekme girisiminde bulunan bir 6grenci, o siav
ya da ¢aligmadan sifir (0) not almig sayilir, ve o 6grenci
hakkinda Yiiksekogretim Kurumlar: égrcnci Disiplin
Yonetmeligi hiikiimleri uyarinca disiplin kovusturmasi
yapilir.
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Canonical Forms:

Augy + Bugy + Cuyy + Dug + Euy + Fu =G

A* = AL + B&&, + CEL

B* = 2A&m, + B(&ny + §yne) + 2CEyn,
C* = An} + Bnany + Cnj,

D* = Agacac + ngy + nyy + Dgx + Efy
E* = Angy + Bijgy + Cnyy + Dijp + Eny
F*=F

G'=G

H* = —-D*u¢ — E*u,y — F*u+ G”
dy B+ VA

dr 24

Fourier Transforms:

Fw) = Flf)@) = o [ s s

flz)=F '[F](z) = / F(w)e™? dw

— 00

f(x) F(w)
u(z,t) Uy (w, t)
ug(z,1) iwU (w, t)
U (7, 1) ~w2U (w, t)
e’ L%
5 [ f(©)9le =€) de F(w)G(w)
d(x — x0) L g=iwro
flz=p) e~ Wl F(w)
zf(x) iF,(w)
T e llo
=1 07

Famous PDEs:

Uy = kgy heat equation
Ut — Cugy =0 wave equation

Vu=0 Laplace’s Equation

Fourier Series:

L

a > kw km
0 .
flz)= ) + 321 ap €08 + by sin —x

1 L
ao—z/_Lf(x)dx

1t k
ay = Z[Lf(x)cos%x dx

1 L
b, = Z/_Lf(x)sinkfﬂ-x dx

If f(z) = > pe; an cos 2% then

f(z) = i (%) a, sin %

k=1

If f(z) = > 5", by sin 272 then

1

J@) = 7 [1(1) = ()]

3 [+ 2 (15w - 10)|
k=1

ODEs:
The solution of ¢' = u¢ is

$(z) = Ael®,

The solution of ¢" = p2¢ is

¢(x) = Ae!® + Be™H*
= C cosh px + D sinh px.

The solution of ¢ = —p2¢ is

¢(x) = Acos px + Bsin pz.

The solution of z(z¢')’ — u?¢ =0 (u # 0) is

¢(x) = Ax™* + BzH.

The solution of x(z¢’) =0 is

¢(z) = Alogz + B.
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OG&RENCI NoO.

Soru 1 (Fourier Transforms)

(a) [1p] Please write your student number on every page.

(b) [5p] Give the definition of the convolution of two functions.

The Convolution Theorem Let f and g be continuous functions. Let F(w) and G(w) denote
the Fourier transforms of f and g respectively. Then

f[f *g] (w) = F(w)G(w).

(¢) [19p] Prove the Convolution Theorem.

PEeER 0K
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(soru 1’in devama)
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PEeER 0K

Soru 2 (Separation of Variables)

[25p] Explain the method of Separation of Vari- [25p] Degiskenleri Ayirma Yéntemini kismi
ables for partial differential equations. tlirevli diferansiyel denklemleri igin agiklayiniz.
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Imagine that you are explaining
the method of Separation of
Variables to someone who hasn’t
studied this course. How would
you explain it? This question
should take you ~ 25 minutes.

You might like to include:

e the main concepts of this
method;

e an explaination of the sepa-
ration constant

e an explaination of eigenval-
ues and eigenfunctions;

e an example of your choosing.

Bu dersi almamig  birisine
Degiskenleri Awywrma Yéntemini
anlatmaniz gerektigini varsayalim.
Bu yontemi nasil anlatirdiniz? Bu
soruyu cevaplamak yaklagik 25
dakikaniz1 alacaktir.

Bu soruyu cevaplarken agagidaki
noktalara da yer veriniz:

e bu yontemin temel kavram-
lari;

e ayrrma sabitinin agiklamasi;

e ozdeger ve
aciklamalari;

ozislev’in

e sizin seceginiz bir ornek.
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(soru 2’nin devama)
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OG&RENCI NoO.

PEeER 0K

Soru 3 (Characteristics) Consider the PDE

ou wuodu
— +—-——=0 1
ot " 3on (1)
with the initial condition
3 <2
,0) = 2
u(,0) {1 z>2. @

(a) [2p] Replace (1) by a system of 2 ODEs.

(b) [7p] Plot the characteristics (¢ against x) for this problem.

T T T T T T T T >z
-1 0 1 2 3 4 5 6 7

(¢) [1p] Does this problem have fan-like characteristics, shock wave characteristics, neither or
both? [Mark M only one box.]

I:] fan-like characteristics, I:] shock wave characteristics, I:] neither, I:] both.
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(soru 87in devama)

o
(d) [9p] Solve o =
u  udu_ =
ot " 3o ~<
subject to E
3 <2
u(z,0) = ) =9 aet
. QO
o
o —
=
N
£a
Z.
o
u(z,t) = O
=
(e) [3x2p] Sketch the graph (u against x) of the solution at times t =0, ¢ =1 and t = 2. H
] Z.
. oo
21 (t=0)
1._.
T T T T T T T > T
-1 0 1 2 3 4 5 6
4._.
3._.
o] (t=1)
1._.
T T T T T T T >z
-1 0 1 2 3 4 5 6
4._.
3._.
| (t=2)
aef
1 . ;
T T T T T T T >z N
-1 0 1 2 3 4 5 6 62
Z.
aef
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Soru 4 (Canonical Forms) Consider the second order partial differential equation
Uz + yzuyy = y2
for y # 0.

(a) [1p] Calculate the discriminant A(z,y) of (3).

(b) [2p] If y # 0, equation (3) is a/an

[ |hyperbolic PDE; [ | parabolic PDE; [ ]elliptic PDE.

(c) [2p] Find the characteristic equation of (3).

(d) [5p] Find the characteristic curve(s) of (3).

OG&RENCI NoO.

(3)

PEeER 0K
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(soru 47in devama)

Ugy + y2uyy = y2 (y 7é O) (3)

(e) [t5p] Find a canonical form for (3).
[HINT: z and y MUST NOT appear in your final answer. I want to only see u, £, n; or only see u, a, 3.]
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Soru 5 (Fourier Series)

a) [5p] Let n,m € N such that n # m. Show that the functions sin 2Z% and cos ™% are
2 2

orthogonal on [—2,2].

Define the function f :[0,1] — R by

OG&RENCI NoO.

PEeER 0K

—% T=-2, =2,
fl)=q%+1 -2<z<0 (4)
z O<z <2
(b) [1p] Sketch f.
2
1 4
T T T T T T T T T T T l’
—6 -5 —4 -3 -2 -1 1 2 4 5 6
14
24
(c) [6p] Sketch the Fourier Series of f.
2 —
1 4
T T T T T T T T T T T m
—6 -5 —4 -3 -2 -1 1 2 4 5 6
14
-2 4

1110
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(d) [13p] Calculate the coefficients ag, a1, ag, as, aq, . .

(soru 5’in devama)

r=-2, =2,
—2<x<0 (5)
O<z <2

. of the Fourier Series of f on [—2,2].

You do not need to calculate by = —-L (1 + (=1)*F x 2).
km
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