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Soru 1 (Fourier Transforms).

(a) [1p] Please write your student number on every page.

(b) [5p] Give the definition of the convolution of two functions.

Let f and g be functions. The convolution of f and g is

f ∗ g(x) =
1

2π

∫ ∞
−∞

g(ξ)f(x− ξ) dξ.

The Convolution Theorem. Let f and g be continuous functions. Let F (ω) and G(ω) denote
the Fourier transforms of f and g respectively. Then

F
[
f ∗ g

]
(ω) = F (ω)G(ω).

(c) [19p] Prove the Convolution Theorem.

Since

F−1
[
FG
]
(x) =

∫ ∞
−∞

F (ω)G(ω)eiωx dω

=

∫ ∞
−∞

F (ω)

[
1

2π

∫ ∞
−∞

g(ξ)e−iωξ dξ

]
eiωx dω

=
1

2π

∫ ∞
−∞

g(ξ)

[∫ ∞
−∞

F (ω)eiω(x−ξ) dω

]
dξ

=
1

2π

∫ ∞
−∞

g(ξ)f(x− ξ) dξ

= f ∗ g(x),

we have that
F
[
f ∗ g

]
(ω) = F (ω)G(ω).
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Soru 2 (Separation of Variables).

[25p] Explain the method of Separation of Vari-
ables for partial differential equations.



Imagine that you are explain-
ing the method of Separation
of Variables to someone who
hasn’t studied this course. How
would you explain it? This ques-
tion should take you ≈ 25 minutes.

You might like to include:

• the main concepts of this
method;

• an explaination of the sepa-
ration constant

• an explaination of eigenval-
ues and eigenfunctions;

• an example of your choosing.



[25p] Değişkenleri Ayırma Yöntemini kısmi
türevli diferansiyel denklemleri için açıklayınız.



Bu dersi almamış birisine
Değişkenleri Ayırma Yöntemini
anlatmanız gerektiğini varsayalım.
Bu yöntemi nasıl anlatırdınız? Bu
soruyu cevaplamak yaklaşık 25
dakikanızı alacaktır.

Bu soruyu cevaplarken aşağıdaki
noktalara da yer veriniz:

• bu yöntemin temel kavram-
ları;

• ayırma sabitinin açıklaması;

• özdeğer ve özişlev ’in
açıklamaları;

• sizin seçeğiniz bir örnek.



The are many possible solutions to this question. Marks will be given generously.

Soru 3 (Characteristics). Consider the PDE

∂u

∂t
+
u

3

∂u

∂x
= 0 (1)

with the initial condition

u(x, 0) =

{
3 x < 2

1 x > 2.
(2)

(a) [2p] Replace (1) by a system of 2 ODEs.

du

dt
= 0,

dx

dt
=
u

3

(b) [7p] Plot the characteristics (t against x) for this problem.

The solution of u′ = 0 is u(x, t) = u(x(0), 0), and the solution of x′ = 1
3u(x(0), 0) is

x(t) = x(0) +
1

3
u(x(0), 0)t =

{
x(0) + t x(0) < 2

x(0) + t
3 x(0) > 2.

Thus
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(c) [1p] Does this problem have fan-like characteristics, shock wave characteristics, neither or
both? [Mark �X only one box.]

fan-like characteristics, X shock wave characteristics, neither, both.

(d) [9p] Solve

∂u

∂t
+
u

3

∂u

∂x
= 0

subject to

u(x, 0) =

{
3 x < 2

1 x > 2.

We can see from part (b) that there is a shock wave starting at x0 = 2.

Since
[u] = lim

x↘2
u(x, 0)− lim

x↗2
u(x, 0) = 1− 3 = −2,

q(u) = 1
6u

2

(because dq
du = u

3 ) and

[q] = lim
x↘2

q(u(x, 0))− lim
x↗2

q(u(x, 0)) = 1
6 · 1

2 − 1
6 · 3

2 = − 8
6 = − 4

3 ,

the shock characteristic is obtained by solving dxs

dt = [q]
[u] = 2

3 . So xs = 2
3 t+ xs(0) = 2

3 t+ 2.

This is where the behaviour of the solution changes.

Therefore the solution is

u(x, t) =

{
1 x < xs(t)

3 x > xs(t)
=

{
1 x < 2

3 t+ 2

3 x > 2
3 t+ 2

=

{
1 x− 2

3 t < 2

3 x− 2
3 t > 2.

(e) [3× 2p] Sketch the graph (u against x) of the solution at times t = 0, t = 1 and t = 2.
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Soru 4 (Canonical Forms). Consider the second order partial differential equation

uxx + y2uyy = y2 (3)

for y 6= 0.

(a) [1p] Calculate the discriminant ∆(x, y) of (3).

Clearly
∆ = B2 − 4AC = 0− 4× 1× y2 = −4y2 < 0

(b) [2p] If y 6= 0, equation (3) is a/an

hyperbolic PDE; parabolic PDE; X elliptic PDE.

(c) [2p] Find the characteristic equation of (3).

dy

dx
=
B ±

√
∆

2A
=

0±
√
−4y2

2
= ±iy

(d) [5p] Find the characteristic curve(s) of (3).

log y = ±ix+ c
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uxx + y2uyy = y2 (y 6= 0) (3)

(e) [15p] Find a canonical form for (3).
[HINT: x and y MUST NOT appear in your final answer. I want to only see u, ξ, η; or only see u, α, β.]

Let ξ = log y + ix and η = log y − ix. Then let α = Re ξ = log y and β = Im ξ = x. 3
We calculate that

αx = 0

αy = 1
y

αxx = 0

αxy = 0

αyy = − 1
y2

βx = 1

βy = 0

βxx = 0

βxy = 0

βyy = 0

3

and that

A∗∗ = Aα2
x +Bαxαy + Cα2

y = 0 + 0 + y2
(

1
y

)2

= 1

B∗∗ = 2Aαxβx +B(αxβy + αy + βx) + 2Cαyβy = 0 + 0 + 0 = 0

C∗∗ = Aβ2
x +Bβxβy + Cβ2

y = 1 + 0 + 0 = 1

D∗∗ = Aαxx +Bαxy + Cαyy +Dαx + Eαy = 0 + 0 + y2
(
− 1
y2

)2

+ 0 + 0 = −1

E∗∗ = Aβxx +Bβxy + Cβyy +Dβx + Eβy = 0 + 0 + 0 + 0 + 0 = 0

F ∗∗ = F = 0

G∗∗ = y2 = e2α. 3

4

Therefore a canonical form for (3) is

uαα + uββ − uα = e2α. 2

Soru 5 (Fourier Series).

(a) [5p] Let n,m ∈ N such that n 6= m. Show that the functions sin nπx
2 and cos mπx2 are

orthogonal on [−2, 2].

Note that 〈
sin

nπx

2
, cos

mπx

2

〉
=

∫ 2

−2

sin
nπx

2
cos

mπx

2
dx

=
1

2

∫ 2

−2

sin
(n+m)πx

2
+ sin

(n−m)πx

2
dx

= 0

because sine is an odd function. Therefore sin nπx
2 and cos mπx2 are orthogonal on [−2, 2].

Define the function f : [0, 1]→ R by

f(x) =


− 1

2 x = −2, x = 2,
x
2 + 1 −2 < x ≤ 0

x 0 < x < 2.

(4)

(b) [1p] Sketch f .
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(c) [6p] Sketch the Fourier Series of f .
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f(x) =


− 1

2 x = −2, x = 2,
x
2 + 1 −2 < x ≤ 0

x 0 < x < 2.

(5)

(d) [13p] Calculate the coefficients a0, a1, a2, a3, a4, . . . of the Fourier Series of f on [−2, 2].
[You do not need to calculate bk = − 1

kπ

(
1 + (−1)k × 2

)
.]

We calculate that

a0 =
1

2

∫ 0

−2

x

2
+ 1 dx+

1

2

∫ 2

0

x dx =
1

2

[
1

4
x2 + x

]0

−2

+
1

2

[
1

2
x2

]2

0

= −1

2
+ 1 + 1 =

3

2

ak =
1

2

∫ 0

−2

(x
2

+ 1
)

cos
kπx

2
dx+

1

2

∫ 2

0

x cos
kπx

2
dx

=
1

2

[
x

kπ
sin

kπx

2
+

2

(kπ)2
cos

kπx

2
+

2

kπ
sin

kπx

2

]0

−2

+
1

2

[
2x

kπ
sin

kπx

2
+

(
2

kπ

)2

cos
kπx

2

]2

0

=
1

2

(
0 +

2

(kπ)2
+ 0− 0− 2

(kπ)2
(−1)k − 0

)
+

1

2

(
0 +

(
2

kπ

)2

(−1)k − 0−
(

2

kπ

)2
)

=
1

(kπ)2
− 1

(kπ)2
(−1)k +

2

(kπ)2
(−1)k − 2

(kπ)2

=
1

(kπ)2

(
(−1)k − 1

)
.
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