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Soru 1 (Fourier Transforms).

(a) [1p] Please write your student number on every page.

(b) [5p] Give the definition of the convolution of two functions.

Let f and g be functions. The convolution of f and g is

Feolo) = o= [ T GO — ) de.

T or

The Convolution Theorem. Let f and g be continuous functions. Let F(w) and G(w) denote
the Fourier transforms of f and g respectively. Then

f[f *g] (w) = F(w)G(w).

(¢) [19p] Prove the Convolution Theorem.

Since
o

F PG (x) = / F(w)G(w)e™™ dw

— 00

= [ Z F(w) ur [ Z g(&)e™* dé} " dw

5 [ o@ [ e w a

=L T e ae

27 J_ o
= fx*g(x),

we have that
]:[f *g] (w) = F(w)G(w).




Soru 2 (Separation of Variables).

[25p] Explain the method of Separation of Vari- [25p] Degiskenleri Awywrma Yontemini kismi
ables for partial differential equations. tlirevli diferansiyel denklemleri i¢in aciklayimiz.

Bu dersi almamig  birisine
Degiskenleri Aywrma  Yontemini
anlatmaniz gerektigini varsayalim.
Bu yontemi nasil anlatirdiniz? Bu
soruyu cevaplamak yaklagik 25
dakikaniz1 alacaktir.

Imagine that you are explain-
ing the method of Separation
of Variables to someone who
hasn’t studied this course. How
would you explain it? This ques-
tion should take you = 25 minutes.

Bu soruyu cevaplarken agagidaki

You might like to include: e
noktalara da yer veriniz:

e the main concepts of this

method; e bu yontemin temel kavram-
lari;
e an explaination of the sepa-
ration constant e ayirma sabitinin agiklamasi;
o . . .
e an explaination of eigenval- e ozdeger ve 0zislev’in
ues and eigenfunctions; agiklamalari;
e an example of your choosing. e sizin segeginiz bir ornek.

The are many possible solutions to this question. Marks will be given generously.

Soru 3 (Characteristics). Consider the PDE

ou  udu
T T o)

with the initial condition

(a) [2p] Replace (1) by a system of 2 ODEs.

du dr u

dat dat 3

(b) [7p] Plot the characteristics (¢ against x) for this problem.

The solution of v’ = 0 is u(z, t) = u(x(0),0), and the solution of 2’ = fu(x(0),0) is

Thus
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(¢) [1p] Does this problem have fan-like characteristics, shock wave characteristics, neither or

both? [Mark [ only one box.]

D fan-like characteristics, shock wave characteristics, D neither, D both.

(d) [9p] Solve

subject to

We can see from part (b) that there is a shock wave starting at z¢ = 2.

Since
[u] = alcl\mzu(xﬂ) - il/rrgu(:mO) =1-3=-2,
) =
(because g—z = %) and
o) = o a(u(z,0)) ~ i a(u(e,0)) = ¢ 17— -8 = ~§ =4,
the shock characteristic is obtained by solving %%+ = % =2 Sow,=3t+a,(0)=2

This is where the behaviour of the solution changes.

Therefore the solution is

(2.1) 1 z<a(t) 1 z<2t+2 1 z—32t<2
uaj, = = =
3 z>a(t) |3 x>3t+2 |3 z—3t>2

t+ 2.

(e) 3 x 2p] Sketch the graph (u against x) of the solution at times ¢ =0, t = 1 and ¢t = 2.
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Soru 4 (Canonical Forms). Consider the second order partial differential equation
Ugy + yQUyy = y2 (3)

for y # 0.

(a) [1p] Calculate the discriminant A(x,y) of (3).

Clearly
A=DB?—4AC=0-4x1xy’>=—-44><0

(b) 2p] If y # 0, equation (3) is a/an

I:] hyperbolic PDE; I:] parabolic PDE; elliptic PDE.

(c) [2p] Find the characteristic equation of (3).

dy BxvVA 0+£/—4y°
de 24 2

= +iy

(d) [5p] Find the characteristic curve(s) of (3).

logy = +ix + ¢
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Ugy + y2uyy = y2 (Z/ # O) (3)

(e) [15p] Find a canonical form for (3).
[HINT: z and y MUST NOT appear in your final answer. I want to only see u, &, n; or only see u, a, 8.]

Let £ =logy + ix and n = logy — iz. Then let « = Reé =logy and f =Im¢ = z.
We calculate that

0z =0 Br =1
ay:% By =0
gz =0 Bre =
Oy =0 By =
ayy:_y% Byy =0

and that

2
A**:Aai+Bazay+Ca§:0+O+y2 (%) =1
B** =2Aa, B, + Bla,fy + ay + B) +2Cay8, =0+0+0=0
C* = AB + BB.By +CB; =14+0+0=1
2
D** = Aayy + Bagy + Cayy + Doy + Eayy = 0+ 0 + o2 (—y%) +04+0=-1

E™ = AByy + BfByy + CByy + DBy + EBy =0+0+0+0+0=0
F*=F=0

G — y2 _ 62(¥.

Therefore a canonical form for (3) is

Uaa +UBE — Uq = e2e,

Soru 5 (Fourier Series).

(a) [5p] Let n,m € N such that n # m. Show that the functions sin “Z* and cos ™J* are
orthogonal on [—2,2].

Note that

. nrx mmnx 4 nmx mnx
sin ——, cos = sin —— cos 5 dx

2 2 , 2
2
n x —m)Tx
= / sin (n+ m)m + sin ( ) dx
2/, 2 2
because sine is an odd function. Therefore sin *5* and cos ™J* are orthogonal on [-2, 2].

Define the function f : [0,1] — R by

—% r=-2, =2,
fla)=13%+1 —2<z<0 (4)
T 0<ax <2

(b) [1p] Sketch f.



2

(d) [13p] Calculate the coefficients ag, a1, as, as, aq, . . .
(14 (-1

[You do not need to calculate by = — 7=

r=-2, =2,
—2<xz<0
O<z <2

of the Fourier Series of f on [—2,2].

)k x2)]

We calculate that

1 [z
==/ Z4lde+-
ap 2[22+ x +

12 11 o 111 .12 1
/xdm:i 7:L)2+:L) + = *.”L‘2 = ——
2 Jo 2 4 o 2027 ], 2

3
1+1=12
+1+1=2

1 /0 1 /2
ar f/ (E—Q—l)cos—da: f/ T cos — dx
2 ) ,\2 2 2 Jo
_1 isi k:7rx+ 2 Oskmc_’_llk‘ﬂo
2 | km 2 (k)2 2 k 2 |,
+1 2£ l<:7rxJr i Coslmrx
2 | kw ! 2 km 2 o

R RN I
=2 G T G Y G
— o (14 - 1)




