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Soru 1 (Characteristics). Consider the PDE

ou uldu
I 1
Y (1)
with the initial condition
1 z<2
u(z,0) = 2
(2,0) {3 T > 2. )

(a) [1p] Please write your student number at the top right of this page.

(b) [5p] Replace (1) by a system of 2 ODEs.

du __ dr _ u
G =0

v dt T3

(¢) [15p] Plot the characteristics (¢ against ) for this problem.

The solution of v’ = 0 is u(z, ) = u(x(0),0), and the solution of 2’ = fu(x(0),0) is

3 x(0) z(0) > 2
Thus
t
4*
3*
2*
T T >z
-1 0 7

(d) [2p] Does this problem have fan-like characteristics, shock wave characteristics, neither or
both? [Mark [ only one box.]

fan-like characteristics I:] shock wave characteristics I:] neither I:] both



(e) [15p] Solve

Ou  udu _
ot 30r
subject to
1 2
u(z,0) = v
3 x>2.
As above, u(z,t) = u(z(0),0) and x(t) = z(0) + su(z(0), 0)t. Therefore
1 z<2+%
u(w,t) = 4?77 24+t <x <2+t
3 x> 2+t

3z—6

— . Therefore

u =
1 x<2+%
o 1) — J 326 t
u(r,t) = =L 24+ L <r <24t
3 T >24t.

For the middle interval, we use the equation = z(0) 4+ fut with z(0) = 2 to calculate that

(f) [3 x 4p] Sketch the graph (u against z) of the solution at times ¢t =0, t = 1 and ¢ = 2.

U
4 I
! u(z,0)
3| 1
2 | (t=0)
T T ! T T T T > T
-1 0 1 2 3 4 5 6
u
4 I |
| | u(z, 1)
3+ i :
2 i ! (t=1)
: -
l l
T T — ! T T T >z
-1 0 1 2 3 4 5 6
U
4 I I
! ! u(z,2)
31 l :
2 l | (t=2)
T T T — ! T T > T
-1 0 1 2 3 4 5 6
Soru 2 (Change of variables). Consider the second order, linear PDE
Az, Ytz + B(2,y)tay + C(2,y)uyy + D(z, y)ue + E(, y)uy + F(z, y)u = G(z,y). (3)
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Suppose that &(x,y) and n(z,y) are twice continuously differentiable functions of = and y.

Using the chain rule, we can calculate that

u—@—%%—i—@@—uf—%u
* T 9x  9Edx | opox  esw T Uil

(a) [1p] Please write your student number at the top right of this page.

(b) [24p] Use the chain rule to find formulae for w,, Uuzy, Uzy and uy, in terms of uee, ugy, Unpy,
Ug, Uy, U, fm, gzyy gyy ga:, Eya Nexs Nays Tyy, N and Ty -

As above, uy = ug&y + uyny. Therefore

(uz)y = (uea + Ut )y

(ug)y&a + Uelay + (Un)yMz + UpThy

(uffg’y + “‘5’7/7]!/)51; + “’55:1:’5/ + (U"’lﬁgy + “'r/’rﬂ?y)n:z: + UnNzy
Uge§ay + Uen (§atly + EyNw) + UnnMaTly + Uy + UnTay.

Ugy

By replacing all the g’s with z’s, it is easy to see that

Uzpy = Uee&a8e + 2UenEane + UnnNaNe + Ueor + UnTaz-

Similarly, by replacing all the x’s with y’s, we have

Uyy = Uee&y&y + 2uenSyty + Unnnyny + uelyy + Unnyy-

By substituting your answers to part (b) into (3), we obtain an equation of the form

A% (&, muge + B™(& nuey + C*(§,m)uny + D* (& nug + E* (& nuy + F*(§nu=G"(§,n).  (4)

(¢) [25p] Show that
B*(&,m) = 2A8m: + B(gzny + £y77$) + 2C§y77y~

We are only interested in the ug, terms. From Au,,, we obtain 2Aug,&;n,. From Bug,, we
obtain Bug, (§xmy +E&yns). From Cuy,, we obtain 2Cu¢,&,n,. Note that Du, + Eu,+Fu—G
will not give us any ug¢, terms.
Therefore
Aty + Bugy + Cuyy + Duy + Euy + Fu— G
= (some uge terms) + (2AugyEane + Bugy (Eany + &) + 2CueyEyny)

+ (some u,, terms) + (some smaller derivative terms).

It follows that we must have B*(&,n) = 2A&:n, + B(&xny + §ynz) + 2CE,n,,.

Soru 3 (General Solution). Consider the partial differential equation

1 4 4

Ugy — JUyy = —5Y — 3T
2 v c? c3

where ¢ # 0 is a constant.

(a) [1p] Please write your student number at the top right of this page.
(b) [1p] Equation (5) is a

[ ]1° order PDE; 2'd order PDE; | |3 order PDE; | |4™ order PDE.



(¢) [1p] Equation (5) is a
I:] homogeneous PDE; non-homogeneous PDE.
(d) [1p] Equation (5) is

linear; I:] non-linear AND quasilinear; I:] non-linear, but not quasilinear.

The discrimant of (5) is A = B> — 44C = % > 0.
(e) [1p] Equation (5) is a/an

hyperbolic PDE; | | parabolic PDE; | | elliptic PDE.

The characteristic equation of (5) is

dy _BEVA _ 1

dz 2A c

which has solutions y + £ = (constant) and y — £ = (constant).

(f) [22p] Find a canonical form for (5).

Let { =y + ¢ and n =y — 7. Then
1 1
fa:— - Ne = ——
¢ c
& =1 ny =1
zr:() T]xx:()
Exy =0 Nay =0
Syy = Nyy =0
and )
1 1
a=1(3) ro- gar=o
¢ c
1 1 1 4
B*=2(1)(—-) | —- 0+2(—=)(1)(1) =——=
W (3) (-3) +o+2-ww=-3
2
X 1 1
D*=040+04+0+0=0
E*=04+04+04+04+0=0
F*=0
. 4 4
Since f(j%y — %1 = 7%5, we have that f(j%u&] = 76%5. It follows that a canonical form
for (5) is
u5n=f.
(g) [23p] Find the general solution to
1 4 4
Uzz = Slyy =~ 3Y — 3%

where ¢ # 0 is a constant.
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First we need to solve
u&, = f

Integrating with respect to n gives

ue = [uey dn= [ €an=en+ (0
for some function f. Then integrating with respect to & gives
u(eon) = [ue €= [n+ 7(6) d§ = 30+ F(©) + Gla)
for some functions F' and G.

Changing back to x and y, we obtain

I o) N o R o R )}




