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Abstract!

A study of f-harmonic maps and f-harmonic heat flow.

The first chapter gives the definitions of f-harmonic maps and heat flow;
namely the critical points of the energy functional Ey(u) := % fM fIVul* dm
(for a compact surface M) and the L?—gradient flow of this energy. The first
and second variations of E'y are calculated, and previously known f-harmonic
results are stated.

In section 2.1, we see that a smooth f-harmonic map of finite energy,
defined on the disc minus one point, smoothly extends to the whole disc.
Section 2.2 investigates: Given an f-harmonic map u and another function
f1 “close” to f, is there an fi-harmonic map “close” to u? By the Implicit
Function Theorem, the answer is “yes if” we have a hypothesis on the Jacobi
Operator.

Chapter 3 studies the f-harmonic map heat flow, and extends the exis-
tence and “bubbling” result of Struwe to f-harmonic map heat flow.

A result of Lemaire ( “every harmonic map from a compact, contractible
surface, with constant boundary data must be constant”) is considered in
chapter 4. The f-harmonic map heat flow yields examples demonstrating
that this result doesn’t extend completely to f-harmonic maps. There is
however an analogue for certain f. A particular sequence of f,-harmonic
maps (D — S?% 0D + {0}) is studied, with f, — 1, to try to see how an
f-harmonic map might need to be varied (so as to remain f-harmonic) if the
f is “flattened” towards f = 1.

The main result of this thesis is given in chapter 5: Every infinite time
‘bubble’ point in int M, must be a critical point of f. A hypothesized refine-
ment, that infinite time bubbles only form at minima of f, is false (chapter
6). However bubbles forming at finite times can form at non-critical points
of f.

Finally, chapter 7 briefly describes a possible application of this theory.

!There is an extended summary starting on page 83
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Chapter 1

Introduction

1.1 Basic definitions

Let (M, g) be a compact Riemannian manifold (with or without boundary).
Let (N,h) be a compact Riemannian manifold without boundary, embed-
ded isometrically in RY. This embedding is always possible by the Nash
Embedding Theorem. Let f : M — (0,00) be a smooth function. By com-
pactness, f is bounded above, and below by a strictly positive number, say
0< A< f(z) <B.

Definition 1.1.1 (f-harmonic energy). Let v € W12(M;N). The f-
harmonic energy functional is defined to be

E¢(u) = %/M f()|Vul|*dM (1.1.1)

NG

where dM = \/gdz' A ... Adz™ (dim M = m) and /g denotes (det gag) )
For consistency of notation, we denote the harmonic energy by E;.

Definition 1.1.2 (tubular neighbourhood/nearest point projection).
For p > 0, define a tubular neighbourhood of N by
V,N = {2z € RN : d(z,N) < p} C R". (1.1.2)

Here d(z, N') denotes of course inf{|z — z|gny : © € N'}. Choosing p > 0 suf-
ficiently small, we may let P : V,N — A denote “nearest point” projection.
P is well-defined and smooth — see e.g. [Sim91, §2.12.3].

Definition 1.1.3 (admissible variation). An admissible variation of u, is
a family of maps u, := P o (u+ s¢), for some ¢ € C°(M,R”Y) and for small
|s|. Notice that ug = u and that us = u in a neighbourhood of M.

1
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VN

N

Figure 1.1: The tubular neighbourhood V,N.

Remark. If u € WY (M;N) and ¢ € C®(M;RY), then P o (u+ s¢) €
Wh2(M;N) for sufficiently small |s| [Sim91, §2.2], and VP o (u + s@) is
differentiable with respect to s. Hence E¢(P o (u+ s¢)) is also differentiable.
We can then define:

Definition 1.1.4 (f-harmonic). A map v € Wh?(M;N) is said to be
(weakly) f-harmonic if, for any (admissible) variation ug, of u, we have that
d

—F = 0. 1.
15 r(us) _ 0 (1.1.3)

Remark. A harmonic map satisfies this definition as a 1-harmonic map.

Before we proceed, it is worth clearing up any possible confusion with the
name f-harmonic. Our “f-harmonic maps” should not be confused with,
so called, F'-harmonic maps (see e.g. [Ara0l] or [Leu96]) which are critical
points of the energy functional

Ep(u) = /MF (%\vuﬁ) dM



1.2 A comment on the case of dimension greater than 2. 3

for a non-negative, strictly increasing, C? function F on the interval [0, co).

Neither should an f-harmonic map be confused with a p-harmonic map,
namely a critical point of the energy functional

E,(u) = %/M |VulPdM.

Specifically, in the language of p-harmonic maps, an “ordinary” harmonic
map could be referred to as a 2-harmonic map and the associated energy as
Es. In this work, we will refer to harmonic maps as 1-harmonic and denote
the harmonic energy by E;. Of course a 1-harmonic map (our terminology)
is also a Ac-harmonic map for any constant A > 0.

1.2 A comment on the case of dimension greater
than 2.

Definition 1.2.1 (Warped Product). Given Riemannian manifolds (M, g)
and (Ms, g2), and a smooth function f : M; — (0, 00), the warped product
My x; My is defined to be the manifold M := M; x M, together with the
metric g = g1 + fgo.

When dim M # 2, any f-harmonic map (M, g) — (N, h) is a harmonic
map (M,f%g) — (N, h) ([EL78, §10.20] or [EL95, §10.20]). However
when dim M = 2, a conformal change of metric keeps an f-harmonic map,
f-harmonic (for the same f).

But if dim M = 2, we may consider an f-harmonic map M — N as a
harmonic map on a certain higher dimensional manifold (perhaps M x ;2S1).
This motivates one to study only f-harmonic maps from a surface. An inter-
esting example of an f-harmonic map, or perhaps of an f-harmonic heat flow
(see below), on a surface may (for example, with boundary singularity) im-
mediately give an interesting harmonic example on some higher dimensional
manifold.

Moreover, f-harmonic heat flow from a surface may be a useful tool to
find a harmonic heat flow (from e.g. a three dimensional domain) where the
set of points z with the property “on every neighbourhood of z, the flow u
does not have uniformly (with t) bounded derivative” is two dimensional. See
chapter 7 for an idea for such an approach.

From here onwards, let (M, g) be a compact surface.
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1.3 Character of an f-harmonic map

Let u € W12(M, N) be f-harmonic. The first order Taylor approximation
for P: RN — RY is

P(u+s¢) =u+sdP,(¢)+ R

where

— O0*P o
_SZ/O (t—1)° < Z@J(u—f—stgb))qﬁzqﬁjdt

2,j=1

for coordinates (yi,...,y") € RY. This term makes sense as P and ¢ are
smooth and u is W2, Write D,, = %. Then (c.f. [Sim91, §2.2])

Dty = Dot + 5 [dPu(DC,(b) + Hess P, (¢, Dau)} + D,R. (1.3.1)

Notice that D, R is differentiable with respect to s, and that

0
D —0. 3.
5iDaF| =0 (1.3.2)
We calculate (as in [Sim91, §2.2]) that
d
0= —Ey(us) _
_dl 2
- £§/Mf<x)yvus\ vl
2
=/ fz (Do, APy (Do) + Hess Py(¢, Dou))ydM (1.3.3)
M

/ fz Do, Doad) + (¢, Hess P, (Dou, Dou)) dM

= [ (90,190 = (0. £A) (V. F))

by Theorem 1 of §2.12.3 in [Sim91]. Suppose now that u is a “classical”
f-harmonic map [Lic70] — that is a C? map satisfying Definition 1.1.4. Then



1.3 Character of an f-harmonic map

we may integrate by parts to obtain

d
0= LB (u,
7 £ (us)

__ / (&, FAMu + FAU)(Vu, Vu) + Vf % Vi) dM
M

s=0

. / (6. F(@)m(u) + V f * V) dM
M

where Vf * Vu := (Vf, Vu') % € T,N. Here Ay, denotes the Laplace-
Beltrami operator

1 0 0
- = af_~
Vg 0xP (\/gg 895“) ’
71 denotes the usual 1-harmonic tension and A denotes the second funda-
mental form of the embedding of N in RY. We will often drop the “ "

subscript and write just A. This calculation is repeated in implicit coordi-
nates, in §1.6.2, but for now we have the following;

Ap =

Lemma 1.3.1 (Euler-Lagrange equation for F;). Let u € C*(M;N).
The following are equivalent:

(i) wis f-harmonic;
(i) fAMmu+ fAu)(Vu,Vu) +Vf*xVu=0;
(111) the harmonic tension of u is 7 (u) = —%Vf * Vu;
() div(fVu) is perpendicular to TN .
Similarly if u € W12(M;N) then: u is weakly f-harmonic if and only if
u satisfies part (ii) above, weakly (with test functions ¢ € C°(M;RY)). If
OM is “nice”, we can slightly generalize this statement, to one which we will

need later:

Lemma 1.3.2. Suppose that OM is Ct. The map u € WH2(M; N) is weakly
f-harmonic if and only if

0= / (o, [Vu) — (6, FA®W)(Vu, Va)) dM, (1.3.4)
M

for all ¢ € Wy* 0 CO(M;RN).

Proof. Let ¢ € Wy >NC®(M;RYN). There exists a sequence ¢, € C°(M;RN)
such that ¢, — ¢ in W12 N L> by the following argument: Take a cut-off
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function n € C*°([0,0), [0, 1]) such that n(t) = 0 for t € [0,1] and n(t) =1
for ¢ > 2. Now define ¢5 € C°(M, [0, 1]) by

o(x) =1 (% d(x,(‘?/\/l)) |

Then ¢s¢ — ¢ in W12 N L>® as § — 0.

For each 4 > 0, we can then approximate ¢s¢ via mollification. By
taking appropriate subsequences, we obtain our aforementioned sequence
bn € C°(M;RYN). Notice that (1.3.4) holds for each ¢,.

But then

/ (V(6n — 6), £V < e[l 60 — Sllyns [Vl 2

and

/<¢n — ¢, fA(W)(Vu, V) < || fll e 6n = 0l e V]2 -

0

We may relax our definition of f-harmonic slightly: The variations that
we consider need not smooth. We will need this later.

Lemma 1.3.3. Let u € WY (M;N) be weakly f-harmonic and let ¢ €
Wy? N COM:RYN). Then u, := P o (u+ s¢) satisfies

d
—E’f(us) = 0.

s=0

Proof. Even with ¢ € W,> N C°, the energy E;(P o (u+ s¢)) is well defined
and differentiable with respect to s. It follows by the same calculation used
in (1.3.3) and by Lemma 1.3.2 that

d
L E(u,
7 £(us)

T /M (Vo, fVu) — (b, fA(u)(Vu, Vu)) dM = 0.

Ul

Definition 1.3.4 (Domain Variation). A domain variation is a map 7 :
M x (—e,e) — M for some small € > 0, which satisfies

{77(95,0) =z on M (13.5)

n(x,s) =z on OM.



1.4 Imagination

Lemma 1.3.5. Let u € C*(M;N) be an f-harmonic map. Let {Q;} be
a finite partition of M such that 02; € C* for each j. Suppose that the
domain variation n € CO(M x (—¢,e); M) satisfies

(i) n € C?(Q; x (—¢&,2); M) for each j;
(ii) 3 € CO(M x (—¢,€); TM); and
(iii) 31 € C2(Qy x (—e,€); TM) for each j.
Then

d
~E —0.
o r(uomn) »

Proof. Notice that uon € WH(M,N). Define ¢ = (Vui, 22(-,0)) ;2 €
CONWy?*(M;TN). Then

0

0
Slion| —o=dne) = Z(Potura)|
So
d 0
£Ef(uon) B = ;/ij<$V(uon) SZO,VU> dM
0
— Zj:/gjf<$V(Po(u+s¢)) SZO,Vu> dM
d
— £Ef(P o (u-+ sgb)) B =0
by Lemma 1.3.3. O

1.4 Imagination

Now consider this question: How may we imagine an f-harmonic map? For
(1-)harmonic maps, we have the following notion from Eells and Lemaire
[ELT78, page 1]: “In physical terms, we imagine M made of ‘rubber’ and N
of ‘marble’; the map u constrains M to lie on N'. Then with each point
r € M we have a vector 7(u)(z) = div (Vu(z)) at the point u(z) € N,
representing the tension in the ‘rubber’ at that point. Thus u is harmonic if
and only if u constrains M to lie on N in a position of elastic equilibrium.”
Here the ‘rubber’ is some kind of ‘special mathematical rubber’ which is able
to stretch infinitely without ever exceeding its elastic limit.
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Figure 1.2: A rubber disc being wrapped around a marble 2-sphere, with the boundary
of the disc ‘held’ in position at the ‘north pole’ (d). This is one way of thinking of an
f-harmonic map v : D — S? with the restriction that 9D ~ {0}. Part (a) shows the
rubber disc, not of uniform thickness, before stretching around S2. This is a problem
which is studied in chapter 4.



1.5 The f-Harmonic Map Heat Flow 9

For f-harmonic maps, we may think along the same lines. Imagine here
that the ‘rubber’, of which the domain M is made, is not of uniform thickness.
Indeed, imagine that the thickness of the rubber at the point x € M is of
thickness f(x). Then the thicker sections of the ‘rubber’ will have a stronger
elasticity than the thinner sections. So analogously to before, u is f-harmonic
if and only if the rubber lies on A in a position of elastic equilibrium. See
figure 1.2 on page 8.

1.5 The f-Harmonic Map Heat Flow

In chapter 3, we study the L? gradient flow of the functional F; — namely
the following problem, which we call the f-harmonic heat flow:

u — f(x)Apu = f(z)A(u)(Vu, Vu) + Vf x Vu
ul=o = ug (1.5.1)
u(-; ) orm = uolom-

Here OM may be empty or non-empty. Setting f = 1, we obtain the har-
monic map heat equation of Eells-Sampson [ES64].

Returning to our ‘rubber and marble’ notion, suppose that the rubber is
not in elastic equilibrium. Then the rubber will be inclined to ‘slide’ along
N in whichever direction reduces the tension (and hence the ‘energy’ stored
in the rubber). This is exactly what we would see happen to the map wu if it
were to evolve under the f-harmonic map heat flow (1.5.1).

1.6 First and second variations of F/;, f-Tension
and Jacobi Fields

1.6.1 Notation

Consider a map u : (M™,g) — (N™, h). For coordinates in M we will use
Greek letters as indices, while coordinates in N will use Latin letters.

In the following calculations, f, denotes 2L and Jap denotes 5= g 5. The

LEO‘7

Ohij
notation h;;j denotes 5=

, €= —. (1.6.1)
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For the purpose of reference, we note that
v, weTuWwTN),
du , u., d w , V%dut o ET(T"M @ u*(TN)) (1.6.2)
and du. € T(N*T*M @ u*(TN)).

1.6.2 First variation and f-Tension

Let u; be an (admissible) variation of u. Set w = d“" } - Then
B = B = [ (Vg Yam
dt t=0 M ’ ot t=0

Note that the notation du; denotes the differential on 7M (not on T(M xR)).
Now

aut 8ut v
V%dut(aa) o= = Vo dral Vaxa ol " =Vaw =d w(0)
SO
(0Es)(u / f {du, d¥w) dM.

Now [Lee97, p88|, gives, for a k-tensor field w and a (k + 1)-tensor field
7, the integration-by-parts formula

/M<w,n> d/\/lz—/M(w,trgvm d/\/l+/ (w® N,n)dM.

oM

(where N € T'M denotes the “outward normal” to dM). Therefore

(6Ef)(u / (fdu,d"w)
— —/ (tryV fdu,w) dM +/ (w® N, fdu)dM (1.6.3)
M oM
- —/ (tryV fdu, w) dM.
M

T¢(u) := try,V fdu is the Euler-Lagrange operator associated with u.

Definition 1.6.1. We call 7¢(u) the f-tension of w.



1.6 1st & 2nd variations of Fy, f-Tension and Jacobi Fields 11

1.6.3 Second variation and Jacobi Fields

We calculate now, the second variation of Ey. For the harmonic case, see
[Smi75].
Let us¢ be a (compactly supported) variation of an f-harmonic map u.

Let V* denote the connection on w*TN. Set v = 24 oy and w = Bes im0
Then the Hessian of u is
5?
H,(v,w) Eyp(usy)
t
950 =0 (1.6.4)
— / PV s Vs dusy ) + (9% V% dusyy, du ) [am|
M s at s at s,t=0
Now
0 0
VY VY du, (8.)] = VLYY ot = vy v 2
2s ot 5,t=0 s 20T, g s T Ot |,
= VBQV%V%U&t - R (80” g) a sio
= dVVY% VY% ug, (8a) — RN (du(d,),v) w.
ds ot $,t=0
(1.6.5)
Note also that
[ (v S| = [ (995
M ds ot 5,t=0 M ds ot s,t:()
_ _/ <vu3 % g ,trgidu> ~0
M ds Ot s,t=0
(1.6.6)

as u is f-harmonic. It follows from (1.6.4) — (1.6.6) that
Hy,(v,w) = / f[<dvv,de> - <RN (du,v)w,duﬂd/\/l
M
— _/ (tryV fd¥v + fRN(v,du(aa))du(aa),w> dM  (1.6.7)
M
_. / (Ta(0), 0) M,
M

where we have used the curvature identities

R(X,Y)Z =—R(Y,X)Z and (R(X,Y)Z,W)=—(R(X,Y)W, Z).
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Definition 1.6.2. The operator J;, := —tr,V fd"¥ — fRN(-, du(@a))du(ﬁa)
is called the (Ej-)Jacobi Operator. The vector fields v € ker Jy,, are called
the (Ey-)Jacobi fields along u.

1.7 Known facts about f-harmonic maps

We end this chapter by quoting two more results from the literature. From
[EL78, §10.20: page 48] we state the result:

Lemma 1.7.1. If M and N are compact Riemannian manifolds and Riem? <
0, every homotopy class of maps from M to N contains an f-harmonic rep-
resentative.

Meanwhile, from A. Lichnerowicz [Lic70, page 367] we have the following;:

Proposition 1.7.2 (Lichnerowicz). Let (M, g) and (N, h) be compact Rie-
mannian manifolds. Suppose that there exists a function f : M — (0,00)
such that the tensor ¢ defined by

cap = Rap —VaVpglog f

is positive. Suppose further that (N,h) has negative sectional curvature.
Then:

(i) Every f-harmonic map (M, g) — (N, h) is totally geodesic;

(i1) If, in addition, the tensor c is positive definite at least one point in M,
then every f-harmonic map must be a constant map;

(iii) Conversely, if the sectional curvature of (N, h) is strictly negative at
every point in N, every f-harmonic map M — N s either constant,
or a map of rank 1 which maps M onto a closed geodesic of (N, h).



Chapter 2

Properties of f-harmonic maps

2.1 Puncture Repair Kit

2.1.1 Comment

In this section we show that, a smooth f-harmonic map with finite energy,
defined on the punctured disc D \ {0} extends smoothly to the whole disc.
We will need this result in chapter 3 where we study the f-harmonic map
heat flow.

The equivalent result for harmonic maps is due to Sacks and Uhlenbeck
[SU81, Theorem 3.6]. Their proof used a nice property of the Hopf Dif-
ferential ¢dz?, where ¢p(u) = |u|* — |u,|* — 2i (uy, uy), to show that: Let
uw: D\ {0} = N C R" be a smooth harmonic map such that F1(u) < oc.
Then fo% lug(2)|* do = r? 02” lu,(2)2df. In our case, we may only hope for
something like:

Lemma 2.1.1. Let v : D\ {0} — N C R" be a smooth f-harmonic map
such that Ef(u) < co. Then, for 0 < p < %, there holds

1
[ v o < 2/D Sluol? de -+ Cup ||V By(u: D) (2.1.1)

where C; = Cy(f).

Here D, := B,(0) C R?. In the case where p = 1 the subscript is dropped.

Remark. The reader should not be concerned that this result gives an esti-
mate on the L?*(D,) norm of the gradient of u, whereas Sacks and Uhlenbeck
considered the integral over [0, 27| of |u,|?. This difference would not prevent
this result being used in the same way.

13



14 Properties of f-harmonic maps

However for our purposes with f-harmonic maps it is more elegant to
prove the Puncture Repair Theorem (Theorem 2.1.5) without using Lemma
2.1.1, so a proof of this lemma will not be given here.

Instead we will provide a proof relying on the following theorem of R.
Moser [Mos03, Theorem 1] — who has studied the Approzimated Harmonic
Map Equation (2.1.2).

Theorem 2.1.2 (Moser). Let Q) C R", (n > 2) be an open domain. Suppose
that u € WY2(Q; N) is a solution of

Au+ A(u)(Vu,Vu) = F (2.1.2)

with F € LP(Q,RY) for p > 5. There exist numbers & > 0 and o € (0,1],
depending on p, n and N, such that if u satisfies

||VUHM2W*2(Q) <e

with € < &, then u € CY%(Q;N). Moreover,

loc

[tlenaqary < C (£ + 1 Flle )
for any Q' CC Q, where the constant C' depends on p, n, N, € and €V'.

Here |[-[| /4.1 (q) is the norm of the Morrey space M), ie.

q
Pl = Sup ( / |F|de) |
By (z0)C Br(z0)

for A >0 and 1 < ¢ < .

Remark. f-harmonic maps are approzimate harmonic maps with F' := — %Vf*

Vu € L*(M;N).

2.1.2 Tool Kit

Lemma 2.1.3. Suppose that v : D\ {0} — N is a smooth f-harmonic map
with finite energy. Then u is a weakly f~harmonic map D — N .

Proof. Notice first that v € W1?(D; N). Since u is f-harmonic, we have
that

—Au = A(u)(Vu, Vu) + %Vf * Vu (2.1.3)

on D\ {0}.



2.1 Puncture Repair Kit 15

Now let ¢ € C°(D;RY). There exist ¢); € C2°(D;RY) such that 1; — v
in W2 N L> and such that each 1); is constant in some neighbourhood of 0.

Then for small ¢, define n € C>°(D \ {0}; RY) b

E(p) = vi(r) — & () if x| <e
i) {M(@ if |z] > ¢

where & (z) :=i(2). So by (2.1.3), we see that

1
/ Vu - Vi = / ne [A(u)(vu, Vu) + —Vf * vu],
D\{0} D\{0} f

and it follows that

/DVu Vs = /an [A(u)(Vu, Vu) + %Vf * Vu]

We will now take the limit ¢ — 0 to show that this equality also holds
with 1; in place of ;. Indeed
_ ‘ / Vu - VE
1

< ( |Vu|)(/DEW5§2)§
- / wul?) ([ 19f)’

‘ / b A(w) (Y, V) — .A(u)(vu,vu)]:( DE{fA(u)(Vu,Vu)‘

‘/Vu-vwi—Vu-an
D

as € — 0. Moreover

<N ) [ VUl =0

D.

and

‘/% Vf*Vu-— 77Z Vf*Vu —‘/ & — Vf*Vu’

f
<c(fithi) | IVu[—0

D.
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as € — 0. Therefore we must have that

/Dvu.w)i:/Dwi[A(u)(vu,qu%w*w].

Finally, we let i — oo, and use the W2 N L>-convergence of ¢; — 1) to
see that u extends to a weakly f-harmonic map on D.

O

The next result is based on a result of Schoen [Sch84, Lemma 3.1].

Lemma 2.1.4. Suppose that u € C%(D; N) N WH2(D;N) for some o €
(0,1), is a weakly f-harmonic map. Then u € Co’l(D%;N) = Wl’m(D%;N).

Proof.
Let y € Dy and o € (0,1). Suppose that v € W'2(B,(y); RY) N
CY%(By(y); RY) solves

{Av =0 on B, (y) (2.1.4)

V=1 on 0B, (y).

Since |Vv|? is sub-harmonic on B,(y), it follows that

d
— (][ |Vv|2> >0, r € (0,0). (2.1.5)
dr \Jp,(y)

By (2.1.4), we also have that

V(u—wv)-Vou=0. (2.1.6)
Bs(y)

Moreover, for any ¢ € Wy (B,(y): RY) N C(B,(y); RY)

S

by Lemma 1.3.2, so it follows (by setting ¢ = u — v) that

/ Vu- Ve = ¢[A(u)(vu, Vi) + 2V« vu},
Ba(y) Bo ()

V(u—v)-Vu

Bos(y)

< C sup |u—v| [|Vu|2 + ]Vu]] (2.1.7)

Bo(y) B (y)
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It follows from (2.1.6) and (2.1.7) that

/ V(u—v) / V(u—v)-Vu
B (y)

< C sup |u— | [|Vu|2 + |Vu|]

B (y) B (y)

We calculate
VU-VU+2/ V(u—wv)-Vu

/ Vul? = —/ Vul? +2/
Bg (y) Bg (y) Bg (y) g (y)
} %
< / |Vv|? + 2 (/ |Vu|2> (/ |V(u—v)|2)
g (¥) o () Bs(y)

(where we have used the identity 2ab < a® + b? on the Vu - Vo term)

< / Vol + C sup |u— |2 (/ ]Vu]Q) (/ [\Vulz + \Vu\})
Bg (y) B (y) B (y) By (y)

(by (2.1.7))

1 1
2 2
< / Vo2 + C sup |u — v|% (/ |Vu|2> (/ |Vu|2>
Bg () Bo(y) Bo(y) Bo(y)
) 3 2
+ C sup |u—v|2 (/ |Vu|2> (/ |Vu|)
Bs(y) Bo(y) o (y)

(where we have used the identity va? + > < a+ b for a,b > 0)

< / |Vu|> + C sup |u —v|%/ |Vul?
Bg (y) Bo(y) B (y)

1 1
3 i
+Co? sup lu — v|% (/ |Vu|2> (/ |Vu|2> .
B (y) B (y) Bs(y)

2

Now, since u is Holder continuous and v satisfies the maximum principle,

it follows that supg_(, [u — v| < (20)%. Therefore

3

1
][ |Vu|2§][ |vU|2+oaa]/ Vul? + Co (7[ |Vu|2)
Bg (y) Bg(y) B (y) o (y)
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However, by (2.1.5), and Dirichlet’s Principle

f o <) v
Bg (y) Bo(y) B (y)

][ Vul? < (14 Co?) ][ |Vul? 4+ Co? <][ |Vu\2>
Bg (y) By (y) B (y)

< (1+C’0%)max{1, f |Vu|2}.
Bs(y)

We iterate, starting at o = i, to see that

A

SO

@

1/1\’]|>
. <—> -max ¢ 1, ][ |Vul?
4\2 By ()

m—1
|Vul? < H 1+C
j=0

ZA(@)W(l/) 1
Therefore
o0 [16+D%
f [Vul® < H 1+C {5} -max ¢ 1, ][ |Vul?
B(%)m+2(y) §=0 B%I(y)
But the right hand side is finite and independent of m, so
2
<
]{8 » [Vul” < K (2.1.8)
5k

for all k € N\ {1,2} and y € D;. It follows that [Vu(y)|* < K for almost
every y € Di1. Hence u € WH>(D1). O

2.1.3 Puncture Repair

Finally we prove the “Removal of Singularity”, or “Puncture Repair” Theo-
rem.

Theorem 2.1.5 (Puncture Repair). Suppose that u : D\ {0} — N is
a smooth f-harmonic map with finite energy. Then u extends to a smooth
f-harmonic map uw: D — N .

Remark. Fundamentally, this result is true because the set {0} has zero ca-
pacity — see e.g. [EP84].
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Proof of Theorem 2.1.5.
We wish to use the aforementioned result of Moser [Mos03, Theorem
1] (reproduced here as Theorem 2.1.2). Notice that F' := —%Vf * Vu €

L?*(D; N') so we may apply this theorem. Moreover IV ull 2o py < IVl 2pys
and we may assume (by scaling in the domain) that ||[Vulop < e < &

Therefore there exists o € (0,1] such that u € Cp(D). Tt follows that
u € C%(Dy), 0 € (0,1).

All that remains is to “bootstrap”. By Lemma 2.1.4, we also have that
u € Whee(Dy). It follows that

|Au| < C (|Vul® + |Vul) < oo,

so Au € L. By Calderon-Zygmund theory, (see e.g. [GT70, Theorem
9.11)),

lihysrio, < (Il + 18ulnco, )

< € (Il + 180, ) <
for any 2 < p < co. Then by Morrey’s Inequality

[1Dullgo.e(p, ) < ClIPullwinp, ,)

2 2

where o = 1 — %. Therefore u € C’l’a(Dég) for all # € (0,1) and for all
ae(0,1).
It follows by Schauder regularity theory that v € C OO(D%Q) for all # €
(0,1).
[

2.2 An application of the Implicit Function
Theorem to f-harmonic maps

We suppose in this section that M is a compact surface without boundary.

2.2.1 Comment

Consider the following question: If we have an f-harmonic map v : M — N,
and then we vary the function f by a small amount (to f; say), is it possible
to distort the map u by a small amount so as to create an f;-harmonic map?
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This is clearly not always possible as the following example shows: Con-
sider f =1 and let u : S? — S? be the identity map. Here the two spheres
S? are given the usual metric. The map w is f-harmonic. Now consider
the new function f; : S? — [l —&,1 4 £] with fi(north pole) = 1 + ¢,
fi(south pole) = 1 — ¢ and f; ‘defined suitably’ in (1 —¢,1 + ¢) elsewhere.
For sufficiently small £ > 0, this function can be considered to be “close” to
f in any appropriate sense. However any map u; : S? — S? “close” to u will
be inclined to flow! to the south pole, so can not be f;-harmonic.

However, we are able to offer a result (Proposition 2.2.2), with a particular
hypothesis on the Jacobi operator (Definition 1.6.2 on page 12), which gives
a positive answer to the considered question. Our result makes use of the
Implicit Function Theorem, so we state this now in the form that we shall
use.

Theorem 2.2.1 (Implicit Function Theorem). Let XY, 7 be Banach
spaces. Let U X'V be an open subset of X x Y. Suppose that G : U XV — Z
15 continuous and has the property that doG exists and is continuous at each
point of U x V. Assume that the point (x,y) € U x V' has the property that
G(z,y) =0 and that dyG(z,y) is invertible.

Then there are open balls R = B3 (z) and S = BY(y) such that, for
each r € R, there is a unique s € S satisfying G(r,s) = 0. The function
F : R — S, thereby uniquely determined near x by the condition F(r) = s,
18 continuous.

We now present our application. Here, as always, f € C*(M;(0,00))
and N' C RV,

Proposition 2.2.2. Let M be a compact surface without boundary. Suppose
that u € C=((M, g); (N, h)) is a f-harmonic map. Suppose further that
there are no Jacobi Fields along u. Let a € (0,1). There exist § > 0 and
e > 0 such that; if fi € C>*°(M;(0,00)) and || f1 — fllcra < & then there exists
a unique fi-harmonic map uy € C°(M;N) such that ||uy — ul| pe. < €.

Remark. The hypothesis that there are no Jacobi Fields along u implies im-
mediately that « must be non-constant.

Remark. In spirit, this proposition is similar to the following result of Eells-
Lemaire [EL81, Theorem 3.1] which is also an application of the Implicit
Function Theorem. Here, the notation p"*(M) denotes the space of all
Riemannian metrics on M which have a-Hoélder continuous derivatives up
to order r.

see chapter 3 for a description of f-harmonic map heat flow
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Theorem 2.2.3 (Eells-Lemaire). Suppose that ug : (M, go) — (N, ho)
1s a smooth harmonic map between smooth compact Riemannian manifolds,
such that ker Jy,, = {0}. Then for 1 < k < oo and r < oo, there is a
neighbourhood V of (go, ho) in 4 (M) x "™ 12(N) and a unique C*-map
o:V — C"2YM,N) such that o(go, ho) = uo and o(g,h) is a harmonic
map u: (M, g) — (N, h).

Remark. Eells-Lemaire proved their result considering a smooth manifold
modelled on a Banach space. Here however, we will define a certain “tubular
neighbourhood” of A/, so that we may apply the simpler form of the Implicit
Function Theorem.

2.2.2 Construction of the tubular neighbourhood

We wish to apply the Implicit Function Theorem to the f-tension, 7, (page
10). However we may not do this directly as C*°(M; (0, 00)) and C>®(M; N)
are not Banach spaces. As f is smooth and M is compact, we have that f
is also a member of the Banach space C**(M;R) for any a € (0, 1).

For u, we must construct a Banach space of maps from M into RY. The
reader is directed to [Hél02, proof of Lemma 4.1.2] (or to [Ham75, page 108])
for greater detail than will be given here. As in chapter 1, we define a tubular
neighbourhood of N by

VN = {2z € RY : d(z,N) < p} C RY. (2.2.1)

Also as previously, we let P : V,N' — N denote “nearest point” projection.
Consider further the differential dP, : T,RY ~ RY — Tp,)N'. Now define
the “cross-section” at y € N (see figure 2.1), to be

Uy, :={z€V,N:P(z) =y}
For z € V,N, we then define
QZ : TZRN ~ RN — TZUp(z)

to be the function which maps each ¢ € T,RY to its “vertical” component

Qx(é) That is Qz(g) = 5 - sz(g)
Let v > 0 be some small number. We define the metric hy on V,N by

m(2)(En) = (1+ ]2 = P()[g ) A(P(2)) (aP-(€), dP.(n))
7 (Q=(6), Q= ()

(2.2.2)
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Figure 2.1: The tubular neighbourhood V,N.

for all z € V,N and &,n € T,RY ~ RV, Intuitively, this means that “all
distances increase” as we move away from N. Extend h; to the rest of RY
in some arbitrary smooth way.

Remark. Our strategy is to consider v as an element of C%® ((M, q); (RN, hl)).
We may then apply the Implicit Function Theorem to see that for an f; ‘near’
f, there is a uy ‘near’ to u. Finally, we will use the following lemma to see
u; as a map M — N

Lemma 2.2.4. Let u : (M,g) — (RY, hy) be a smooth non-constant f-
harmonic map. If (M) C VN then u(M) C N.

Proof.

By constructing a variation of u, we show that for v to be an f-harmonic
map, the image of u must be contained in N. Define u)(-) : (—¢,¢e) X
(M, g) = (RN, hy) by w(z) = u(x) + t(P(u(z)) — u(x)). Then we see from
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the definition of hy (2.2.2) that

Ej(u) = %/M f1( = OVu + 49 (P() 2. dMm

~ 3 [ 0= 0%u+ R, am
— %/ f{(l + e — Plug) o) [(1 = 8)dP, (V) + tdP,(dP, (V)|
M

+9](1 = DQU(Vu) g } dM
= %/M f{(l + (1=t u— P(u)[o) [dP. (V)|
+(1 - t)Q\Qu(Vu)\;N} M.

But because u is f-harmonic,

d
0= —Ef(u)

t=0

:_/ f\u_pm)\;]vydpu(vu)]idM—/ F|Qu(Vu) |2
M M

Therefore, as u is non-constant, we must have that u — P(u) = 0 almost
everywhere. Finally, u is smooth so u(M) C N. O

There is one more result we need before we may prove Proposition 2.2.2.
Intuitively, as we move away from A “all distances increase” (due to the
definition of h;) . This implies that any vector field which is not contained
in T, cannot be a Jacobi Field. So even though we are now working in
(R, hy) instead of (N, k), there are no extra Jacobi Fields along u. Precisely:

Lemma 2.2.5. Let u: (M, g) — (N, h) be an f-harmonic map. Denote the
composition of u with the embedding (N',h) C (RN hy) by u. If there are no
Jacobi Fields along u, then there are no Jacobi Fields along 1.

Proof.  Suppose that X € T'(@*RY) (X # 0) is some Jacobi Field along .
Write X = v + w where v € T,N and w € T;U p@@)- Notice first that J is
linear, so

RN’hl ]RNyhl RN,hl

Note that A is totally geodesic in (R, k). Due to the way N is embedded
in RY, the connection on (N, h) is just the tangential connection (see e.g.
[Lee97, page 66]) of the connection on (R, hy). It follows from the definition
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of the curvature tensor R that
JED (0) = —tr,V fd¥0 — FREM) (0, di(0,))da(0,)
= —tr,Vfdvv — fRYM (v, du(d,))du(d,)
= JW M () € TN.
Next let @5, := @+ (s +t)w. Thus

(RN ) o _ P Ey(tsy)
/M <Jf711 (w),w> dM = Hz(w,w) = ST

1 02 - 2
"2 9s0t /M f’dus’to‘hl M s=t=0

-3/ 1 O[5 s — 2 ) 470 + 7] Qe (2]

s=t=0

s=t=0

As |Qa(d&57t(-))‘§w is zero at (s,t) = (0,0) and strictly positive for other
(s,t), it follows that %‘Qﬁ(da&f(’mztzt:o > 0. Moreover 8‘2—;|ﬂs¢ - a|2
2|w]* > 0 (if w # 0). Therefore

s=t=0

/ <J}§N7h1>(w),w> AM >0  (ifw#0)
M

and so either, the T;Up(g component of J %N’hl)(w) is not identically zero,
or w = 0.

Finally we look again at (2.2.3). That J%N’hl)(){) = 0 means, in partic-
ular, that J %N’hl)(){ ) must have zero T3Up(z) component. This can only be
true if w = 0. But this implies that v # 0 and that J&" (v) =0 — ie. the

existence of a Jacobi Field along . 7 O

2.2.3 Proof of Proposition 2.2.2

Proof of Proposition 2.2.2.
We wish to apply the Implicit Function Theorem to the f-tension;

7.() : C((M, g);R) x C**((M, g); RY) — C**((M, g); RY)

where

Tr(u) = tryV(fdu).
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We calculate the derivative dy (7¢(u)) (v). Let

v, wE C’z’a((M,g);RN)

be some vector fields (where RY is given the standard metric). Let u be
f-harmonic and let us; = u + sv 4 tw. Therefore
) am
t=0

/ 9 ), Lt
M ds FABsh ot

([ (ot 52
dS M Tf Us)> 8t

| tdarwto), wy am -
M

s=0

) )

s=0
- /M <7'f(u), %gtu&t st0> dmM
& (ZE] )| o
by definition of 7¢. But
> B
s Ernn| == [ () dm
Thus
doty(u) : C**((M, g); RY)) — C**((M, g); RY)
is given by
dor () (v) = =0 = tryV fd%v + FREV (0, du(8,))du(d,)  (2.2.4)

if u is f-harmonic.

For general (f,u) € C"*(M;(0,00)) x C?*((M,g);RY), we use the

following formula for the f-tension in coordinates
Tr(w) = fAMu' + fg* T (w)ulad, + g° fouly.

Define now a linear function = : C%*((M, g); RY)) — C%*((M, g); RY) by

=l
=

(v) == fAV + fgaﬂFﬁj(u) (ugvé + v;u]ﬁ) + fg*? (Féj(u))q Uquiujb + g°° faul.
It follows that l A
Tr(u +v) —” Tﬁ(u) E(v) o
v

as v — 0, so 7.(+) is differentiable at (f,u) and da7;(u)(v)! = E(v). We must
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check that dy7.(+) is continuous at each point
(fl,ul) c Cl’a<M; (0, OO)) X Cz’a((M,g); RN)

Let ¢ > 0 and let v € CQ’Q((M,g);RN). Suppose that we have some
(fa,u2) € CH(M;(0,00)) x C**((M, g); RY) satistying || fr — fall gra < 0
and |[u1 — Usl/ g2 < 0’ for some ' > 0 to be chosen later. Then, for some
constant ¢ = ¢(g, N, h1), we have that

[dars, (ur) ()" = dap, () (v)'[| o
= H(fl f2) A“chM
([ 19T ) (uh o0y + vi] ) = fog? T (u2) (s 05 + Vit )|
+|

i (Tij (), vt g 5 = fo (T (ua)), v%ub ot 5

+l9°7(fra = F20) V5]l o

CO,a

<e{ i = llera Wl o
+ = Follgre [|g°7Th (wn) (uf o0 + vid )] o
+ ||f2”cl a Hgaﬁ (Fl (ul) - Flij(UZ)) (ui,avé + Uéujl,ﬁ) HCO,a
+ | f2llcre Hgaﬁrl (u2) (Ui,avfa + Uiui,g - “Zé,avé - Ui“%ﬂ) Hco,a

1 = Follgna 9% (T ), v |
+lfellera (|97 ((Féj(ul))qvq - (Fij(“ﬂ)q“q) ui,a“{,ﬁ‘ Cosa
1 fellnn |97 (T (2)) o (i = s 0tk ) |
+ Hgaﬁ(fl,a - f2,a)vlﬂ||co,a }
< {8 ol + 8 urllna [Vllcae
+ (Hfl”Cm + 5/) HFig(u Fl (uz HCOQ ||U1||C2o< ||U||02a

+ (Ifillgra + 800 0lleza + 6 [0l caa luallén.

+ (Ifillere + 0 T3 () = T (uz) || o 10llcza ][ E2.e

+ (1 fillene + ) ollone 8l ca + ) + 8 lfollgan | < &
for sufficiently small §’ > 0, due to the smoothness of T.

It just remains to show that da7;(u) is invertible as a map C%* — C%« -
then we may use the Implicit Function Theorem.
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Suppose that ¢ € C%. Then ¢ € L? By Lemma 2.2.5, there are
no Jacobi Fields on (RY, hy) — that is no, non-identically zero, solutions to
J ﬁN’hl)(v) = 0. Therefore, by the Fredholm Alternative (e.g. (an extension
to manifolds of) [Eva99, §6.2 Theorem 4]), there exists a unique weak solution
v e WH(M;RY) to

JfﬂL(U) = gb

It follows by regularity theory that v € C**(M;R"Y) and so dy7f(u) is in-
vertible.

We may now apply the Implicit Function Theorem to see that there exist
open balls R := B (f) € C**(M;(0,00)) C C**(M;R) and S := BY (u) C
C*2((M, g); (RY)), and a continuous function F': R — S such that

Tf (F(fl)) =0

for all f; € R. Thus, for every f; € R, there is a unique f;-harmonic map
up: (M, g) — (RN hy) in S.

In the case when f; € C*(M,(0,00)), we see by standard regularity
theory that u; € C*®°((M, g); (RY, h;)). Finally, we may assume that ¢ < p,
so as to simplify our handling of h; and so that we may use Lemma 2.2.4.
For sufficiently small € we see that, like u, u; must be non-constant. We can
then apply the aforementioned lemma to uy, to see that u; maps into N. [



Chapter 3

Heat Flow

Recall the f-harmonic heat flow equation from chapter 1,
up — f(x)Apu = f(z)A(uw)(Vu, Vu) + V[ x Vu
uli=o = uo (1.5.1)
u(-,t)[om = uolom-

In this section we adapt the work of Struwe [Str96] and K.C. Chang
[Cha89], on harmonic map heat flow, to the f-harmonic heat flow (1.5.1).
The whole of this chapter is devoted to the proof of Theorem 3.1.1.

3.1 The f-Harmonic Heat Flow Theorem

Let M be a smooth, compact, Riemannian surface.

Theorem 3.1.1 (f-harmonic Heat Flow). Let ug € WY(M;N). If OM
is non-empty, suppose further that uglopm € C**(OM;N). There exists a
weak solution u : M x [0,00) — N of (1.5.1) with the following properties

(i) w is smooth on M x (0,00) away from finitely many points (Ty,ty),
1<k<K,0<I<oo;

(it) Ef(u(t)) < Ey(u(s)) for all0 < s <t; and
(iii) u assumes the initial data continuously in Wh2(M,N).
The solution u is unique in this class.
Furthermore, at a singular (or bubble) point (Z,t) € M x (0,00], there

exist sequences T, — T, t,, /' t, Ry \, 0 and a non-constant harmonic map
o : R* — N with finite (harmonic) energy, such that as m — oo,

28
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U () == u(exp, (Rmz),tm) — @ (3.1.1)

in W22(R%N).  Moreover @ extends to a smooth harmonic map @ : R?* U

{oo} = 5% — N which we call a ‘bubble’.

There exists a further sequence of times t,, — oo such that the sequence
of maps u(-,t,,) converges weakly in WH2(M;N) to a smooth f-harmonic
map Us : M — N, and smoothly away from finitely many points Ty.

For simplicity, we only give a proof here in the case of domains without
boundary. Precisely:

Theorem 3.1.2. Let M be a smooth, compact, Riemannian surface without
boundary. Let ug € WH2(M;N). There exists a weak solution u : M X
[0,00) = N of (1.5.1) with the following properties

(i) w is smooth on M x (0,00) away from finitely many points (Ty,t),
1<k<K,0<f,< oo

(i1) Ef(u(t)) < Ef(u(s)) for all 0 < s <t; and

(iii) u assumes the initial data continuously in Wh2(M,N).

The solution u 1s unique in this class.

Furthermore, at a singular (or bubble) point (Z,t) € M x (0,00], there
exist sequences T, — T, t,, /' t, Ry "\, 0 and a non-constant harmonic map
o : R? — N with finite (harmonic) energy, such that as m — oo,

U (2) = u(exp,, (Rpz) ty) — G (3.1.2)

mn VVZQOS(RQ,N) Moreover u extends to a smooth harmonic map u : R* U

{0} = 8% — N which we call a ‘bubble’.

There exists a further sequence of times t,, — oo such that the sequence
of maps u(-,t,,) converges weakly in WH2(M;N) to a smooth f-harmonic
map s : M — N, and smoothly away from finitely many points Ty.

The proof of Theorem 3.1.2 is given in section 3.4 with some technical
results given beforehand in section 3.3.
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3.2 A remark about Theorem 3.1.1

The reader should note that the f-harmonic Heat Flow Theorem asserts that
if a bubble should form, then that bubble is a harmonic (1-harmonic) bubble.
So despite extending the theory from harmonic map heat flow to f-harmonic
map heat flow, we find the type of singularities involved remain of the same
type. This is to be expected.

Indeed, suppose that we consider a singularity forming at the point (Z, t).
To “examine” this bubble, we blow-up near z. But as we do this, we are
in effect “flattening the function f to a constant function”. More precisely,
consider u,, : R* — N given by u,(z) := u(exp, (Rnz),tm) (Where 2, —
Z, tm /" tand R, \, 0 as m — o0), and then consider the functions

fm(z) = f(expzm(Rmx)). (3.2.1)

Notice that V f,, — 0 as m — oo. Intuitively as m — oo, we get “closer and
closer” to the (1-)harmonic case. Therefore it is not surprising that we find
harmonic bubbles.

3.3 Regularity

Notice first that if u is a solution of (1.5.1) then

O — fAu| < C (|Vul + |Vul?) < C (14 |Vu]?). (3.3.1)

We shall use this fact later.
We quote now the following lemma (see [Str96, Lemma I11.6.7]) which we
shall need.

Lemma 3.3.1. Suppose ¢ € C°(Bg) satisfies 0 < ¢ < 1 and |[V¢| < %.
Then for any function v € W1’2(R2), we have

loc

/]R2 lv[*¢? < co (/BR ]v[%ix) (/BR IVo|*¢*dz + R™? /BR |v[2dm) ., (3.3.2)

where ¢y is independent of both v and R.

The four results in this section are analogous to four results of Struwe for
harmonic maps — namely [Str96, Lemmata II1.6.8-11] respectively — and the
proofs are fundamentally the same, but with perhaps extra terms to keep
track of.
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Lemma 3.3.2. Suppose u € C*(Mx[0,T); N) is a solution of (1.5.1). Then

Ef(u(t))+/Ot/M|atuy2det:Ef(uo) (3.3.3)

foranyt <T.

Proof.
By (1.5.1), at time ¢

d

%Ef(u(t)) = /M f(z) (Vowu, Vu) dM

. /M (O, div (fVu)) dM

M

The assertion follows by integrating over [0, ¢]. O

Let 10 denote the injectivity radius of the exponential map on M —
that is, let 1y be the largest number such that exp : B}f\i (0) - M is a
diffeomorphism onto its image. By using a conformal change of variables, we
may use Euclidean coordinates on any ball Br(zg) C M. Define

1

Ey(u; Br(wo)) = §/B ( )f(:v)qu|2da:, R < apm. (3.3.4)

Set Br := Bpg(0). The following lemma is analogous to [Str96, Lemma
111.6.9].

Lemma 3.3.3. There exists ¢; = ¢1(f) such that, for all R < jup, if u €
C?*(Bar x [0, T); N) is a solution to (1.5.1) with E;(u(t); Bar) < Ey for some
constant Ey, then

C1 TEO
RZ

Ey(u(T); Br) < Ef(uo; Bar) + . (3.3.5)
Proof.

We start by choosing a function ¢ € C2°(Bag; [0, 1]) such that ¢|g, = 1
and |V¢| < 2. Multiplying the first line of (1.5.1) by ¢?9,u and integrating
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by parts, we see

! Oyul?p? Ld Vul?¢?) b dxdt
/0 /BQR{’ u|“ +§%(f(x)| U|¢)} x

= —2/ f(z)pouNV oV u dxdt
Bar

// |0,u) ¢2d.7cdt+/ F2IVul?|Vo|rdxdt
BQR B2R

by Cauchy’s Inequality. So

1 T

E¢(u(T); Br) — E(uo; Bar) < 3 fIVul|*¢*dadt

Bar

t=0

< 2| Vul*dzdt
R2 / Bag

4
—TE,su
R2 O:BE./EI f( )

as claimed. O

The following lemma is analogous to [Str96, Lemma I11.6.10].

Lemma 3.3.4. There exists 1 = e1(M,N) > 0 such that if, for some
R € (0,310m), u € C*(Bag x [0,T),N) satisfies,

(i) Ep(u(t)) < Eo;
(i)  u solves uy — fApMu = fA(W)(Vu, Vu) +Vf*Vu on Bag x [0,T);
(1ii) SUD (1 1)e By x [0.7) Lo (U(t)§ BR@)) < €1,

then .
/ / \V2ul|?dz dt < cEy (1+ T+ TR?) (3.3.6)
0 JBg
for some ¢ = c(M, N, f).
Proof.

Set @ := Bog x [0,T). Let ¢ € CX(Bag;|0,1]) satisty ¢|g, = 1 and
|V¢| < £. First, we use the binomial inequality, 2|ab| < da® + 6%, to see
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that
/ |V2ul?¢? = —/ VuVAu ¢* — 2/ VuV3u ¢V
Q Q Q
= / Aulu ¢* + 2 / Vulu ¢V — 2 / VuViu ¢V
Q Q Q
< [ 18upe? 1y [ 1auP o+t [ Va|voP
Q Q Q
+5/ \V2u|2¢2+51/ VuP|V?
Q Q
for any v,6 > 0. It follows that

/ |V2ul?¢p?dx dt < 2/ |Au|?¢?dx dt + CR_2/ |Vul|?dz dt. (3.3.7)
Q Q Q

Now, since dyu Vu = (fAu + V f * Vu)Vu, we see from (3.3.1) that
1
/ 3t(§f(x)|Vu|2¢2) + |Aul?¢* dxdt =
Q
= / (|Auf® = |0ul?) ¢* — 2fVu du Ve ¢ dudt
Q

@2 dr dt

‘fAu + Ou

< c/ )fAu — O
Q
— 2/ fVu Ou Vo ¢ dadt
Q
< c/ [|Vu| + \vuﬂ [|fAu| +|VF vu\]qs? dv dt
Q
- 2/ FYU(fAu+ VI % Vu)Ve ¢ d dt
Q
2
< c/ [1Vu] + VP 6* do dt+c/ PIVUP|Ve] do dt
Q Q
+ 1/ |Aul?¢* dx dt+c/ IV f* Vu|* ¢* dr dt
2 Jq Q
< c/ {2|Vu!2 + vauy4}¢2 dz dt + cR2/ FIVul? dz dt
Q Q

1
+ —/ |Aul?¢? da dt+c/ |Vul? ¢* dx dt
2 Jq Q
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Here we have used that fAu+du = fAu+ f(Au)" +V f*Vu, where (Au) "
is the component of Au in T,N'. We now apply Lemma 3.3.1 to see that

1

—/ |Au?¢? dx dt < c/ \Vul*¢? dz dt
2 Jq Q

+c(1+R—2)/f\vu\2 dz dt
Q

—/8t(1f(x)|Vu|2gb2) d dt
0 2

< 0151(/ |V2u|?¢*dx dt+R‘2/ |Vu|*dx dt)
Q Q

+c(14+R7?) / fIVul? dv dt + Eq
Q

< ag / Vul*¢’dx dt +c(1+T +TR™?) E.
Q

Therefore, if we choose €, > 0 such that c;e1 < %, by (3.3.7) we obtain

T
/ / IV2u|*dx dt§/|V2u|2¢2dm dt <cEy(1+T+TR™?). (3.3.8)
0 JBgr Q

O

The next lemma is analogous to [Str96, Lemma I11.6.11].

Lemma 3.3.5. Ifu € C®(Bg x (0,T);N) solves (1.5.1) and satisfies |Oyul,
|V2u| € L?*(Bg x [0,T)) then u extends smoothly to Br x (0,T].

Proof.

As is [Str96] we assume here for simplicity, that M is the torus 7. This
avoids the need to use test functions. So as to avoid confusion between the
time T and the torus T2, we denote the torus by .
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First notice that for any t € (0,7") and s > 2 there holds

fAu—u )V (Vu|Vul|*?) do =

[ (20 =) 9 (Guiwui—2)

_ / YV V| Va2 — VfAuTu|Vul*? — fVAuTU|Vul[*"? da
by

- /E {&Cvgls) + (s — 1) fIV2ul|*|Vu|* 2

+ Af|Vul]® + szVuV2u|Vu|s_2} dz.

(3.3.9)

So, by (3.3.1), it follows that

/ {&(‘Vg‘s) + (s = 1) fIV2ul?|Vul*? dx
>

< c/ (IVuf? + 9]} [V2u] [Vl dx—/Af|Vu|s dz
by b

— s/ V fYVuVu|Vu|*~? dx
= , (3.3.10)
< fy/ |V2ul*| V|2 d:c—l—c/ |Vu|s’2(|Vu|2—|— ]Vu]) dw
> >
+c/ |Vul® dx+c/ IV2ul||Vul*t do
> >
§’y’/ |V2u|?| Vul*~? dx+c/ i dx—l—c/ |Vu|® d,
> > >

where we have complete control over the value of 4'; and where we have used
both 2ab < da* + §~1b* and (a + b)? < 2a” + 2b%.

For 0 <ty < t; < T, with careful choice of 7' = +/(f), and after integrat-
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ing over t, we may write

t1
sup /|Vu(1&)|S d:}c+/ /’V(|Vu|5/2)‘2 dx dt
b to b

to<t<ti

t1 t1
< c/ / |Vul**? d dt+c/ / |Vul® dz dt+/ |Vu(ty)|® dx
to by to ¥ >
t1 % t1 %
< c(/ / |Vul* d dt) (/ / |Vul* do dt)
to Y to by

t1
—l—c/ /]Vu]s dx dt+/ |Vu(to)|® dx,
to > >
(3.3.11)

with constants depending only on M, N, s and f. So if we impose the
condition ¢, — to < ¢, for sufficiently small § we may include the [[|Vul|*
term with the (sup [ |Vu(t)|*) term, and hence write

t1
sup /\Vu(t)]s dx+/ /‘V(\Vu\sﬂ)
to<t<t: J¥ to =

f % t1 %
< C(/ / ‘VUPS dx dt) (/ / |vu|4 de dt) (3‘3'12>
to b)) ‘o s

+c/ \Vu(to)|® dx.
>

2
dx dt

This is almost exactly the equation arrived at by Struwe (see [Str96, page
228] — the only difference being the constant ¢ appearing in the final term).
The f causes us no more problems in this proof, and we proceed almost
exactly as in [Str96].

Now, by Lemma 3.3.1

11320y = 0] e
5/2 2 s/ 2 s/2||2
< ¢ tosgl;ﬁllg)tl (U(t)) ‘ L2(%) (HV(U 2) HL2(Q) " ”U QHLQ(Q)>

where @ = X X [tg, t1], for any s > 2. Letting v = |Vu| and assuming that
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t1 —to < min{l,4}, we obtain from (3.3.12)

t1
/ /|Vu|23 dx dt
to b
Sc( sup /}Vu(t)!s dx dt)-
to<t<t: J X
t1
: < sup /|Vu(t)‘s dx dt—l—/ /‘V(|Vu|5/2)‘2 dx dt)
to<t<t: Jx to JT
t1 % t1 %
< c{(/ / |Vul* d dt) (/ / |Vul* d dt)
to b)) to by
2
+ / Vulto)|* dx]
b
t1 t1
< c</ /|Vu|2s dx dt> (/ /|Vu|4 dx dt)
to P to >
2
+c</ |Vu(to)|® dx)
s

for any s > 2. Using Lemma 3.3.1 again, we see that for any £ > 0, we may
choose 0 < &' = ¢'(f, s, M, N') < min{1, ¢} such that if 0 < ¢, < t; < T and
t1 —ty < 0" then

t1 t1
/ / |Vul* do dt < COE(UO)/ / (IV2ul* 4+ [Vul?) dz dt <e. (3.3.13)
to by to b

Therefore for sufficiently small §’, we have the estimate

t1 2
/ / Vul? da dt < c( / Vu(to)|? dx) (3.3.14)
to by b

for any s > 2 and 0 < tg < t; < to+¢', where ¢ = ¢(s, f, M, N'). This means
that Vu € LY(X X [tg,T]) for any ¢ < oo and any ¢, > 0. But then linear
theory tells us that |Qyul, |V?u| € LI(X x [ty, T]) for any q < co. Hence, by a
result of Ladyzenskaya-Solonnikov-Ural’ceva [LSU68, Corollary of Theorem
IV.9.1], Vu is Hélder continuous on ¥ X [to, T, for any t, > 0.

We may then use a “boot-strapping” argument to obtain higher regularity
— see for example [Kry96, §8.12] for more details.

0J
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3.4 Proof of Theorem 3.1.2

The following five propositions provide a proof of the theorem. In this section,
the notation ¢; and e; refer to the constants from Lemmata 3.3.3 and 3.3.4
respectively. The proofs of Propositions 3.4.1 — 3.4.5 are almost identical to
parts (°1) — (°5) of the proof of [Str96, Theorem II1.6.6].

3.4.1 Smooth initial condition

Proposition 3.4.1. Suppose ug € C*°(M,N). Then, for some T > 0, there
exists a solution

ue C®M x [0, T]\{(z1,T),...,(zx, T)};N)
of (1.5.1), for finite K > 0 and points x1,...,xx € M.

Proof.

By standard results (see for example [Ham75, page 122]), we know that
(1.5.1) has a local solution u € C*(M x [0,T);N) for some T" > 0. By
Lemma 3.3.2, it follows that d,u € L* (M x[0,T]) and E;(u(t)) < Ef(u(s)) <
E¢(up) whenever 0 < s <t <T.

Furthermore by Lemma 3.3.4, if it is possible to choose a number R > 0

such that
sup  Ef(u(t); Br(z)) < &
€M, t€[0,T)

then it follows that
T
/ / \V?uldz dt < cEy(1+T+TR?).
0 JBg

We would then see from Lemma 3.3.5 that u extends to a C'*°-solution of
(1.5.1) on M x [0,T]. Therefore, if we knew that u could not be extended
smoothly in this way, then the set

{z e M:V¥Y R>0, limsup Ef(u(t); Br(z)) >e1}
/T

must be nonempty. We pick any finite subset {z;}£ ;. Fix R > 0. Choose
t, < T for each k=1,..., K, such that

Without loss of generality, we may assume that Bog(z;) N Bag(x;) = O
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1 R?

whenever ¢ # j, and t, > T — o

=: 0. By Lemma 3.3.3 we see that

t(u(0); Bag(x))

L
=
S
W,
WE
ey

k=1
K ty, — 0
L —
>y (Ef(u(tk); Br(ay)) — = EO) (3.4.1)
k=1
€1 tk — 0 K€1
ZK<T@1 B2 E) Sy
But Lemma 3.3.2 gives Ey(u(0)) < Ey(ug), so we have an upper bound
€1
for the number of singular points z1,...,xx at t =T.

Now suppose @ CcC M x [0,T]\ {(z1,T),...,(zk,T)}. There exists
R = R(Q) > 0 such that

sup Ej(u(t); Br(z)) < er.
(z,1)€Q

Then as previously discussed; by Lemmata 3.3.4 and 3.3.5, the solution u
extends to a C*°-solution of (1.5.1) on M x [0,T]\ {(z1,7T),...,(zk,T)}.
O

3.4.2 General initial condition

Proposition 3.4.2. Suppose ug € WY2(M; N). There exists a weak solution
w to (1.5.1) which is smooth on M x (0,00) away from finitely many points
(Tp, tr), 1 <k < K, 0 <ty <oo. Furthermore u attains its initial data ug
continuously in WH2(M; N).

Proof.

Choose a sequence ug,, € C°(M;N) approximating ug in W2 — this is
possible by [Str96, Theorem I11.6.2]. For each m, let u,, denote a solution to
(1.5.1) with initial condition ug,,. Let T,,, > 0 denote the maximum time of
Un,m. Such solutions exist by Proposition 3.4.1. Choose Ry > 0 such that

€
sup Ef(uo; Bagy (1)) < Zl
reM

Then this inequality will also hold with wq,, in place of ug, for m > mq (for
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some my), but with £ replaced by of 5. Hence, for T' = 4;1;?30), we have
T
sup B¢ (um(t); Bry(x)) < sup Ey(ug; Bag,(2)) + clﬁE(UO)
zeM, 0<t<min{T),, T} zeEM 0

€1 €
< 51 + Zl < &
by Lemma 3.3.3. It then follows by Lemma 3.3.4 that V?u,, is uniformly
bounded in L*(M x [0,¢t]) for ¢ < min{T,T,,}, in terms of Et(up) and Ry
only. Therefore, by Lemma 3.3.5, the interval of existence (of u,,) is both
open and closed in [0,7; i.e. T,,, > T > 0.

Furthermore
T
/ / V2w |*dx dt < cE¢(ug) (1+T + TRy?)
0 Br

uniformly. Using Lemma 3.3.2 in addition, we may assume that u,, converges
weakly to a solution u of (1.5.1) such that E(u(t)) < Ef(ug) for t € 0,77,
and 0|, |V*u| € L*(M x [0,T]). Since |0yu| € L*(M x [0,T]), u attains
the initial condition ug continuously in L?(M; ). Moreover, by the uniform
energy bound Ef(u(t)) < Ef(ug), this also holds in Wh2(M; N).

By Lemma 3.3.5 we see that u € C*°(M x (0,T}),N) for some maximal
Ty > T. Then by Lemma 3.3.2, we have E;(u(t)) < Ey(u(s)) < Ef(uo) for
all 0 < s <t < T;. By Proposition 3.4.1, u extends smoothly to M x (0, T7] \
{(xl, Th),..., (T, Tl)} for some finite collection of singular points zy, k =
1,..., K. Furthermore, as t /' Ty we have that u(t) — uél) e W2(M;N)
weakly, and strongly in W ?(M\ {z1,...,zx }; N). Hence by (3.4.1),

loc

K
By (") = fim By (460 Banteon))
k=1

Ky
< 11%i£n>0 liir;%lp (Ef (u(t); M) — ; Ey(u(t); BQR(wk))>
< Ey(uo) — Racy

4

Let u(®) = u and Ty, = 0. Using iteration, we get a sequence u(™ of solutions
t0 (1.5.1) on M X (T, Tuy1) with initial data ul™ satisfying u(™ () — u{™""
weakly in Wh2(M;N) ast / Ty,41. For each m € N, there are finitely many
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singularities argm), - S%Lrl of u™ at t = T,,,.1. Note that

m+1

> Kiei /4 < Ey(ug).

=1

Moreover u(™(t) — u(()mH) smoothly away from {xgm), . .,sg?:jﬂ} as t /
Tt1. In particular, the total number of singularities of the sequence u(™ is
finite. If we piece the u(™ together, we obtain a weak solution u to (1.5.1)
which (for any initial uy € WH2(M, N)) is smooth on M x (0, 00) away from
finitely many points. O

3.4.3 Asymptotics

Proposition 3.4.3. Suppose ug € WH2(M;N) and let u be a weak solution
to (1.5.1) which is smooth on M x (0,00) away from finitely many points.
Then there exists a sequence t,, — oo such that u(-,t,,) converges weakly in
W2(M,N) to a smooth f-harmonic map us : M — N'; and smoothly away
from finitely many points.

Proof.
1. Suppose first that for some 7" > 0 and R > 0 we have

sup  Ey(u(t); Br(z)) < e1.
zeEM ST

Then, by Lemma 3.3.4, for any ¢ > T it follows that

/Hl/ f(@)|V2uldr dt < cEf(up)(1 + R™?%)
t M

with ¢ = ¢(f, M, N'). Moreover, by Lemma 3.3.2

t+1
/ / |Oyu|*dz dt — 0
t M

as t — oo. Thus there exists a sequence t,,, — oo such that u,, := u(t,,) —

Uso weakly in W22(M;N), and dyu(t,,) — 0 in L?. Moreover, by Rellich—

Kondrakov, t,, = u(t,,) — s strongly in WLP(M; N) for any p < co.
Now, by (1.5.1)

A (ty, — t1oy) = %atu(tm) - %Vf VY,

— A(tm) (Vtm, Viig,) — Ats.
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So
/ |V2(um — uoo)|2 dx
M

< ‘ /M %@u(tm)A (ty — 10)

1
—i—'/M?Vf*Vum A (U, — Us) d

+‘/MA(um)(Vum,Vum)A(um—uoo) dx

+‘/ Aoy A (U — Uso) dx
M

— 0.

Hence we also have u(t,,) — s strongly in W22(M;N). Taking limits in
(1.5.1), we see that us is f-harmonic.

2. We now study the remaining case. Suppose that ¢,, — oo such that
w(ty,) — U weakly in WH2(M,N) and suppose that there exist (a finite
number of) points 1, ...,k such that

liminf (Ef(u(tm); Br(zy))) > %, (3.4.2)

m—00

for all R > 0and 1 < k < K. Choosing R > 0 such that Bog(z;)NBag(zk) =
() whenever x; # x, we have

K€1
4

]~

Ef(u(tm)) > E¢(u(tm); Br(zi)) >

k=1

for sufficiently large m. Hence K < 4Ef(ug)/e1. So let xq,...,xx denote all
the points where (3.4.2) holds. Now, by Lemma 3.3.3, for all x ¢ {z1,..., 2k}
there exists R > 0 such that

lim inf ( sup By (u(t); BR(ZL‘))> < liminf Ef(u(ty); Bor(z)) —}—% <eg

m—oo I <t<tm+T7 m—0o0

81R2
2¢1 E(ug) *

where 7 =

Furthermore, since K is bounded independently of the sequence {t,,}, we
can repeatedly take subsequences to see that (for any such z) there exists
R > 0 such that

limsup( sup Ef(u(t);BR(x))> <e.

m— o0 tn <t<tm—+T7

Now let @ cC M\ {z1,...,7x}. Because of compactness, (2 is covered by
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finitely many such balls Bg(x). Hence

tm+7
/ / \V?ul’dz dt < cEy(ug) (1+T +TR™?),
tm Q

by Lemma 3.3.4, and

tm+T
/ / |Oyul? dx dt — 0
tm Q

by Lemma 3.3.2. Therefore, we may choose a new sequence t/ € [ty ty + 7|
such that u, = u(t,) — s weakly in W22 (M \ {z1,...,2x}; V), where
Uno : M\ {z1,...,2x} — N is f-harmonic.

To finish, notice that by Theorem 2.1.5, u, extends to a smooth f-
harmonic map us € C°(M,N). O

3.4.4 Singularities

Proposition 3.4.4. Suppose uy € WH2(M;N) and let u be a weak solution
to (1.5.1) which is smooth on M x (0,00) except at finitely many points.
Then, at a singular point (T, 1), there exist sequences Ty, — T, tn, /' t, Ry \,
0 and a non-constant harmonic map @ : R* — N with finite (harmonic)
energy, such that as m — oo,

U () = u(exp,, (Rpz), ty) — G (3.4.3)

n VV;?(RQ,./\/’) Moreover @ extends to a smooth harmonic map u : R* U

{0} =52 = N.

Proof.
Suppose that (Z,t) is singular. That is, for any R € (0, %ZM), there holds

v

€1 if t < o,
liminf,, o Ef(u(tm); Br(T))

v

{lim sup, -z By (u(t); BR@))

where {t,,} is as described by Proposition 3.4.3.
As the set of singular points is finite, = is isolated. Thus as R,, — 0, we
may pick 7,, — T and t,, /" t such that
_ - 5
Ef(u(tm); Br,,(Tm)) = sup Ey(u(t); Br,,()) = Zl,

xeBQRO (j)yfm —Tm StSEm

alan
16¢1 E(uo)

for some Ry > 0, where 7, = Without loss of generality, we assume
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that z,, € Bg,(Z). We now rescale

Wy (1) = u(jm + Rz, ty + ant),
fm() = f(Zm + Rpx).

Then w,, maps Bg,/g,, X [to, 0] — N, where t; = , and satisfies

&
16¢1 E(uo)

Thus w,,, satisfies

Oy — fnAwy, = finA(wp)(Vwy,, Vwg,) + V fr, % Vw,. (3.4.4)
Furthermore
€
Ey. (wm(O), Bl) = sup Ey,. (wm(t); Bl(x)) = Zl’
Run <|2| < Ro,to <t<0

0 tm
/ / |0y, |* da dt < / / |Oyul? dx dt — 0
t() BRO/RTTL EnL—Tm M

as m — o0. So by Lemma 3.3.4,

0
/ / |V2w,,|* dz dt < c
to Y BRry/2Rm

uniformly. Thus we may pick a sequence s,, € [to,0] and set w,,(z) =
Wiy (0, 8y, ) sUuCh that Gywy, (-, 8,,) — 0in L? and 1y, — @ weakly in W22(R?; N)
as well as 1, — @ strongly in W,-*(R?; ). (We could use the same method

used earlier to show also that 10, — @ strongly in W;22(R?; N).)

Passing to the limit in (3.4.4), we see that 4 is harmonic (note that @ is
I-harmonic, not f-harmonic). We also see that for large m,

f(#)Er (@ By) = Ef,, (win(sm), Ba) — o(1)
> By, (win(0), Br) — c15m By (uo) — o(1)

&1
> - — — — o1
1 16 0()>O

where o(1) — 0 as m — oo. Therefore @ is non-constant.
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Now Ej(@) < climinf,, . Ef,, (10,) < cEf(ug), so by [SU8L, Theorem
3.6], @ extends to a harmonic map @ : S? = R*U {cc} — N.
0

3.4.5 Uniqueness

Proposition 3.4.5. Ifu,v are solutions to (1.5.1) with Oyu, Oy, V*u, Vv €
LA(M x [0,T)) and u|i—g = v]i=o = ug € WH2(M;N), then u = v.

Proof.
Set w =u —wv. By (1.5.1) and (3.3.1)

|Ow — fAw| = | fA(u)(Vu, Vu) + Vf % Vu — fA)(Vv, Vv) = V f* Vo
< clw|(|Vul® + [V + [Vu| 4 |[Vo]) 4 ¢| V| ([Vu| + [Vo| +1).

Thus

to
/ w(to) 2 dx+2/ / IVl dr dt
M 0 M

to to
< c/ / |lw||Ow — fAw]| dx dt—l—c/ / |w||Vw| dx dt
0 Jm 0o JMm

to
< C/ / [wl*(IVul* + Vol + [Vu| + |Vol) dz dt
0 M
to
+c/ / lw||Vw|(|Vu| + |Vo| + 1) dz dt
0 M
to
< c/ / w*(IVul* + |Vol]* + [Vu| + Vo] + 1) dz dt
0 M

to
+ 1/ / |Vw|* dx dt
0 M

where we have again used 2ab < da® + §~10? as well as w|;—¢ = 0.
By Lemma 3.3.1 (and as M is compact),

(3.4.5)

to
/ / (IVul* + [Vol* + [Vul + [Vo? + 1) de dt
0 M

to
< cEf(uo)/ / (|V2ul* 4+ [V*0|?) da dt
0 M

+ Cto (Ef(UO))2 + CtoEf(Uo) + Ctg
<4
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if 0 <ty <Tpand if Ty = Tp(d) € (0,1) is sufficiently small; and

to
/ / |w|* dx dt
0
( sup / lw(t)|? dx)(/ / Vw|? dz dt—l—/ / lw|? dx dt)
0<t<tp
(14'750 SUP/ Jw(t |2d£13+/ / ]Vw\zdxdt>.
0<t<tp

Now suppose that t; < Ty. We choose tg € [0,¢1] such that

/|w to)]? da = sup / w(t)]? dz = sup / w(t)]? de.
0<t<t; J M 0<t<to J M

Then we see from (3.4.5) that

to
sup / lw(t)|? d:v+/ / \Vw|* dx dt
0<t<to J Mm 0 JIm

to % to
< C(/ / |w|4 dx dt) (/ / (|Vu‘4_|_ ’V?}‘4+ ‘VUP—F ’VU|2+1) A dt)
0<t<t0

for ¢ = ¢(M, N, f). If we now choose § > 0 such that ¢§ < %, then we see
that

to
sup / lw(t)|? da:+/ / \Vwl|? de dt < T, sup / lw(t)|? du,
0<t<to J M 0 M 0<t<to J M

and as Ty < 1, it follows that w =0 on M x [0, Ty(9)].

Therefore the maximum interval I C [0,7] containing ¢ = 0 and such
that u(t) = v(t) for t € I, is relatively open. But I is also closed, so we have
uniqueness. ]

This completes the proof of Theorem 3.1.1.

N|—=



Chapter 4

Mapping the boundary to a
point

4.1 Analogue of a theorem by Lemaire

The reader is asked now to recall a theorem of Lemaire [Lem78, Theorem 3.2],
regarding harmonic maps, which states: “Let M be a compact contractible
surface with boundary, and let p be a point in N. Ewvery harmonic map
M — N which maps M onto p is constant, and takes value p.” As we will
see in the following section, the direct analogue involving f-harmonic maps
is not true; it is for example, possible to find a non-trivial f-harmonic map
D — S? which maps 0D to a point.

We do however find a partial analogue of the quoted result — if we place
suitable restrictions on the f. Presented here is a simple demonstration of a
restriction applied to the f, which denies the existence of any non-constant
f-harmonic maps D — S2.

Proposition 4.1.1. Suppose that f : D — (0,00) satisfies V f(x)-x >0 for
almost all x € D. Then every smooth f-harmonic map v € C(D;N') which
maps 0D to a point p, is constant and takes the value p.

The strategy for the proof is as follows: Assuming that there is a non-
constant f-harmonic map, for such an f, we pre-compose u with a particular
rotationally symmetric variation D — D (see figure 4.1 on page 51). The
purpose of this is to “squash” the energy away from the boundary (high f)
towards the origin (low f). This “should” decrease the overall energy, hence
proving that u cannot be f-harmonic. However, the distortion on an annulus
close to the boundary (i.e. Dy \ D, for a < b both close to 1) “may” add
enough to the f-energy to cancel out the decrease elsewhere. Fortunately, we

A7
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are able to rule this possibility out by studying the Hopf Differential. The
following technical lemma gives this calculation.

Lemma 4.1.2. Let u € C*(D,N) be an f-harmonic map which maps dD
to a point. Then, for 0 < a < b < 1 we have that

b f 2 1 2
- <b—a) /Db\Da;Our‘ = kvl ) ey
1{ 2 )
<! —/ o ? do
a 0

Proof.

Consider the Hopf Differential ¢»dz?, where 1 (u) = |u,|*—|u,|*—2i (u,, u,)
in cartesian coordinates and ¥ (u) = f—z (Jur|* = Flug|* = 2 (uy, ug)) in polar
coordinates. It is well known that if « is harmonic then 9¢ = 0. For u
f-harmonic, we calculate (see margin notes) that

(4.1.1)

+6\|Vf||Loo/ |Vul? da:dy}.
D\D,

|2|=1

z=x+1y _ 1
z=rcos¢g  OY(u):= 5(@% + ithy) = (uy — iuy, 7(u))
y =rsin¢
1/ ru, u

et :?< (7‘”£>Jmf*2%%>

v Z 1 ' 1
Ty :;_ = (%) ([fr’ur‘z + 7’_2f¢ <UT,U¢>:| - % |:fr <UT,U¢> + ﬁf(ﬁ‘u(ﬁ’?])
b0= 3 (4.12)
y = —= and that

<

, 1, i N2, 1, o, 2
= /7 Re[(fz +1ify)vz] = Re (;fr + ﬁfqa) = (]ur\ - ﬁ]ud,\ - (ur,u(z,})

:c¢:—y

yr =y/7 1 1
- =t (Il = 1ol )+ 22 ()
(4.1.3)
Notice that by Cauchy-Stokes
fi(2)z dz — fU(2)z dz = / f(Ov)z dz Adz
|z|=1 |z|=r D\D,

1 ‘ _
+ 3 /D\DT(fx +ify))Y(2)z dZ N dz.
(4.1.4)
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We also calculate that
Re¢z® = Re (|ua|” — |uy|® — 2i (us, uy)) (27 — 4 + 2izy)
= (x2 - y2) (’ux‘2 - ’uy|2) + day (U, uy>
= [|ux\2x2 + \uyl2y2 + 2zy <ux,uy>}
= [y + Juy Pa? = 22 () | (4.1.5)
2 2

= !uxx + uyy’ — ‘uxy — uyx‘

2 2 2
=r !uxxT + uyyr‘ — ‘ux% + uyy¢|

2 2
= Jus|”

= |2I”

Uy

Therefore,

/Ozwf[”f’z}urf . ‘u¢}2] do

2m
—Re [ fi(z)2* do
Jol=r /0

Jzl=r (4.1.6)
=1Im f(2)z dz.

|2|=r

In the case of u harmonic (i.e. f = 1), we could use Im f|z|=r P(2)zdz=0
to obtain a stronger result. For v f-harmonic, we instead calculate

N I = Lju,l?
o, ot
b 1 2T
:_/a ﬁ/o F |2l = Jugl*| do ar
b
1

= _/ — {Im fu(z)z dz] dr
a T |z|=r
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by (4.1.6). It follows that

Q:_/bilm[ - (z)zdz—/D\D f(éw)zdi/\dz

r2

—/ L if,)ee dz/\dz} dr
D\D, 2

b 1 27
= —/a s drRe[ i Y(z)2? dgzﬁ}

|2]=1

b1 - .
+/a ﬁlm [/D\Drf(aw)z% dx/\dy] dr
b1 1 , .
+/a — Im {/D\Dri(f:c—i—zfy)wz% d:v/\dy] dr

by (4.1.4) and then (4.1.6) again. Here we have used dz A dz = 2idx A dy.
Then by (4.1.2), (4.1.3) and (4.1.5), and since ug|,_, =0, we see that

b 1 21
Q:—/—Zdr{/ |ur|2dgb}
a T 0 |z|=1
L2 [l )| denay a
— 2| | frlur — o (up,u x r
o 7 Jo\D, ER Y
b1 , 1 2
+ — |21 fo | |url” — —5lul™ ) + = fo (ur,ug) | doAdy dr
a T JD\D, 2] 2]
b 1 2w
:_/ L U 2 dd)}
r
a 0 |z|=1
1

b
1 4
+/ —/ [zfr(?)u,,Q——u 2>+—f Uy, U } dx A\ dy dr.
. r2 D\D, ‘ | ‘ ’ ‘Z|2| ¢‘ ‘Z| ¢< ¢>

Finally, we estimate the second integral to see

Q<= () [[Twirao] (20 [ sl (150 L) o e nay
ab 0 21 ab D\Da |z
< - lu,|* deo +6|Vflle | —— |Vu|® dx A dy.

Ul

Proof of Proposition 4.1.1.
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! — >
a blr

Figure 4.1: The map R : [0,1] — [0, 1].

Suppose that u : D — N is a non-constant f-harmonic map, mapping
0D to a point. Define Ry : [0,1] — [0, 1] by (see figure 4.1)

(14 2)r r € 0,a),
Ri=<{(r—a)l-3)+a+s r € [a,b), (4.1.7)
r r € [b,1].

The reader should imagine here that (1 —a) is small. Consider the variation
us(z) := u(ys) where in polar coordinates z = (r,¢) and y, = (Rs,¢). We
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“won

will omit the “ ,” notation on y, and R,.

Recall that while this variation is not admissible (Definition 1.1.3 on page
1), this does not cause us a problem by Lemma 1.3.5 on page 7.

Suppose now (until after (4.1.8)) that r € [a,b). Then

R—
T = 3
~ ba
So
dr 1
dR — 1- =

and the volume elements dx and dy satisfy

di = rdrdé = 2 dRdg — —bSTbadegb— iRibd
r = rdr _rdR (—ﬁ)z _R(l = sdy.
Moreover
_Oug, 1 ~0us,
Vus(z) = F—=(x) + rcb 9 (x)
_Ou, OR 1 ~0u
= %(y)a( ) + ¢ ¢()
ou s 11— .0u
— 1_ -
raR(y)( b_a) + 7 ¢a¢(y>
s sb
- — 7 A 0u 1 ~0u
- b—a b it
_RR—;T" R OR R¢8¢ (v)

where 7 and ¢ are unit vectors in the directions of increasing r and ¢ respec-
2
ou

tively. So
2
R 2sb ou |? sb ?
2 _ p2 | — b-a 2_ =77 - _
[Vus(2)]" = R (R_s_b) ['V“| R(b—a) * (R(b—a)) OR
(4.1.8)

R (y)

b—a
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We may then calculate that

Plu) =3 [ 1@ Vuu(a) da

1 2
+ 5 /Db\Da f () |Vus(z)|* de

+ E¢(us; D\ Dy)

1 1
:5/ f(y(Hs))Wude
DaJrs E
1 11yl =52 R
3 Tl Sa | dy
2/IDb\JJa+sf<yl,7J|(l—m R—%[ }

+ Ef(u; D\ Dy)

13

where the notation [ . -]” refers to the contents of the square parentheses
in (4.1.8). We may then calculate

1 1
= —/ Vfy (—) [Vul® dy
S:() 2 a a
1 b
+—/ Vf-i(L) |Vul|? dy
2 Dy\Dq lyl\ b—a
1 1 b )
= 0 (—b_a) Vup dy
1 —2b ou |?
- — = )= d
3 oo 1 (7o) || @
1
o | VFulTuP dy
a Da
1 / Yy (b - |y|) 2
- = Vf-— Vul|” dy
2 Dy\Dq lyl\b—a Vel

1 b 1 ||oul? 2
3 S 10 (20) 7 ] w

OR
The reader should notice that the two boundary derivatives — i.e. the two
integrals over |z| = a + s — cancel when s = 0.

d
~ Er(ug
7 7 (us)

1
R?

du
9¢
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It follows by Lemma 4.1.2 that

d 1
— ¢ (ug < —— . 2d
HE)| <5 [ rier ay
1 b—
——/ Vf-i( |y|>]Vu]2dy
2 Dy\Dq lyl \b—a
L[ 4.1.9
0 |z|=1
3
SRS [ (TP dy
a D\Dag
<0
for a sufficiently close to 1, contradicting u being f-harmonic. O

Remark. Alternately, we could base the above proof on the variation (based
on the map [0, 1] — [0, 1]);

(5)r r€[0,a—s),
Ry=q 350 —a+s)+a rela—s,b), (4.1.10)
r r e [b,1].

See figure 4.2 on page 55. This would slightly simplify the calculation in
places, while making a little extra work elsewhere.

Remark. The previous lemma has the hypothesis Vf(x) -z > 0. One would
expect this result to also hold with an alternate hypothesis of f being a
convex function — that is if for all z,y € D, x # y, and all A € (0,1) there
holds

Oz + (1 =Ny) <Af(2) + (1= A)f(y).

Certainly if f has minimum at x; in the interior of D then V f(z)-(x—x¢) > 0
and so such a proof should be possible by distorting about g, instead of about
0 as we did above.

Remark. One would also expect the result to hold for the weaker hypothesis
Vf-x > 0. If fis constant then we are just in the harmonic case. Alternately
there must exist zy € D such that Vf(z) - 2z9 > 0. But then Vf -z >0
on some neighbourhood 2 of z; and the above argument shows that « must
be constant on 2. Some kind of unique continuation argument should show
that u must be constant on D.



4.2 Non-trivial f-harmonic maps D — S? (9D — {0}) and 7% — S? 55

— —
a—+s a b 1

Figure 4.2: The map R’ : [0,1] — [0, 1].

4.2 The existence of non-trivial f-harmonic
maps D — S* (0D — {0}) and T? — S*

We present a pair of results. As their proofs are very similar, we offer here
only one for the latter.

Lemma 4.2.1. There exist an f and a smooth non-constant, f-harmonic
map from the disc to the 2-sphere which maps 0D to a point.

There is also a result by Eells-Wood [EW82] which states that: There
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Figure 4.3: The ﬂat—square torus T2 = RQ/ZQ. Shown are the small balls Bs(0) and
Bs(L, L),

272

does not exist a harmonic map of degree 1, from the torus to the 2-sphere.
However:

Lemma 4.2.2. There exist f : T? — (0,00) and a smooth degree 1, f-
harmonic map from the square torus to the 2-sphere.

Proof of Lemma 4.2.2.
Consider 7% = R?/Z*. Let § € (0, 155) be chosen later. Take an f with
F=1on T2\ [Bs(0) U Bs(h, 1) F(0) = f(3,2) = 2, and 1 < f(x) < 2

272 272
otherwise. Suppose further that f is invariant under isometries 7% — T2
which fix 0. Such isometries form a subset ®, of the set of all isometries

R? — R% So ® must be {e, R, R*, R®,r,_1,7, 1,74y, "oy}, wWhere e, R

r=57 Y=3
and r,—, denote respectively; the identity, anticlockwise rotation by %7‘(‘ about

(3,3) (or equivalently about (0,0)), and reflection in the line z = y. Note

that the only points fixed by every element of ® are 0 and (%, %)

Now consider an initial map ug : 7% — S? which, for small £, maps
T2\ B.(0) onto a small neighbourhood of the “south pole” and maps B.(0)
once around the remainder of S?. So wg is of degree 1. We suppose further

that up has the same symmetry as f, i.e. that it is unchanged by isometries
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in ®. It is known that we may do this in such a way so that the (1-) harmonic
energy satisfies E(ugp) < 6m. Now choose ¢ sufficiently small so that we have
Ef(ug) < Tm.
We now study the heat flow u : T? x [0, 00) — S?,
{ut—f(x)Au:u]Vu]2+Vf*Vu (4.2.1)

U|t:0 = Ug-.

We know from the f-harmonic Heat Flow Theorem (Theorem 3.1.1), that
away from bubble points (zg,ty) € T? x (0,00], the map u is smooth and
u(+,t,) converges smoothly to an f-harmonic map, u., say, as t, — oo (for
some suitable sequence t,, as asserted by Theorem 3.1.1). If we can show
that there can be no bubbling in this flow, then we would have the existence
of a degree 1, f-harmonic map T? — S2.

Because Ef(ug) < 7m, and because the “energy lost in a bubble” at z is
A f(z9) > 4m (if f = 1, it is well known that the energy lost due to bubbling
would be a multiple of 47), there can be at most one bubble in this heat flow.
Now suppose that a bubble does indeed form. Suppose a bubble forms at the
point and time (zo,%y). By 2o, we mean 2+ Z? where 2y € [0, 1)?. Because of
the symmetry that we started with, if we have a bubble at zy, then we must
also have one at I(zp) for any isometry I € ®. As noted previously, the only
points fixed under such isometries are 0 and (%, %), and because we can have
at most one bubble, these are the only places where a bubble could possibly
form.

However, the “energy lost” if a bubble formed at either one of these points
would be 47 f(zg) = 87 — greater then the amount of energy that we started
with.

Therefore there can be no bubbling. So there exists a smooth degree 1,
f-harmonic map u, : T? — S2. O

4.3 An example of a non-constant f-harmonic
map D — S? which maps 0D to a point.

Now that we know that there does exist a non-constant f-harmonic map
D — S?, it is of interest to understand what such a map would look like,
or more relevantly what the associated function f would look like. A guess,
given Proposition 4.1.1; is that a convex f is no use to us here. In order
to simplify our calculations we introduce so called “longitudinally symmetric
maps”.
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We say that the function f: D — (0,00) is rotationally symmetric if we
can write f(z) = fi(|x|) for some f; : [0,1] — (0,00). For a € C*([0,1],R)
such that «(0) = 0, define U, : D — 5% C R? by

Un(z) = (’i—‘ sina(]x\),cosa(]x\)) :
The map w : D — S? is said to be longitudinally symmetric if u(z) = Uy(x)
for some 6 : [0,1] — R.

4.3.1 The f-harmonic equation for longitudinally sym-
metric maps D — S? mapping 0D to a point.

We start by calculating the Euler-Lagrange equation for a longitudinally sym-
metric f-harmonic map, assuming that f is rotationally symmetric. Through-
out the rest of this section, we use polar coordinates (r, ¢) and (¢,6) on D
and S? respectively.

Lemma 4.3.1. Let f : D — (0,00) depend only on r. Suppose that the
map u : D — S? is of the form (r,¢) — (¢,0(r)) (i.e. u is longitudinally
symmetric), that 0(0) = 0 and that 0(1) = . Then w is f-harmonic if and
only if

2 o fr\
r°0,,. + 0, (?“ +7r 7 > = sin 6 cos 6. (4.3.1)
Proof.
We know that u is f-harmonic if and only if
1
Au + u|Vul|® + ?Vf*Vuz 0 (4.3.2)

by Lemma 1.3.1.
Using polar coordinates (¢, 6) on S?, we have that u;(r, ¢) = cos ¢sin 6(r),
us(r, @) = sin ¢sin O(r) and us(r, ) = cos(r). Differentiating gives

1 ~
Vuy = 0, cos ¢ cos 0T — — sin ¢ sin O,
r

1 .
Vuy = 0,.8in ¢ cos 07 + — cos ¢ sin 0,
r

Vug = —6, sin 07,

where 7 and g?) denote unit vectors in the domain D in the directions of
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increasing r and ¢ respectively. It follows that
1
[Vul* = 02 + — sin” 6. (4.3.3)
r

Moreover V f = f,7, so we see that

Vf-Vu, = f.0, cospcosb,
Vf-Vuy = f.0,.sin¢cosh, (4.3.4)
Vf-Vuz=—f0,sin6.

Differentiating a second time gives

1 1
Auy = ;(r(ul)r)T + T—Q(ul)d,d,

1 1
= —0, cos ¢ cos O + B, cos ¢ cos § — 02 cos ¢ sin ) — — cos ¢ sin b,
r r
1 1
Auy = =0, sin ¢ cos 0 + 0,, sin ¢ cos § — 62 sin ¢ sin  — — sin ¢sin 6,
r r

-1
Aus = TGT sinf — 6,,sinf — 9? cos 6.
(4.3.5)

We choose to consider uz now, but remark that we would derive exactly the
same formula by considering u; or wus. Substituting (4.3.3) — (4.3.5) into
(4.3.2), we obtain

1
0 = Aug + us|Vul® + ?w * Vg

-1 1 1
= <—9, sinf — 0,,sinf — 93 cos 9) + (03 + — sin? 49) cosf — — f.0,sin6
T 72 /

-1 1 1
= —40@,.sinf — 0,,sinb + —QSin2 0cosf — —f.0,sin6
r r

f

= ;—21 sin6<r29w + 0, (r + TQ%fT) — sin 6 cos 9).
(4.3.6)

4.3.2 Example

Define 6 : [0,1] — [0, 7] and f: D — (0,00) by
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82

£(r) = exp (/Or —ms + cos(ms) sin(ms) ds), e

and O(r) := mr,
Then, as we will see in the next section, § and f satisfy (4.3.1) so u : (r, ¢) —
(¢,0(r)) is f-harmonic. We remark that f is smooth and that for small r,
fr) ~ e,

4.3.3 Sequence of f,-harmonic maps.

We now define a sequence of longitudinally symmetric f-harmonic maps.
The reader will notice that (r,0) = 7r is the f(-,0)-harmonic map given in
the previous subsection.

For each n € {0,1,2,3,...}, define §(-,n) : [0,1] — [0, 7| by

O(r,n) == a,r + ¢¥(r,n), (4.3.8)
where L 22
Y(r,n) := arccos (W) ,
and . )
Ay = T — arccos (1 — ZQ) € (0, 7]

Now define f(-,n) : D — (0,00) by

f(r,n) := b, exp (/OT F(s,n) ds), (4.3.9)

where
4n3s
F =
(s,m) (14 n2s?)(a, + a,n?s> + 2n)
1+ n?s? sin(a,s) cos cos ) — a,s
_|_
a, + a,n?s? +2n 52
2n cos(an,s)cosf — 1
+ ;
a, + a,n?s? +2n s
and

b, := exp ( _ /01 F(s,n) ds).

Figure 4.4 shows plots of (-, n), F(-,n) and f(-,n) for a selection of values
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of n.
Lemma 4.3.2. For eachn € {0,1,2,3,...}, the functions 0(-,n) and f(-,n)
satisfy (4.5.1).
Proof.
Since % arccos r = \/%7, we have that
2n
07‘ ) = Qp PR
(rm) =an+ 975
and 4
—4nsr
07’7" I = 73 9 9\o °
(r,m) (1 + n2r2)2
As cosyp = L‘_Z—i:z, we see that siny = lfg;“ﬂ. So
sinf cos 0 — 120, —r,
r20, N
sin 6 cos 6 + % — Q,r — @%
o .72 + 2nr2
n 1+TL27"2
(1102 % + sin(a,r) cos ¥ cos @ — a,r + cos(a,r) sin cos § — lfg;ﬂ
N nr an(1+n2r2)r2 + 2nr?
% + (1 4+ n?r?) [sin(a,r) cos 1 cos 0 — a,r] + 2nr cos(a,r) cos§ — 2nr

(an + apn®r? 4 2n)r?
4n3r
(1 +n?r?)(a, + a,n?r? + 2n)
N ( 1+ n?r? ) (sin(an'r’) cos ) cos ) — anr)

ay, + a,n?r? + 2n 72

2n cos(anr)cosf — 1
_l’_
ay + apn?r? + 2n r

= Flrm) = G

Therefore (4.3.1) is satisfied, and (7, ¢) — (¢,0(r,n)) is an f(-,n)-harmonic

map for each n € {0,1,2,3,...}.

O

Remark. We remark that the sequence 6(-,n) bubbles as n — oo. Indeed,

we see here that 6,(0,n) = a,, + 2n — 0o as n — o0.



62 Mapping the boundary to a point
r(r
(i) 2.
8('a T)
0.2 0.4 0.6 0.8 1 /r‘
(i)
F('v T) \\
(iii)
f('7 T‘)

Figure 4.4: The functions (i) 6(-,n) : [0,1] — [0,
and (iii) f(-,n) : D — (0,00) for the values n =0, 1, 2, ,

’/T]? (11) F(’n) (: fr/f) : [0’ 1] - [0,00)
I, 5, 10, 100, 1000 and 10000.
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Remark. Notice from figure 4.4 (ii) that, for small r, the derivatives of F'(r,n)

for the various values of n are almost identical. We will discuss this again in
§6.1.



Chapter 5

Bubbles sliding down hills

5.1 Comment

Where do bubbles form? As seen in chapter 3, the f-harmonic map heat flow
is smooth away from finitely many singular, or “bubble”, points. But can
we predict where these bubble points will occur? In the case of infinite time
bubbles forming in the interior of M, the answer is yes — they can only exist
at critical points of the f.

Intuitively, imagine a bubble trying to form at a non-critical point of f.
As the bubble is forming, it will be inclined to “slide” down the “slope” of
f so as to try to decrease the f-harmonic energy stored in the bubble. This
result is stated precisely in the main theorem of this chapter (Theorem 5.2.1).

The question “is it possible for an infinite time bubble to form at a non-
critical point of f, on the boundary of M,” is open. As we shall see in the
next chapter, it is certainly possible for bubbles forming at finite time to
form at non-critical points of f (see §6.2). Going back to our intuitive pic-
ture, imagine the bubble simultaneously forming and sliding down f. If the
former process is progressing at a fast enough rate, it may be possible for
the bubble to completely form before it has “slid” all of the way down the
slope of f to a critical point.

5.2 The Moving Bubble Theorem
Theorem 5.2.1 (Moving Bubble). Let M be a smooth, compact, Rie-
mannian surface, with or without with boundary. Let zq € int M and ug €

W2(M;N). Moreover if M is non-empty, suppose further that uglopm €

64
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C**(OM;N). Suppose that the map u : M x [0,00) — N solves

u — f(z)Apu = f(x)A(u)(Vu, Vu) + Vf * Vu
uli=o = ug (1.5.1)

u(-, t)|om = uolom-

Suppose further that (zo,00) is a singular (or bubble) point of u — as described
by Theorem 3.1.1. Then V f(z9) = 0.

Remark. The proof of this result could be adapted to show that any sequence
{u,} € C®(M;N) of maps satisfying: (i) Ef(uy,) is bounded; (ii) u, = uy
on OM; and (iii) ||7f(u,)||;2 — 0; can only bubble at interior critical points
of f. Such a result would also require analogues of the bubbling results of
chapter 3.

Theorem 5.2.1 may be restated as:

Corollary 5.2.1.1. Let M be a smooth, compact, Riemannian surface, pos-
sibly with boundary. Suppose that ug € WH2(M;N), uplom € C**(OM;N)
and that the map u : M x [0,00) — N solves (1.5.1). Let Q C int M be an
open set such that Vf(x) # 0 for all x € Q. Then there exists a sequence
t, — oo such that u(-,t,)|q, converges smoothly.

5.3 Proof of Theorem 5.2.1

The strategy in the subsequent proof is as follows: Start by assuming that
V f(z0) # 0. Suppose that the sequence ¢, — oo is as described in Theorem
3.1.1. We are then able to construct a variation of u(-,t,) (see figure 5.1
on page 67) so as to “slide” the forming bubble down the slope of f, and
show that the (absolute) rate of change of the energy E is bounded below.
However, this provides a contradiction with the fact that ||7¢(u(-,2,))[| . — 0.

Proof of Theorem 5.2.1.
By taking isothermal coordinates in a neighbourhood €2 of zy, we may

assume without loss of generality that € is the flat disc D C R? and that
zo = 0. Suppose, contrary to the proposition, that

VF(0) = (=u,0) (5.3.1)

for some p > 0. We may assume gby scaling a finite amount in the domain)
that no other bubbles form in B; := B;(0). We may also assume that
% <6 <0 on B; for some constant (where x = (21, x2)).
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Let t, — oo be the sequence described in Theorem 3.1.1. Define u,, :=
u(-,tn). Then ||7¢(uy)|l . — 0 as n — oo (by choice of (t,)).

We wish to let K be the “(harmonic) energy lost in the bubble(s) at z,”.
Precisely, define
Ky :=lim lim F; (un; BT) >0

\,0 n—o00

(here F; denotes, of course, the harmonic energy). Fix ¢ > 0. By scaling
(again) in the domain by a finite amount (independent of n), we claim that
we may assume the following: For sufficiently large n,
K
By(uni B\ By) < <520, (5.3.2)
Indeed for r € (0,1], we know that on B, \ Br, up, — us in C*. Since
Uso € C™(B, \ Bz; N), we have that §|Vus|* < L on B, \ B: (for some L).
Thus
E¢(uy; By \ Bi) — E¢(uoo: By \ Bﬁ)
< L||f|| = Area(B, \ Bz) < Cr?,

where C' = C'(max(f), us). Therefore by taking r € (0, 1] sufficiently small,
we may assume that

Ej(un; B\ Br) < 8%7’ <—§—£(0)) (5.3.3)

for sufficiently large n. Notice that if we scale (in the domain) by a factor of
r,ie. if f(z) = f(rz) and @,(z) = u,(rx), then (—f,0) := V f(0) = rV f(0),
so (5.3.3) becomes (5.3.2).

Define a sequence of constants

K, = %/B (— g—i) ‘Vun}z dx.

1
2

For sufficiently large n, we have that K, > %,uKO > (0. Now take a test
function ¢ € C*(M;R) with the properties that ¢[; = 1 and supp(¢) C

4
Bi. We may assume that |V¢| < 8. Define a family of diffeomorphisms

™ M x (—&,&) — M by nsn)(x) =z — s(%,()) (see figure 5.1). Notice
that n,(z) = 2 on M \ B1(0) for all s. We drop the “ ™" notation on 7 in
the name of brevity. We remark that it is important here that K, is bounded

below, so that the variations have bounded “velocity” (i.e. % is bounded).

3 vl
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Figure 5.1: Using a deformation of the domain D to move the bubble(s) “downhill”, or
down the slope of f.

So,
Ef(unons;/\/l) :% ; f(zx) ‘V(unons)(gg)l? dr + E¢(u,; M\ By)
—% i f(x)z Z%(ns(x))gz(m) dz + E(u,; M\ By)
ou,, 2 s 0 2
= %/Bl f(il?)[ oz, (ns(2)) (1—?na—jl( ))
Oy, 2/ s 0 > ou, 2
H2 )| (Z2w) +| 3 )
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Differentiating, and then integrating by parts gives us

)G

—Ej (un 0 15; M)

s=0
1 0 |Ou,
_§/Blf($) <a—$1 8—1:1(95)

1 ou,, |°( 2 0¢
v ) 0|5 (—E@—mm) dr
1 o |ou,, |>(—¢
+§/B1 f(x)a—xl 8132(:U) (E) dx
1 ou,, ou,, 2 0¢
——/ o ><8m (@ >7a—x2<x>> (2 o) d
2 09
QK 5, ¢‘V n‘ 2Kn Bl\Blf’vun’ axl d
_L 7 8un d 1 Oou,, Ou, 8¢
Kn B1\B1 8x1 81’1 Bl\Bl 8x1’ 8132 8@

Now from (5.3.2), we may deduce that for sufficiently large n

3 1 af 9 1/ 8f
Ko< 2 — |V < = V = K
4 "= 2 /31 8x1¢| Un|” dz < 2 B, ( (91:1 | u”' du "

with the first inequality holding if e is sufficiently small. So, by (5.3.2),
2K, > pKy and |V¢| < 8, we see that

B enis)|_+1
Auy, |’ 99 ‘ ‘ 1 / 9 8(25
— dz Vuy,
2 4 2 4
1 9 09
—d
* ‘QKn /Bl\Bl F 1V Oy g‘
2 4

1 32 / 9 1
4 fIVu,|” dz < = +¢.
4 kK B%\B% 4

IN

(5.3.4)
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But this means that for sufficiently large n,

d
‘%Ef(unons;/\/l) 0 > (535)

N —

We argue that this leads to a contradiction. Indeed, because ||7¢(uy)|[;. —
0 and because

2

d 1 ou,, |2
— (upn 0 My) / »? dM
Hds s=01lL2(M) K2 Oy
2
< b 5.3.6
<o /M )vun M (5.3.6)
c(f)
< Kg Ef(“’n) < L,

for some constant L < oo independent of n, we have that

4 g (uyon)| =314 f‘V(uo )| am
ds f un 775 0 - 2d8 M n T]S s=0
1 d
- §/Mf<V£ (un, ons),Vun> dM _ (537)
1 d
B _5//\4 <ds( o) s:O’Tf(un)> M
— 0.

This contradicts (5.3.5). Therefore we must have that V f(zy) = 0. O



Chapter 6

Comments on the sharpness of
the Moving Bubble Theorem

In this section, we discuss the sharpness of the “Moving Bubble Theorem”!.

6.1 An infinite time bubble forming at the
maximum of f.

6.1.1 Statement

Recall the f-harmonic heat flow equation;

u — f(z)Apu = f(x)A(u)(Vu, Vu) + Vf * Vu
U’t:() = Ug (151)
u(+,t)lom = uolom-

We have seen that bubbles forming at infinite time, must form at a critical
point of the weighting function f. A hypothesis might be made that, in order
to minimize energy, such bubbles would only form at minima of f. This would
be false. In this section, we give an example of an f-harmonic heat flow where
a bubble forms at the maximum of the f at infinite time.

As in §4.3 we work with longitudinally symmetric maps. We check first
that the heat flow applied to a longitudinally symmetric map, always yields
a longitudinally symmetric flow. Recall the definition of U, on page 58.

Lemma 6.1.1. Suppose that f : D — (0,00) is rotationally symmetric.
Suppose that u : D x [0,00) — S? solves the heat flow equation (1.5.1).

ITheorem 5.2.1.

70
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If ug = Uy, is longitudinally symmetric, then so is u(-,t) for t € (0,7T).
Moreover, if u(-,t) = Ug(.|1), then 6 solves
{%Ht:6TT+%9T+%9T—T%Sin0(:OSG (6.1.1)

0|i=0 = 7.

Remark. The proof of this lemma is omitted. See Chang-Ding [CD90, Lemma
2.2] for the equivalent result for harmonic maps. Their proof adapts straight-
forwardly to the f-harmonic case.

By placing a restriction on how large the slope of f may be, we see that
it is possible for an infinite time bubble to form at the maximum of f.

Lemma 6.1.2. Suppose that f : D — (0,00) is rotationally symmetric, and
satisfies

I
— <0. 6.1.2

576 - f - ( )
Suppose that u : D x [0,00) — S? solves the heat flow equation (1.5.1), where
uo(r, @) = (¢, mr) in polar coordinates. Then a bubble forms at the origin —

the maximum of f — at infinite time.

Remark. The bound on f,./f is not sharp.

s and (11) —ms+cos(ms) sin(ms) .

Figure 6.1: Plots of (i) — &= —

- ef'r 7rs+cos(7r29)sm(7rs) ds

Remark. Recall the example given in §4.3 of f(r) =
This f is sufficiently larger at the origin, than at the boundary, so prevents
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bubbling at that point (given suitable initial condition such as 6(r,0) = 7r)
and the symmetry prevents a bubble forming anywhere else. Recall that this

f is approximately equal to e~ (some constant ¢) near the origin. Compare
—_ At o
that with a function such as f(r) = e 201 (i.e. such that f./f = _g;gs).

This function f is not significantly larger at the origin than at the boundary
and, as Lemma 6.1.2 shows, is unable to prevent the considered flow from
bubbling. Figure 6.1 shows plots of f,./f and f,/f.

0.2 0.4 0.6 0.8 1

Figure 6.2: Plots of a(-,¢) for the values e = 0.5, 0.45, (.1, ,0.3,0.25, 0.2, 0.15, 0.1,
0.05 and 0.01.

6.1.2 Proof of Lemma 6.1.2

Proof of Lemma 6.1.2.

By constructing a sub-solution to 6(r, t), we will show that the solution to
(6.1.1) must form a bubble at the origin. We may suppose that min(f) = 1.
Consider the family of maps «a(-,t) : [0, 1] — [0, 7], defined by

a(r,e) ;= 2arctan [6 <tan (%) — cot <%r>>} + (6.1.3)

where ¢ € [0,1] (c.f. [Top04a, §3]). See figure 6.2. Notice that a(0,g) = 0

and a(l,e) = . Notice further that a(r, 1) = mr. Now suppose that ¢ :
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e(tan R — cot R)

Figure 6.3: o = 2arctan [e (tan R — cot R)] + 7.

[0,00) — [0, 3] solves the ODE
{gt@ =-med) (6.1.4)

and consider a(r,e(t)). We show that a(r,e(t)) satisfies

f

1 1 fr 1 .
=0 < Qpp + - + o, — S SInacos @,
‘= r f r (6.1.5)
a(r,e(0)) = .

There follows a lengthy calculation to verify this differential equation. This
calculation is not especially interesting and the reader should feel free to skip
large sections of it, comfortable in the knowledge that it has been verified
with the program Mathematica ®.

We write R := 7. Since % arctanx = ﬁ, differentiating twice gives

sem(sec? R 4 cosec® R) sem
Oé’l” pr— g . -

L+e%(tan R —cot R)? (1 + e2(Sft — 282y 5in® Rcos? R

B sem

~ sin? Rcos? R + £2(sin® R — cos? R)?

B dem

 2sin? 2R + 82 cos? 2R — 4e2sin? 2R + 42 sin’ 2R + 1 — sin® 2R — cos? 2R

dem

T 1442y (—1 + 4e?) cosmr’

and
4e(—1 + 4e*)m?sin7r

(1 +4e2 + (=1 + 4e?) cosmr)?’

Qpp =
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From figure 6.3 on page 73, we see that

a—m e(tan R — cot R) a—m 1

sin

= ,  COoS = :
2 V/1+¢e2(tan R — cot R)2 2 V/1+¢e2(tan R — cot R)2
So

= (—sin(a — 7)) (— cos(a — 7))

1 1 , 1 1
:281n§(a—7r)cos§(a—7r)(cos §(a—w)—sm 5(04—7))
_ 2e(tan R — cot R)(l —e%(tan R — cot R)z)

(1+ £2(tan R — cot R)2)2
25( sin? R—cos? R) (1 _ 52 ( sin? R—cos? R)Q)

sin Rcos R sin Rcos R
(L+ = (Sem)

 128esin Rcos R(sin® R — cos® R)(sin® R cos® R — €*(sin® R — cos® R)?)
B (8sin® Rcos? R + 8¢2(sin® R — cos? R)2)2
_ 8esin2R(— cos 2R) (2sin® 2R — 82 cos® 2R)
a (2sin® 2R + 82 cos? 2R) 2
_ —desinmr(l —4e® 4+ (=1 — 4?) cos 77

(14422 + (=1 +4e?) cos 7rr)2

Furthermore

8a( (1)) = 2gi(tan R —cot R) —4e sinmr
ot 1+ e2(tanR—cot R)2 1442+ (=1 +4e2)cosmr

Therefore
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1 r ) 1
Q= [arr + ;aT + fTOéT - sin o cos 04} - ?at
B 4e(—1+4e*)m? sinnr 1 N fr de
(1 +4e2 + (=1 + 4e2) cos )2 r o f) 14424 (=14 4e?)cosnr

< 1 ) desinmr(l — 4e? 4 (=1 — 4¢%) cos r)
r? (1+ 422+ (=1 +4e?) cos 7rr)2

n l 4e; sinmr
f) 1+4e? + (=14 4e?) cosr
4
= 5 [(—1 + 4e?)em?r? sin 7y
r2(1 4 4e2 + (=1 + 4¢2) cos r)

2
+ <7T5r + ?em?ﬂ + 57577“ sin 777’) (1+ 4% + (=1 +4€”) cos7r)

+esinmr(l —4e* 4+ (—1 — 4£7) cosmﬂ)}

 4eQq +16£°Qo(1 + cosmr) + 4Qsr? sin 7y
r2(1 + 42 4 (=1 + 4e?) cos 7r7")2

)

where f
Q1 := (mr + %711”2 + sin7r)(1 — cos 1) — w2r? sin 7,
Qo = mr + %7?7“2 —sin7r,
€
Qs =437 + Tt(l +4e® + (=1 + 4£%) cos r).
Now, as
. oS
sinwr > r — ——,
3!
UL m2r? it
—cos— > -1+ —— — —
2 - 222! 24417
T _wr ot

o
ST = T g
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it follows that

Q1=

i Lar? + sin7r)2sin? — — 27%? sin s =
f 2 2

2
3,.3 3,.3
22sin%r{(27ﬂ“+%7rr2—%> (%T— 74; )

2,.2 4,4
-1 —
+7rr( + 3 384)]

2

(mr +

P2 g2 gt fo (] g2
—9 1— _ Jro (2 _
mr? sm2 [ 15 +288+fr(2 48) (6.1.6)
14 ]
= %r?sin {576 —1—% (1—7Tr )]
4.4 4 2
>22,ﬂ7rr_7rr LT 2y ~0.
=TS 56 T 576 21 )| =
Moreover
0 . e wrd o S - w33 1 10 -0
=7r —sin7wr + —7r — — - —
2= " ™=y 51 576 — 3| 27 96) ="
(6.1.7)
and by (6.1.4) we have that
32
Q3 = 437° — T(l +4e® + (=1 +4£%) cosmr) > 2e°7* > 0 (6.1.8)

since min(f) = 1. It follows from (6.1.6) — (6.1.8) that @ > 0. Equivalently,
we see that a(r,e(t)) satisfies

1 1 fro L g
{fat < ay,. + ~oy + FQr — zsinacosa, (6.1.9)

a(r,e(0)) = mr.

So by the comparison principle (see [CD90] for details in a similar situa-
tion), it follows that 6 — the solution to the heat flow (6.1.1) — satisfies

O(r,t) > a(r,e(t))
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for all » € [0,1] and ¢ € [0,00). But as

B dem
1442 + (=1 +4e2) cos

Ay

(6.1.10)

we see that

a,(0,e(t)) = %(t) — 00 (6.1.11)

as t — o0o. Therefore, the flow 6(r,t) must bubble at the origin, in either
finite or infinite time. Finally we remark that the 1-harmonic heat flow is a
super-solution to #, so we may rule out bubbling within finite time. O

6.2 A finite time bubble not at a critical point

Recall Theorem 5.2.1 which stated that if an infinite time bubble formed at
the point zy € int M, then z; is a critical point of f. Whether or not an
infinite time bubble can form at zy € OM if Vf # 0 is unknown. However:

Lemma 6.2.1. There exists an f-harmonic heat flow, under which a finite
time singularity can form at a non-critical point of f.

First we quote a result of P. Topping; [Top04b, Lemma 1.3]

Lemma 6.2.2 (Topping). There exist a compact target manifold N, a
smooth map vy : D — N and & > 0 such that every smooth map v : D — N
homotopic to vy fails to be harmonic, and if E1(v) < E1(vg) also, then

[ P ==
D
Proof of Lemma 6.2.1.
We take NV, ¢ and vy as described by Lemma 6.2.2. We may suppose that

N

[ 11
€ < min {@, §E1(vo) } : (6.2.1)

Define f : D — (0,00) by f(z,y) = 1+ E(ae)%(l — x) where a € (0,1)

0
is a constant to be chosen later. Then f > 1 and |V f| = ﬁ So, if
1(vo
v: D — N is homotopic to vy and E;(v) < Ey(vp) then
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/TWAUNQZ:/Ifﬁ00+-Vf*V%F
D D
—/ f2|ﬁ(v)|2+2/ <fT(v),Vf*Vv>+/ Vf* Vo
D D D
2_9 VIV
2Ahwﬁ AﬂﬂMlﬂlw+0
>3 [ In@P =2 [ PO
1

3 ) I -4 2

- 2 - 1 Y

2 E
Qe o2e? 1(v)

E, (Uo)

v

Ei(vy)?

(6.2.2)
by Lemma 6.2.2 and (6.2.1).

Now, for sufficiently small a;, we may choose an initial map ug homotopic
to wp, such that Ef(ug) < Ej(vg). Such a uy must exist by the following
argument: The harmonic heat flow, v, with initial map v, is continuous on
some interval [0,¢1]. Write ug := v(t1). As [, |7(v(1))|* > €, Ei(ug) + ety <
E;(vg). By choosing « sufficiently small, we see that

1+

2ae
1

Ef(UO)) S El(vo)2

El (’LLD) S El (Uo).

Therefore, as f > 1, any map u with E¢(u) < Ef(ug) also has E;(u) <
E¢(u) < E¢(ug) < Ei(vg). But (6.2.2), together with

d
GE0) == [ [rulo)) (6.2.3)
D
and the fact that E; > 0, tells us that the (f-)heat flow, with initial map

ug, can certainly not be smooth on the time interval [0,7], if T > wff(uo).
Therefore, there must form a singularity at some point zy € D in finite time,

but of course V f(z) # 0.
U

Remark. An example (see [Top04b, page 23]) of such an N is the warped
product S* x, S where ¢ : S' — [1,3] is given by ¢(f) = 2 — cos 6.



Chapter 7

A suggested application of the
Moving Bubble Theorem

7.1 comment

In this final chapter, we provide some motivation for the topics which have
been presented in the previous six chapters. We will discuss a “possible”
application of the theory presented above, but all arguments given here are
deliberately vague — giving precise details would be beyond the scope of this
thesis.

We will be considering a heat flow u : D x [0, 00) — S? with the boundary
0D mapping to a point. By using a very particular function f: D — (0, 00)
that we describe below, we hope to find that the set of singular points — that
is the set of points Z € D with the following property: On every neighbour-
hood of z, the map u does not have uniformly (with t) bounded derivative
— is a line (namely a one dimensional sub-manifold). We might otherwise
have guessed (from Theorem 3.1.1) that the set of singular points would be a
finite set. We can then take the warped product (see section 1.2) of D with,
say, S! to find a (1-)harmonic map heat flow from a three dimensional target
manifold for which the set of singular points would be a two dimensional
sub-manifold — not one-dimensional as might be expected.

7.2 The groove

Let us now describe the function f. Intuitively we choose f so as to make
the disc D “look like” a vinyl LP. That is, so that the graph of f contains a
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Figure 7.1: The “record groove” between, the plots of us : [0,00) — D given by
pt(s) = [0.1+0.8¢7 £ 0.1e7*(1 — e~*)] (cos 2ms, sin 27s) for a = 0.3.

“spiral groove” — see figure 7.1. Notice that in figure 7.1

()| = [ps(s +1)] =087 — 0.1e7*(1 — e™*)
— 0.8t 0 17t (1 — 7o)
=(1—e ™) [0.8e™ — 0.1e7* — 0.1e~*+)]
>0

(7.2.1)

so the spiral does not intersect with itself.

One way of defining such an f is as follows: Let a > 0 be some small
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number. For z = (rcosf,rsinf) € D, define

_ T <1 —c ) (7.2.2)

1 4 —a(o+27n)
r—-———e or

10 5

Qz,a,m) == =

We then define the groove on D by

Gy = {z = (rcos@,rsinf) € D : In € NU{0} such that Q(z,a,n) < 0}.

Remark. The “width” of the groove (width = 2= 5 (%)) is chosen

so as to ensure that the n in the definition of G, is unique.

For z € G, define s(z) = n + £ for the unique n = n(z) which satisfies
Q(z,a,n) < 0. We can then define f on G, by

f(Z) =1 + Fgroove(z) + Fslope<z) (723)
where
r — 1 _ ée_a’s 2
Fgroove(z) = ﬁ — 10 172705 (724)
e (4557)
and
Fslope(z) = e (7.2.5)

for some small 3,7 > 0. Extend f to the rest of D in some arbitrary smooth
way.

7.3 Sliding down the groove

Let
ro << 0.le™* (1 —e9), 2o = (0.1 4 0.8¢7%,0). (7.3.1)

Suppose now that we have some initial map ug : D — S2, which maps 0D
onto the “south pole” 0, maps D \ B,,(zp) onto a small neighbourhood of 0
and maps By, (z) once around the remainder of S*. Notice that f|g, () is
a convex function, so we would expect to see bubbling in the heat flow with
initial data uyg.

As earlier in this thesis, our problem will be with bubbles forming at
finite time. Let us make our one large assumption here: that the bubble
forms at infinite time. As examined in chapter 5, the still-forming bubble
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Figure 7.2: The parametric plot ((0.1 + 0.8e7*% + 0.1ye™**(1 — e~“)) cos 2ms, (0.1 +
0.8¢7 4 0.1ye~**(1 — e~*))sin27s, 1 + By* + ve~**) for s € [0,10] and y € [-1,1];
showing the “record groove” f : G, — (0,00). (Diagram shows o« = 0.3, § = 0.1 and
v=0.2.)

would “slide” down the slope of f. In this example, such a “forming bubble”
would slide along the groove (with increasing s) indefinitely. Therefore, the
distance between the centre of the forming bubble and the set 0B 1(0), would
tend to zero as t — co. Thus, any neighbourhood of any z € 9B 1(0) would
be “passed through” (infinitely many times) by the “forming bubble”, so the
derivative of u could not be uniformly bounded there.



Extended Summary

This is an extended form of the Abstract on page ix.

Chapter 1 - Introduction

Let (M, g) be a compact surface (with or without boundary) and let (N, k)
be a compact Riemannian manifold without boundary, embedded isometri-
cally in RY. Let f : M — (0,00) be a smooth function. For v € Wh2(M;N)
the f-harmonic Energy is

Ef(u) := %/M fIVul* dM.

(Weakly) f-harmonic maps are critical points of Ey under admissible varia-
tions us = P o (u+ s¢) for ¢ € C°(M;RY) and small s. Here P denotes
nearest point projection onto A from a tubular neighbourhood of A. (Clas-
sical) f-harmonic maps are C? maps satisfying this definition. Such maps
satisfy the Euler-Lagrange equation

fAu+ fA(u)(Vu,Vu) +Vf*«Vu=0

where Vf « Vu := (Vf, Vu') ;2.

The f-harmonic heat flow is the solution to

u — f(2)Apmu = f(x)A(u)(Vu, Vu) + V[ *xVu
ul=o = ug (1.5.1)

u(+t)om = uolom-
Working in implicit coordinates, the Fuler-Lagrange equation is
T¢(u) :==tr,V(fdu) =0
and the Jacobi Operator of an f-harmonic map is Js, := —tr,V(fdV) —

83
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FRN (-, du)du.

We only consider surfaces M for this reason: If dim M # 2, any f-
harmonic map (M, g) — (N, h) would also be a harmonic map, by a confor-
mal change of metric.

Chapter 2 - Properties of f-harmonic maps

Section 2.1 proves:

Theorem 2.1.5 (Puncture Repair). Suppose that u : D\ {0} — N
15 a smooth f-harmonic map with finite energy. Then u extends to a smooth
f-harmonic map u: D — N .

Then section 2.2 uses the Implicit Function Theorem to prove:

Proposition 2.2.2. Suppose that u € C*((M,g); (N, h)) is a non-
constant f-harmonic map. Suppose further that there are no Jacobi Fields
along w. Let o € (0,1). There exist § > 0 and € > 0 such that; if fi €
C*®(M;(0,00)) and || fi — fllora < O then there exists a unique fi-harmonic
map uy € C°(M;N) such that ||uy — ull o < €.

Chapter 3 - Heat Flow

We extend the existence and “bubbling” result of Struwe [Str96, Theorem
I11.6.6] to f-harmonic map heat flow:

Theorem 3.1.1 (f-harmonic Heat Flow). Let ug € W2(M;N). If
OM is non-empty, suppose further that uglopm € C**(OM;N). There erists
a weak solution u : M x [0,00) — N of (1.5.1) with the following properties

(1) u is smooth on M x (0,00) away from finitely many points (Ty,ty),
1§k§K,O<I?k§OO,

(ii) Ef(u(t)) < Ep(u(s)) for all0 < s <t; and
(iii) u assumes the initial data continuously in W2(M,N).

The solution w s unique in this class.

Furthermore, at a singular (or bubble) point (Z,t) € M x (0,00], there
exist sequences T, — T, t, /' t, Ry \, 0 and a non-constant harmonic map
@ : R* — N with finite (harmonic) energy, such that as m — oo,

Up (2) = u(exp,, (Rnz),tn) — @

n W/lQOCZ(RQ,N) Moreover @ extends to a smooth harmonic map u : R* U

{oo} = 5% — N which we call a ‘bubble’.
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There exists a further sequence of times t,, — oo such that the sequence
of maps u(-,t,,) converges weakly in WH(M;N) to a smooth f-harmonic
map s : M — N, and smoothly away from finitely many points Ty.

Chapter 4 - Mapping the boundary to a point

A result of Lemaire ( “every harmonic map from a compact, contractible sur-
face, with constant boundary data must be constant”) is considered in chapter
4. The f-harmonic map heat flow yields examples demonstrating that this
result doesn’t extend completely to f-harmonic maps. There is however an
analogue for certain f.

Proposition 4.1.1. Suppose that f : D — (0,00) satisfies V f(z)-x > 0
for almost all v € D. Then every smooth f-harmonic map u € C*(D;N')
which maps 0D to a point p, is constant and takes the value p.

The proof of this proposition requires an analysis of the Hopf Differential
near the boundary of D.

Lemma 4.2.1. There exist an f and a smooth non-constant, f-harmonic
map from the disc to the 2-sphere which maps 0D to a point.

There is also a result by Eells-Wood [EW82] which states that: There
does not exist a harmonic map of degree 1, from the torus to the 2-sphere.
However:

Lemma 4.2.2. There exist f : T?> — (0,00) and a smooth degree 1,
f-harmonic map from the square torus to the 2-sphere.

A particular sequence of f,-harmonic maps (D — S? 9D — {0}) is
studied (see figure 4.4 on page 62), with f, — 1, to try to see how the
f-harmonic map degenerates as the f is “flattened” towards f = 1.

Chapter 5 - Bubbles sliding down hills

The main result of this thesis is the Moving Bubble Theorem which tells us
that infinite time bubbles can only form at critical points of f.

Theorem 5.2.1 (Moving Bubble). Let M be a smooth, compact,
Riemannian surface, with or without with boundary. Let zo € [ M and ug €
Wh2(M;N). Moreover if M is non-empty, suppose further that uglopm €
C**(OM;N). Suppose that the map u : M x [0,00) — N solves

u — f(z)Apu = f(x)A(uw)(Vu, Vu) + Vf x Vu
uli=o = ug (1.5.1)

u(-,t)|am = uolom-



86 EXTENDED SUMMARY

Suppose further that (29, 00) is a singular (or bubble) point of u — as described
by Theorem 3.1.1. Then V f(zy) = 0.

Immediately, we have

Corollary 5.2.1.1. Let M be a smooth, compact, Riemannian sur-
face, possibly with boundary. Suppose that ug € WH2(M;N), uolopm €
C**(OM;N) and that the map v : M x [0,00) — N solves (1.5.1). Let
Q) C int M be an open set such that Vf(x) # 0 for all z € Q. Then there
exists a sequence t, — 0o such that u(-,t,)|q converges smoothly.

Chapter 6 - Comments on the sharpness of the Moving
Bubble Theorem

By taking an f without critical points, we consider a flow which must bubble
in finite time.

Lemma 6.2.1. There exists a f-harmonic heat flow, under which a finite
time singularity can form at a non-critical point of f.

A hypothesized refinement of the Moving Bubble Theorem, that infinite
time bubbles only form at minima of f, is false.

Lemma 6.1.2. Suppose that f : D — (0,00) is rotationally symmetric,
and satisfies

4,3
T & <0
576 — f —
Suppose that u : D x [0,00) — S? solves the heat flow equation (1.5.1), where
uo(r, @) = (¢, mr) in polar coordinates. Then a bubble forms at the origin —

the mazimum of f — at infinite time.

Chapter 7 - A suggested application of the Moving Bub-
ble Theorem

Finally, we briefly describes a possible application of this f-harmonic map
theory.



Notation

Presented below is a quick reference to a selection of the notation used

in this work.

WP (M, N)

C2(M,N)
WoP (M, N)

CP (M, N)

the Sobolev space of all maps M — N for which all
derivatives up to order k are elements of LP(M,N).

the set of smooth maps with compact support.

the closure of C2°(M;N) in the Sobolev space W*? (M, N).

space of all maps M — N which have a-Holder

continuous derivatives up to order k.

space of all Riemannian metrics on M which have

a-Holder continuous derivatives up to order r. (page 20)
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88
1 2
Eyw) =+ [ fVul dm. (page 1)
M
0 0 0
aoz = 3 i T O = a
oz’ T oui Y
Vf*xVu= <Vf, Vui> €,
A the second fundamental form of the embedding of A in RY.
D, = B,(0) C R?,
VN ={zeR" :d(z,N) < p}, (page 21)
U,={z € V,N:P(z) =y}, (page 21)
Ua(o) = (5 sinallalcosa(le) ) (page 58)
U? the upper-half-plane {(z,y) € R? : y > 0}
Vg  the square root of the determinant of g.
1 0 0
Ay = ——— af_~
M Vg 0P (\/gg aza)’
dM = /gdz,

M

the injectivity radius of the exponential map on M. (page 31)
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Index

admissible variation, 1
approximated harmonic map equa-
tion, 14

bubble, 29
bubble point, 28
bubbling, see bubble

domain variation, 6
Euler-Lagrange equation for Ey, 5

f-harmonic energy, 1

f-harmonic heat flow, 9
f-harmonic Heat Flow Theorem, 28
F-harmonic map, 2

f-harmonic map, 2

f-tension, 10

groove, 79
hessian, 11

Implicit Function Theorem, 20
injectivity radius, 31

jacobi field, 12
jacobi operator, 12

longitudinally symmetric, 58

Morrey space, 14
Moving Bubble Theorem, 64

nearest point projection, see pro-
jection
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p-harmonic map, 3
projection, 1
Puncture Repair Theorem, 18

rotationally symmetric, 58

singular point, 28
Sobolev space, 87
spiral groove, see groove

tension, see f-tension
tubular neighbourhood, 1, 21

variation, see admissible variation

warped product, 3



